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r ) Overarching themes 


The following three overarching themes have been fully integrated throughout the Pearson Edexcel 
AS and A level Mathematics series, so they can be applied alongside your learning and practice. 

1. Mathematical argument, language and proof 

¢ Rigorous and consistent approach throughout 

¢ Notation boxes explain key mathematical language and symbols 

* Dedicated sections on mathematical proof explain key principles and strategies 

* Opportunities to critique arguments and justify methods 


2. Mathematical problem solving The Mathematical Problem-solving cycle 
¢ Hundreds of problem-solving questions, fully integrated specify the problem 
into the main exercises 
* Problem-solving boxes provide tips and strategies interpret results 
; : collect information 
* Structured and unstructured questions to build confidence 
* Challenge boxes provide extra stretch process and 4 ) 
represent information 


3. Mathematical modelling 

* Dedicated modelling sections in relevant topics provide plenty of practice where you need it 

* Examples and exercises include qualitative questions that allow you to interpret answers in the 
context of the model 

* Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in 
mechanics 


Finding your way around the book Access an online 
digital edition using 
the code at the 

Equations and front of the book. 
3 inequalities 


Each chapter starts with 
a list of objectives 


The real world applications 
of the maths you are about 
to learn are highlighted at 
the start of the chapter with 
links to relevant questions in 
the chapter 


The Prior knowledge check 
helps make sure you are 
ready to start the chapter 
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Overarching themes 


Exercise questions are 
carefully graded so they 
increase in difficulty and 
gradually bring you up 
to exam standard 


‘ese sh mtn epost igi bh se 
+ When tc geben) 


Challenge boxes 


en 
give you a chance to. _———~"_wttS-r-sne os petties ate 
tackle some more CB seis equations sing logit 
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Each section begins cc ale haatanaceatoee 
with explanation and 
key learning points 


Step-by-step worked 
examples focus on the 
key types of questions 
you'll need to tackle 


Exam-style questions 


are flagged with ©) 
Each chapter ends 7 
Prop ernsouite d with a Mixed exercise Exercises are packed 
anes ions are flagge and a Summary of with exam-style questions Problem-solving boxes provide 
with @) key points to ensure you are ready hints, tips and strategies, and 


for the exams Watch out boxes highlight 
areas where students often 
lose marks in their exams 


Every few chapters a Review exercise 
helps you consolidate your learning 
with lots of exam-style questions 


Review exercise 1 


A full AS level practice paper at 
the back of the book helps you 
prepare for the real thing 
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e Extra online content 


Whenever you see an Online box, it means that there is extra online content available to support you. 


SolutionBank 


SolutionBank provides a full worked solution for 
every question in the book. 


t Online ) Full worked solutions are b og 


available in SolutionBank. 


Download all the solutions ———————+ 
as a PDF or quickly find the 
solution you need online 


© peacoat mentor 
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det ly=3 
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consolidate your understanding 
with GeoGebra-powered | 
interactives. 

Interact with the maths 

you are learning using 

t Ontine ) Explore the gradient of the ) GeoGebra's easy-to-use 


chord AP using GeoGebra. tools 


‘Solsions: 2,1) (4,4) 


CASIO. 


Finding the value of the first derivative 


to access the function press: 
20.7, 08 
Casio calculator support ; 
Our helpful tutorials will guide 


you through how to use your i 
calculator in the exams. They onpoo 


cover both Casio's scientific and oucoD 
colour graphic calculators. 


t Ontine ) ; See exactly which 

Work out each coefficient buttons to press and 
quickly using the "C, and power what should appear on 
functions on your calculator. your calculators screen 


Access all the extra online content for FREE at: 


www.pearsonschools.co.uk/pimaths 


You can also access the extra online content by scanning this QR Code: 
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After completing this chapter you should be able to: 
@ Multiply and divide integer powers ~ pages 2-3 


e@ Expand a single term over brackets and collect like 
terms ~ pages 3-4 


@ Expand the product of two or three expressions ~ pages 4-6 


e Factorise linear, quadratic and simple cubic expressions -> pages 6-9 


@ Know and use the laws of indices — pages 9-11 
@ Simplify and use the rules of surds ~ pages 12-13 
@ Rationalise denominators — pages 13-16 


Simplify: 
a 4mén + Smn® - 2m?n + mn? — 3mn? 
b 3x*-=5x+243x*-7x-12 
« GCSE Mathematics 
Write as a single power of 2: 
annex 22 b 26+ 22 
cee € GCSE Mathematics 
Expand: 
a 3(x+4) b 5(2-3x) 
c 6(2x-5y) « GCSE Mathematics 


Write down the highest common factor of: 
a 24and16 b 6xand 8x* 
Computer scientists use indices to describe c 4xy? and 3xy « GCSE Mathematics 


very large numbers. A quantum computer with ys 
1000 qubits (quantum bits) can consider 21° Simplify: 

values simultaneously. This is greater than a 10x ¢ 40x 

the number of particles in the observable 5 24 
universe. « GCSE Mathematics 
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Chapter 1 


(1.1) Index laws 


™ You can use the laws of indices to simplify powers of the same base. 
mx aaant 


ian { Notation J 


* (a")"=a"™ 
© (aby'= anh" aa This is the base. 
This is the index, power or 
exponent. 
Example @ 
Simplify these expressions: ; 
a xxx) b2rP?x3P oc z d 6x5 + 3x3 e (a3)? x 2a? f (3x?)3 +24 


a 2x xd S25 2x7 


b 2r? x 3r3 = 2 x 3x r2 xr? ——_______ 
=6xr2+3=6r5 


e (a3)? x 2a? = a® x 2a? 
=2 x a® x a? = 24° 


Expand these expressions and simplify if possible: 


Aminus sign outside 


brackets changes the sign of 
a -3x(7x-4) b y°(3-2y') every term inside the brackets. 
© 4x(3x -2x? + 5x3) d 2x(5x + 3) — 5(2x + 3) 
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Algebraic expressions 


a -3x(7x— 4) = -21x? + 12x 


b y(3 — 2y%) = 3y? - ay® 


|e 4x(3x - 2x? + 5x3) 
= 12x? — 8x? + 20x4 


|d 2x(5x+ 3) - 5(2x+ 3) 
| mtox? + 6x-10x- 15 
| =10x?- 4x-15 

L 


Simplify these expressions: 


4 xl+x4 b 3x? - 6x5 ’ 20x7 + 15x 
x 2x 5x? 


fe ee 
Fie 33 
x x 


=x7-34 y4-3 = yt 4 x ——____ 


3x2. — 6x5 _ 3x2 6x5 
ee > a 


Hehe xem! =33_ 3x4 


b 


| 20x7 +15x3 _ 20x7 2 15x3 
5x? © 5x2" 5x2 


= 4x7-2 + 3x3-2 = 4x5 + 3x 


Exercise 


1 Simplify these expressions: 


3 
axa b 2x3 x 3x2 cf 
4p} 38 : 
d tp ean f 6”) 
g 10x5+2x3 h (pp =p! i (2a°)+ 2a 
21a3b? 
j ms 3 5 
j 8p*+4p k 2a? x 3a’ 1 Tab! 
m 9x? x 3(x?)3 n 3x3 x 2x? x 4x6 0 7a* x (3a? 
p (4y°) = 23° q 2a° + 3a? x 6a5 r 3atx 2a x a3 


w 
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2 Expand and simplify if possible: 


a x -2) b x(x +9) e -39(4-3y) 

d x(y +5) e —x(3x + 5) f -Sx(4x + 1) 

g (4x +5)x h -3y(5 — 2y?) i —2x(Sx - 4) 

j Gx-5)x? k 3(x + 2)+(x-7) 1 5x-6-(3x-2) 
m 4(c + 3d?) - 3(22c +d?) on (7? +3 +9) - (2r? + 3° - 4) 

0 x(3x2 - 2x + 5) p 7y?(2 - Sy + 3y?) q —2v(5- Ty + 3y*) 
r 7(x —2)+ 3(x + 4) - 6(x- 2) s 5x-3(4-2x)+6 


t 3x?-x(3- 4x) +7 u 4x(x + 3) — 2x(3x — 7) vy 3x°(2x + 1) — 5x°(3x - 4) 


3 Simplify these fractions: 


6x4 + 10x° b 3x5-x7 é 2x4 - 4x? 
2x * 4x 

8x3 + 5x é Tx? + 5x? f 9x5 - 5x3 
2x Sx 3x 


® Expanding brackets 


To find the product of two expressions you multiply each term in one expression by each term in the 
other expression. 


Multiplying each of the 2 terms in the first expression by each of the 
mre 3 terms in the second expression gives 2 x 3 = 6 terms. 


SS 
(x + 5)(4x — 2y + 3) = x(4x - 2y + 3) + 5(4x —2y + 3) 
N44 = hx? - Dxy + 3x + 20x- 10y +15. 


5x =4x*-2xy + 23x-10y +15 Simplify your answer by collecting like terms. 


Expand these expressions and simplify if possible: 
a (x+5)(x +2) b (x—2y)(x2 +1) ¢ (x-yP d (x4 y)(3x - 2p - 4) 


a (x + S)(x + 2) 
=x? + 2x + 5x,+ 10 
=x? + 7x +10 


b (x — 2y)(x? + 1) 
= x3 +x — 2x?y - 2y-—_y 
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Algebraic expressions 


© (xy) 
= (x - yx - y) 


d (x + y(3x — 2y - 4) 
= x(x - 2y — 4) + y(3x- 2y- 4) 
= 3x? — 2xy - 4x + 3xy — 2y? - Ay 
= 3x? + xp — 4x - 2p? - ay 


Example 


Expand these expressions and simplify if possible: 
a x(2x + 3)(x— 7) b x(5x - 3y)(2x-y +4) © (x-4)(x + 3x + 1) 


la x(2x + 3)(x - 7) 
= (2x? + 3x)(x - 7) 


= 2x9 — 14x? + 3x? — 21x 
= 2x3 - 11x? - 21x 


b x(5x — 3y\(2x - y + 4) 
= (5x? — 3xy(2x — y + 4) 
= 5x*(2x — y + 4) — 3xy(2x -— y + 4) 
= 10x35 — 5x2y + 20x? - Gx?y + 3xy? 
— 12xy 
= 10x? - 11x2y + 20x? + 3xy? - 12xy 


ce (x — 4)(x + 3)(x + 1) 

= (x? — x — 12)(x + 1) 
x(x + 1) — x(x + 1) — 12(x + 1) 
x3 + x? — x? -Nx- 12x - 12 
33 - 13x - 12 


Exercise (18) 


1 Expand and simplify if possible: 


a (x+4)(x +7) b (x - 3)(x + 2) e (x-2P 

d (x - y)(2x + 3) e (x + 3y)(4x - y) f (2x-4y)(3x+y) 

g (2x -3)(x- 4) h (3x + 2yP i (2x + 8y)(2x + 3) 

J (v+5)(2x + 3y-5) k (x - 13x - 4y—-5) 1 (x-4y)Qx + y+ 5) 
m (x + 2y — 1)(x +3) n (2x +2y + 3)(x+6) o (4—y)(4y —x +3) 
p (47 + 5)(3x-y +2) q (Sy—2x + 3)(x-4) r (4y-x-2)(S5-y) 
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2 Expand and simplify if possible: 


a S(x + 1\(x-4) b 7(x — 2)(2x + 5) e¢ 3(x-3)(x - 3) 

d x(x - y)(x+y) e x(2x + y)(3x +4) f y(x—-5)(x+1) 

g y(3x — 2y)(4x + 2) h y(7 — x)(2x — 5) i x(2x + y)(5x - 2) 

jo x(x + 2)(x+ 3p -4) k y(2x+y-1)(x+5) 1 y(3x+ 2p -3)(2x +1) 
m x(2x + 3)(x+y—-5) n 2x(3x-1)(4x-y-3) 0 3x(x-2y)(2x + 3y +5) 
P (x + 3)(v + 2)(x4+ 1) q (x + 2)(x - 4)(x + 3) r (x+3)(x- 1(x-5) 

s (x -5)(x -4)(x - 3) t (2x+1)(v-2)(x+1) uw (2x + 3)(3x- 1)(x + 2) 
vy (3x — 2)(2x + 1)(3x - 2) w (xt y)(x—yi(x- 1) x (2x -3y)) 


® 3 The diagram shows a rectangle with a square cut out. Problem-solving 


The rectangle has length 3x — y + 4 and width x + 7. 
Use the same strategy as you would use 


The square has length x - 2. : 
Find an expanded and simplified expression (GRiCTeiEiS eee eo sina 


for the shaded area. 
6cm 
x47 
10cm 


3x-ypt+4 


® 4 Acuboid has dimensions x + 2cm, 2x — 1 cm and 2x + 3cm. 
Show that the volume of the cuboid is 4x3 + 12x? + 5x -6cm?. 


5 Given that (2x + 5y)(3x — y)(2x + y) = ax? + bx?y + exy? + dy3, where a, b, c and dare 


constants, find the values of a, b, c and d. (2 marks) 
Challenge ; 
You can use the binomial expansion to expand 
Expand and simplify (x + »)*. expressions like (x + y)* quickly. + Section 8.3 


&® Factorising 
You can write expressions as a product of their factors. “Expanding brackets 


= Factorising is the opposite of expanding 4x(2x + y) = 8x2 + 4xy 


brackets. (x + 5 =x3 + 15x? + 75x + 125 
(x + 2y) (x 5y) = x27 3.xy - 1034 


© Factorsing 
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Algebraic expressions 


ple 


Factorise these expressions completely: 
a 3x+9 b x-5x ¢ 8x? + 20x d 9x?y + 15xy? e 3x?-9xy 


[a 3x49 =3(x+ 3) 


b x? - 5x= x(x - 5) 


ce 8x* + 20x = 4x(2x + 5) 


d 9x?y + 15xy? = 3xy(Bx + Sy) 


e 3x? - Ixy = 3x(x - 3y) 


= A quadratic expression has the form Real numbers are all the positive and 
ax? + bx + cwhere a, b and care real negative numbers, or zero, including fractions 


numbers and a + 0. and surds. 
To factorise a quadratic expression: 
* Find two factors of ac that add up to b 


* Rewrite the b term as a sum of these two 
factors 


For the expression 2x? + 5x-3,ac=-6=-1x6 
and-1+6=5=b. 
2x?-x+ 6x-3 


= x(2x- 1) + 3(2x-1) 
= (x + 3)(2x-1) 


+ Factorise each pair of terms 
* Take out the common factor 


w x?-y?=(x+y)(x-y) { Notation An expression in the form x?—y? is 


called the difference of two squares. 
Example (7) 


Factorise: 
a x2-5x-6 b x°+6x4+8 ¢ 6x?-11x-10 d x?-25 e 4x? - 9y? 


a x? -5x- 6 — 
ac=-6 andb=-5 
So x7 -5x-6 = x27 4+4x-6x-6 
= x(x + 1) — G(x + 1) 
= (x + 1)(x — 6) 
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lb x24 6x4 & 

x? 4 2x4+4x+8 
X(X + 2) + 4(x + 2) 
(x + 2)(x + 4) 


: 


© 6x? -"x-10 
=6x® -15x+4x-10 
= 3x(2x - 5) + 2(2x - 5) 
(2x — 53x + 2) 


: 


xP=125 
= x2 - 52 
= (x + 5)(x - 5) 


| 


© 4x? — Oy? - 
= 22 x2 — Beye 
= (2x + 3y(2x — 3y) 


Factorise completely: 
a x3-2x? b -25x  ¢ x3 4+3x?- 10x 


= x(x? - 52) 
= x(x + S)(x - 5) 


© x9 + 3x? - 10x 


Exercise 


1 Factorise these expressions completely: 


x? + 3x — 10) 
+ 5)(x - 2) 


a 4x+8 b 6x -24 e 20x+15 

d 2x? +4 e 4x7 +20 f 6x°?- 18x 

g -7x h 2x7 +4x i 3-x 

j 6x? - 2x k 10)? - Sy 1 35x7 = 28x 
m x? + 2x n 3y°+2y o 4x24 12x 

p 5y°-20y q 9xy? + 12x*y r 6ab —2ab? 
s 5x?-25xy t 12x°y + 8xy? u 15y— 20y2? 
v 12x?-30 wxy-xy x 12)?-4yx 
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2 Factorise: 


a +4y 

d x°+8x+12 
g xvr+5x+6 
j r+x-20 
m 5x? - 16x +3 
0 2x? +7x - 15 
q xv-4 
s 4.°-25 
v 2x°- 50 


3 Factorise completely: 
a w+2x 
d 8-9x 
g xe - 7x? + 6x 
j 2x3 + 13x? + 15x 


4 Factorise completely + - y*. 


ert os re wes 


rres 


2x? + 6x 

x? +3x-40 

x -2x-24 
2x? + 5x42 
6x? — 8x —8 
2x4 + 14x? + 24 
= 49 
9x? — 25y? 
6x? - 10x +4 


B-V4+x 
#B-x?- 12x 
8 - 64x 
w= 4x 


(2 marks) 


® 5 Factorise completely 6x* + 7x? - 5x. 


Challenge 


Write 4x4 — 13x2 + 9 as the product of four linear factors. 


(1.4 ) Negative and fractional indices 


Indices can be negative numbers or fractions. 


aterms 


1 


Algebraic expressions 


+ 1ix +24 
x? -8x +12 
x?-3x-10 
3x? + 10x - 8 


C Hint ) For part n, take 2 out as a common 


factor first. For part p, let y = x*, 


u 36x°-4 
x 15x°+42x-9 


1 


8 - 5x 

8+ 11x? + 30x 
2x3 — 5x? - 3x 
3x3 + 27x? + 60x 


Problem-solving 


Watch out for terms that can be written as a 
function of a function: x4 = (x2)? 


= You can use the laws of indices with any rational power. 


 ana"a 
© am="Va" 


DY oat! 
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(2 marks) 


— 


numbers are those that 
can be written as “ where 
aand bare integers. 


clavate 


positive square root of a. 
For example 93 = V9 =3 
but 9: + -3. 


Chapter 1 


Example 


Simplify: 


am 


2 
d 2x!S24x-025 eg /125x8 (= 


e Vi25x% = (125x9)5 
= (125)3(x8)5 = 


(125 (x&"3) = 5x? 


i 


Evaluate: 
a9 b 64" © 49: 


d 2573 


lb 645 = (G4 =4 


V49/P 


73 = 343 


10 


{ online ) Use your calculator to enter 


negative and fractional powers. 


ED) 
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Given that y = gx? express each of the following in the form kx", where k and n are constants. 


a y2 b 4)! 


Algebraic expressions 


b 4yt= a(x?) ™ 
itor) 


| = 64x? 


Exercise (1D) 


1 Simplify: 
a vex? b Sex? 
d (2)? e (xh 
g Oxi + 3yx% h 5x'=x3 
j vx xVx k (Vx) x (Wx) 
2 Evaluate: 
a 25) b 8b 
d 4? e 95 
g (3)° h 1296: 
iG) k (3) 
3 Simplify: 
1 5x3 - 2x? 
a (64x!) b a 
2x +x? 4 ,)3 
ea f (5x) 


® 4 a Find the value of 814. 
b Simplify x(2x7)4. 


Problem-solving 


Check that your answers are in the correct form. 
If k and n are constants they could be positive or 
negative, and they could be integers, fractions or 
surds. 


© xXIxx? 
f 3x95 x 4a 
i 3x4x 2x75 
(xP 
Vx 


¢ 273 

i Go) ie 
ia)? 
3H) 


© (125x"2)5 ae 


9x? - 15x h 5x + 3x? 
8 3x3 15x3 


® 5 Given that y= x express each of the following in the form kx", where k and n are constants. 


a ye 
b ty? 


(2 marks) 
(2 marks) 
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Chapter 1 


& Surds 


If 2 is an integer that is not a square number, then any multiple of Vn is called a surd. 


Examples of surds are v2, 19 and 5V2. : 
WOE Irrational numbers cannot be written 


Surds are examples of irrational numbers. in the form jp where aand bare integers. 


The decimal expansion of a surd is never-ending Surds are examples of irrational numbers. 
and never repeats, for example V2 = 1.414213562... 


You can use surds to write exact answers to calculations. 


® You can manipulate surds using these rules: 


+ Vab=Vaxvb 


Simplify: 
a v12 b 


© 5V6 — 2V24 + 294 


[a Vi2=\(4x 3) 


r 
=V4 x V3 = 2/3 


| ae 2 


le Sve - 2/24 + (204 

| =5V6 - 2/6V4 + V6 x V49 
= V6(5 - 2/4 + (49) 
= V6(5-2x2+7) 
= VG(8) 
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Algebraic expressions 


Expand and simplify if possible: 
a /2(5-V3) b (2-V3)(5+V3) 


a V2(5 - V3) 
= 5V2 -V2V3 
=5V/2 -V6 


b (2 - V3\(5 + V3) 
= 2(5 + V3) - V3(5 + V3) 
= 10 + 2/3 -5V3 - V9 
=7 -3v3 


Exercise iE) 


1 Do not use your calculator for this exercise. Simplify: 


a (28 b 72 e V50 
42 e \50 . 2 
22 h V30+v8 i Woo +vIs-V72 
jV175 + V63 + 2/28 k V28 - 2V63 +7. 1 80 - 220 + 3V45 
m3 -2/0+9/85 on 0 VIZ + WB +V75 
2 Expand and simplify if possible: 
a ¥3(2+V3) b V5(3-V3) e ¥2(4-V5) 
d (2-/2)(3+V5) e (2-V3)(3-V7) f (44+V5)(2+V5) 
g (5-V3)(1-V3) h (4+V3)(2-V3) i (7-V11)(2+V11) 
® 3 Simplify 75 — 12 giving your answer in the form av3, where a is an integer. (2 marks) 


@® Rationalising denominators 


If a fraction has a surd in the denominator, it is sometimes useful to rearrange it so that the 
denominator is a rational number. This is called rationalising the denominator. 


= The rules to rationalise denominators are: 


+ For fractions in the form = multiply the numerator and denominator by a. 
a 


+ For fractions in the form i TB’ multiply the numerator and denominator by a — vb. 
at 


* For fractions in the form i 77 multiply the numerator and denominator by a +b. 
a- 
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Rationalise the denominator of: 


V5 +V2_ (5 +V2)V5 + V2) 


ga pa! ¢ ory2 a! 
v3 34+ V2 ¥5-v2 a-v3p 
are, Map he ramectrnd denon 3. 
V3 V3 xv3 
“3 
b == = - 
3+V2 (3+ V2)3-Vv2) 
- 9-3/2 +3/2-2 
ag 


V5 -V2 5 - Vas + V2) 


5-2 


_ 7+ 2V10 
3 


a 
(1 - V3) (1 = /3)(1 - V3) 


_5+V5V2 +V2V5 +2 


| 


7 1 
© 1=-V3-V34+V9 
eo 

4 -2V3 


1x (4 + 2V3) 


“(4 — 2/34 + 2V3) 


_ 4+2/3 
16 + 6/3 - 6/3 - 12 


_44+2V3 _ 24+V3 


4 2 


14 
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Algebraic expressions 


1 Simplify: 
a ae b == c ae d MB. 
v5 viT v2 vI5 
2 & _ gat 
48 80 156 V63 
2 Rationalise the denominators and simplify: 
a u b l c ! d a e 1 
1+V3 2405 3-\7 3-V5 V5 -v3 
t 3-v2 7 5 h 5vV2 ; i v3 -v7 
4-5 24+V5 V8 -V7 34V11 V3 +7 
vi7-VIL 1 Val +29 < v2 -v3 
VI74+V10 Val - 29 v3 -Vv2 
3 Rationalise the denominators and simplify: 
a ! b l c 4 
(G-Vv2)? (2+V5) (3-V2)2 
a go .—— 
(5+V2)2 (5+V2)(3 -— V2) (5—V3)(2+V3) 


4 Simplify ar giving your answer in the 


form p + qV5, where p and g are rational You can check that your answer is in the correct 
Bae 2 eye (4 marks) form by writing down the values of p and q and 
" checking that they are rational numbers. 


Mixed exercise 


1 Simplify: 
a yxy b 3x? x 2x9 © (4x2) + 2x9 d 4b? x 3b3 x bt 


2 Expand and simplify if possible: 
a (x +3)(x—5) b (2x -7)(3x + 1) © (2x+5)(3x-y +2) 


3 Expand and simplify if possible: 
a x(x+4)(x-1) b (x + 2)(x— 3)(x+7) e (2x + 3)(x-2)(3x- 1) 


4 Expand the brackets: 
a 3(5y +4) b 5x(3-Sx+2x2) © Sx(2x+3)—2x(1-3x) dd 3x°(1 + 3x) — 2x(3x -2) 
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10 


iat 


12 


13 


14 


© 15 


@) 16 
®u 
© 8 
@) 19 


16 


Factorise these expressions completely: 


a 3x?+4x b 4y? + 10y ec 4+ xyptxy? d 8xy? + 10x2y 
Factorise: 
a x?+3x+2 b 3x? + 6x e x -2x-35 d 2x?-x-3 


e 5x?- 13x-6 f 6-5x-x 


Factorise: 
a 2x3 + 6x b x3 - 36x © 2x34 7x? - 15x 
Simplify: 
a 9x3 + 3x95 b (43 © 3x2 x 2x4 d 3x3 + 6x7 
Evaluate: 

8) 225)! 
. (=) 7 (3) 
Simplify: 

3 

— b 20 + 2/45 - /80 

a 1a + 
a Find the value of 35x? + 2x — 48 when x = 25. 


b By factorising the expression, show that your answer to part a can be written as the product 


of two prime factors. 


Expand and simplify if possible: 
a /2(3+V5) b (2-V5)(S+V3) © (6-V2\(4-v7) 
Rationalise the denominator and simplify: 
cll, pel re) a 23 - V37 ‘ al f 1 
v3 v2-1 v3 -2 V23 + V37 (243 (4-Vv7yP 
a Given that x3 — x? - 17x — 15 = (x + 3)(x? + bx + c), where b and c are constants, work out 


the values of b and ce. 
b Hence, fully factorise x3 — x? - 17x - 15. 


Given that y = a express each of the following in the form kx”, where k and n are constants. 


ay? 
b 4y"! 


Show that can be written in the form Va + Vb, where a and b are integers. 


B) 
V75 - 50 
Expand and simplify (V11 — 5)($- 11). 
Factorise completely x — 642°. 


Express 272**! in the form 3¥, stating y in terms of x. 
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(1 mark) 
(1 mark) 


(5 marks) 
(2 marks) 
(3 marks) 


(2 marks) 


GP) 20 
® 21 
© 2 


@x 
@ x 


Algebraic expressions 


8x 
v3 


Give your answer in the form a/b 


Solve the equation 8 + x/12 = 
where a and dare integers. (4 marks) 


A rectangle has a length of (1 + /3)cm and area of ¥12. cm?. 
Calculate the width of the rectangle in cm. 


Express your answer in the form a + bV3, where a and b are integers to be found. 
2 


Show that @ a can be written as 4x7? - 4 +3. (2 marks) 
Given that 243/3 = 34, find the value of a. (3 marks) 
Given that at xi can be written in the form 4x“ + x’, write down the value of a 

and the value of b. (2 marks) 


Challenge 


Simplify (Va + Vb) (Va — Vb). 
1 1 1 1 


Hence show that ——— + ——— + ———- +... + ———==4 
vI+V2 V24+V3 V3 4V4 V24+V25 


Summary of key points 


1 


wu Rr Ww N 


You can use the laws of indices to simplify powers of the same base. 
@ a"xa"=anen @ a"za"=a"-" 
e (asa © (aby'=a'h" 


Factorising is the opposite of expanding brackets. 
A quadratic expression has the form ax? + bx + c where a, b and c are real numbers and a + 0. 
y= (xt yxy) 
You can use the laws of indices with any rational power. 
@ an=Va ean 
ONG ee a @ a®=1 
a 
You can manipulate surds using these rules: la 
@ Vab=Vaxvb e i epee 
b Vb 


The rules to rationalise denominators are: 


@ Fractions in the form = multiply the numerator and denominator by Va. 
a 


@ Fractions in the form aie multiply the numerator and denominator by a—Vb. 
at 


@ Fractions in the form ate, multiply the numerator and denominator by a + Vb. 


a-vb 
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After completing this chapter you should be able to: 


e@ Solve quadratic equations using factorisation, the quadratic 
formula and completing the square — pages 19-24 


@ Read and use f(x) notation when working with 
functions — pages 25-27 


@ Sketch the graph and find the turning point of a quadratic 
function > pages 27-30 


e Find and interpret the discriminant of a quadratic 
expression — pages 30-32 


@ Use and apply models that involve quadratic 
functions — pages 32-35 


Solve the following equations: 
a 3x+6=x-4 

b 5(x + 3) = 6(2x - 1) 

¢ 4x*= 100 

d (x-8)?=64 GCSE Mathematics 
2 Factorise the following expressions: 

a x?+8x+15 b x*+3x-10 

© 3x*-14x-5 d x*- 400 
€ Section 1.3 


Sketch the graphs of the following 
equations, labelling the points where each 
graph crosses the axes: 

a y=3x-6 b y=10-2x 

c x+2yp=18 d y=x? 


€ GCSE Mathematics : . ; 
Quadratic functions are used to model 


projectile motion. Whenever an object 
is thrown or launched, its path will 


CA i el) ct {&@ approximately follow the shape of a we 
+ GCSE Mathematics parabola. — Mixed exercise Q11 ac : 
ae SS ee P 
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7 


Solve the following inequalities: 
x+8<11 b 2x-5>13 


@ Solving quadratic equations 


Quadratics 


A quadratic equation can be written in the form ax? + bx + c = 0, where a, b and c are real constants, 
and a # 0. Quadratic equations can have one, two, or no real solutions. 


® To solve a quadratic equation by factorising: 
* Write the equation in the form ax? + bx+c=0 


+ Factorise the left-hand side 


CD The solutions to an 


equation are sometimes called 
the roots of the equation. 


+ Set each factor equal to zero and solve to find the value(s) of x 


Example 


Solve the following equations: 
a x-2x-15=0 b x =9x 
e 6x°+13x-5=0 d x -5x+18=2+3x 


a x? - 2x-15=0 
(x + 3)(x - 5) =O 
Then eitherx+3=O>x=-3 
or x-5=O>x=5 
So x =-3 and x = 5 are the two solutions 
of the equation. 


x(x = 9, 
Then either x = O 
or x-9=0>x=9 
The solutions are x = O and x = 9. 
c 6x? + 13x-5=0 


(3x — 12x + 5)=O0 
Then either 3x -1=O>x= 


-— Factorise the quadratic. 


Section 1.3 


If the product of the factors is zero, one of the 
factors must be zero. 


t Notation ) The symbol => means ‘implies that’. 


This statement says ‘If x + 3 =0, then x= -3’. 


___ Aquadratic equation with two distinct factors has 
two distinct solutions. 


t Watch out } The signs of the solutions are 


opposite to the signs of the constant terms in 
each factor. 


Be careful not to divide both sides by x, since x 


‘— may have the value 0. Instead, rearrange into the 
form ax* + bx + ¢ = 0. 


Factorise. 


or 2x+5=O0>-x 
The solutions are x = 5 and x = 


d x? -5x4+16=2 + 3x 
x? -6x+1G=0 

(x - 4)(x - 4) =O 

Then either x -4=O>x=4 
or x-4=O>x=4 
=Sx=4 


Factorise. 


Solutions to quadratic equations do not have to 
be integers. 


The quadratic equation (px + g)(rx + s) = O will 


q 
have solutions x = -4 and x= = 


\_ Rearrange into the form ax* + bx + ¢=0. 


Factorise. 


[ Notation When a quadratic equation has 


exactly one root it is called a repeated root. You 
can also say that the equation has two equal roots. 
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In some cases it may be more straightforward to solve a quadratic equation without factorising. 


Solve the following equations 


a (2x -3P=25 b (x-3)=7 
a (2x - 3)? = 25 
ax-3=+45 
SBe5 Tl 


Then either 2x +5=> 
2x=3-5>) 
The solutions are x = 4 and x = —-1 


or 


b (x- 3) =7 


3=+V7 

x=3+/7 

The solutions are x = 3 + V7 and 
x=3-/7 


xo 


Exercise (2A) 


1 Solve the following equations using factorisation: 
b x°+5x+4=0 
f x°-9x+20=0 


a x4+3x+2=0 
e x°-8x+15=0 


2 Solve the following equations using factorisation: 
b x? =25x 
f 6x?-7x-3=0 


a v=4y 
e 2x7+7x+3=0 


3 Solve the following equations: 

b (2x-3P =9 

g Gx-1P=11 

j 4x74 17x = 6x - 2x? 


a 3x74+5x=2 
f (x-3Y=13 
i 6x?-7=I11x 


This shape has an area of 44 m?. 
Find the value of x. 


<xm. 


Solve the equation 5x + 3 =V3x+7. 


20 


g 6x? -5x-6=0 


e (x-7) =36 
h 5x? - 10x? = -7 +. x + x? 


t Notation ) The symbol + lets you write two 


statements in one line of working. You say 
‘plus or minus’. 


Take the square root of both sides. 
Remember 5? = (-5)? = 25. 


‘— Add 3 to both sides. 


Take square roots of both sides. 


You can leave your answer in surd form. 


¢ x7 +7x+10=0 d -x-6=0 
g -5x-6=0 h x°-4x-12=0 
c 3x? = 6x d 5x? = 30x 


h 4x? - 16x + 15=0 


Problem-solvi 


| Divide the shape into two sections: 
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Quadratics 


Some equations cannot be easily factorised. You can also solve quadratic equations using the 
quadratic formula. 


= The solutions of the equation { Watch out ) You need to rearrange the equation 
ax? + bx + c= O are given by the formula: into the form ax? + bx + c = 0 before reading off 
-b+/B-4ac the coefficients. 
ea 


Solve 3x? - 7x -1 = 0 by using the formula. 


— a=3,b=-7andc=-1. 


Put brackets around any negative values. 


-4x 3x (-1)=+12 


1 Solve the following equations using the quadratic formula. 
Give your answers exactly, leaving them in surd form where necessary. 


axv4+3x+1=0 b x -3x-2=0 ce 1° 4+6x+6=0 d x -5x-2=0 
e 3x?+10x-2=0 f 4x°-4x-1=0 g 4e°-7x=2 h 11x? +2x-7=0 


2 Solve the following equations using the quadratic formula. 
Give your answers to three significant figures. 
a x+4x42=0 b °° -8x+1=0 e 4+llx-9=0 9 d °-7x-17=0 
e 5x2+9x-1=0 f 2x°-3x-18=0 g 3x2+8= 16x h 2x? + 11x = 5x?- 18 


3 For each of the equations below, choose a suitable method and find all of the solutions. 
Where necessary, give your answers to three significant figures. 


a x7+8x+12=0 b x7+9x-11=0 


ec 2-9x-1=0 d 2x245x+2=0 cp You can use any method 
i ae you are confident with to solve 

e Qxr+8)'=100 f these equations. 

g 2x?-11l=7x h 
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® 4 This trapezium has an area of 50 m2. 
Show that the height of the trapezium is equal to 5(V5 — 1) m. 


Problem-solving 


Height must be positive. You will have to discard 
the negative solution of your quadratic equation. 


<_xm> 


<— (x + 10)m—~> 


Challenge 


Given that x is positive, solve the equation 
pleantaee Ze 


x x+2 195 


t Hint ) Write the equation in the form 
ax? + bx + c =0 before using the quadratic 
formula or factorising. 


@® Completing the square 
It is frequently useful to rewrite quadratic expressions by completing the square: 
we ebee (xo8)-(8) 
w+bx=(x+5) -(5 3 


You can draw a diagram of this process when x and b 
are positive: x 


The original rectangle has been rearranged into the : 7 eave x $ 
shape of a square with a smaller square missing. 


The two areas shaded blue are the same. 


Complete the square for the expressions: 


x? + bx 


i) 
— 

* 

+ 
nis 
a 

1 

— 
nic 
NS 


[ Notation ) A quadratic expression in the 


form p(x + q)? + r where p, g and r are real 
constants is in completed square form. 


a x?+8x b x -3x ¢ 2x? + 12x 
i Begin by halving the coefficient of x. Using the 
a x*° + Ox = (x + 4)? - 4° 2 By B B 
tule given above, b= 8 so >= 4. 
=(x + 4)2-16 Z 
2 2 2 
b x? - 3x= (x - 3)" - (3) — Be careful if is a fraction. Here () ae! 
Bs 7g 2 2) 24 
=(e=5) =% 
© 2x? — 12x = 2(x2 — Gx) Here the coefficient of x? is 2, so take out a factor 
7 e % ‘— of 2. The other factor is in the form (x? + bx) so 
= 2((x — 3° — 3%) you can use the rule to complete the square. 
= a((x — 3% - 9) 
= 2(x - 3)? - 18 Expand the outer bracket by multiplying 2 by 9 to 
get your answer in this form. 
22 3THSEC 


Quadratics 


. axt+br+e=a(x+2) +(e-%) 


Write 3x? + 6x + 1 in the form p(x + g)? +r, where p, g and r are integers to be found. 


| 3x2 + 6x41 —_——— | t Watch out This is an expression, so you can't 


- ’ divide every term by 3 without changing its value. 
= S(xe + 2x) +1 Instead, you need to take a factor of 3 out of 
= 3((x + 1)? — 12) +1 3x2 + 6x. 


= 3(x+1)?-34+1 
= 3(x + 1)? -2 
So p= 3,q=1andr=-2. 


Exercise 
fexercise @) { Hint } In question 3d, 


1 Complete the square for the expressions: write the expression as 


2 F 2 a 2 s rte 2 -4x* — 16x + 10 then 
axw+d4y b x? - 6x ew -l6x dxe+x e -14 aA EmRenant 


of the first two terms 
to get —4(x? + 4x) + 10. 


2 Complete the square for the expressions: 
a 2x?+16x b 3x°-24x ¢ 5x°+20x d 2x?>-Sx e 8x-2x? 


3 Write each of these expressions in the form p(x + g)? + r, where p, g and r are constants 
to be found: 


a 2x?+8x4+1 b 5x?- 15x43) ¢ 3x°+2x-1 d 10-16x-4x?  e 2x-8x? +10 
® 4 Given that x? + 3x + 6 =(x + a)? + b, find the values of the constants a and b. (2 marks) 


(G) 5 Write 2 + 0.8x — 0.04? in the form A — B(x + C)?, where A, B and C are constants to 
be determined. (3 marks) 


Solve the equation x? + 8x + 10 = 0 by completing the square. 
Give your answers in surd form. 


x? + 6x+10=0 


So the solutions are 
x=-4+V6 andx=-4-V6. 


3THSEC fq 23 


Chapter 2 


Solve the equation 2x? — 8x + 7 = 0. Give your answers in surd form. 


Problem-solving 


This is an equation so you can divide every term 
by the same constant. Divide by 2 to get x? on its 
own. The right-hand side is 0 so it is unchanged. 


— Complete the square for x? — 4x. 
‘— Add 2? to both sides. 


— Take square roots of both sides. 


So the roots are '— Add 2 to both sides. 


{ Online ) Use your calculator to check Fa 


solutions to quadratic equations quickly. 


x=24+—andx=2- 
2 : 


Exercise (20) 


1 Solve these quadratic equations by completing the square. Leave your answers in surd form. 
a w+6x+1=0 b x24 12x+3=0 e w4+4x-2=0 d x»°-10x=5 


nl|> 


2 Solve these quadratic equations by completing the square. Leave your answers in surd form. 
a 2x?+6x-3=0 b 5x? +8x-2=0 ce 4x?-x-8=0 d 15 - 6x - 2x 


(G) 3 x? - 14x + 1 =(x +p)? +g, where p and q are constants. 
a Find the values of p and q. (2 marks) 


b Using your answer to part a, or otherwise, show that the solutions to the equation 
x? — 14x + 1 = 0 can be written in the form r + sy3, where r and s are constants 
to be found. (2 marks) 


4 By completing the square, show that the solutions to Problem-solving 


the equation x? + 2bx + c = 0 are given by the formula Follow the same steps as you would 
iene lR=c 
x=—btvb?-e. (4 marks) if the coefficients were numbers. 


Challenge 


a Show that the solutions to the equation 


ax? + 2bx +c =Oare given byx=-2+ 


bP ac t Hint ) Start by dividing the whole 
a 


equation by a. 
b Hence, or otherwise, show that the solutions to the 


equation ax* + bx + c = 0 can be written as ELL You can use this 
-b + Vb? -4ac method to prove the quadratic 
oc 2a . formula. > Section 7.4 


24 3THSEC 


Quadratics 


[2.3] Functions 


A function is a mathematical relationship that maps each value of a set of inputs to a single output. 
The notation f(x) is used to represent a function of x. 


= The set of possible inputs for a function is called the domain. — Pemain fQ)=9 Range 
= The set of possible outputs of a function is called the range. 


This diagram shows how the function f(x) = x* maps five 
values in its domain to values in its range. 


= The roots of a function are the values of x for which f(x) = 0. 


Example (2) 
The functions f and g are given by f(x) = 2x - 10 [ Notation ) einnucoraninetion 
and g(x) =x -9,xER. x, can be any real number the 
a Find the values of f(5) and g(10). domain can be written as x ER. 
b Find the value of x for which f(x) = g(x). The symbol € means ‘is a member 
of’ and the symbol R represents the 
a #5) = 2(5) - 10 = 10 - 10 = O—_+_—+ real numbers. 
g(10) = (10)? -9 = 100-9 =91 
b f(x) = g(x) — To find f(5), substitute x = 5 into the function f(x). 
2x-10=x* -9 
x? -2x+1=0 ‘Set f(x) equal to g(x) and solve for x. 
(x - 1) =O 


The function f is defined as f(x) = x? + 6x -5,x ER. 

a Write f(x) in the form (x + p? +4. 

b Hence, or otherwise, find the roots of f(x), leaving your answers in surd form. 

¢ Write down the minimum value of f(x), and state the value of x for which it occurs. 


la fx) =x2+6x-5 —] 
Complete the square for x? + 6x and then 


simplify the expression. 


To find the root(s) of a function, set it equal to zero. 
(x + 3)? -14=0 
(x + 3)? = 14 + ___ You can solve this equation directly. Remember to 
x+3=4V14 write + when you take square roots of both sides. 
x=-3+V14 
f(x) has two roots: 
-3 + V14 and -3 - 14. 
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c (x+3P 20 
So the minimum value of f(x) is 14. 
This occurs when (x + 3)? =O, 
so when x = -3 


Find the roots of the function f(x) = x° + 7x3 - 8, x ER. 


f(x) =O Problem-solving 


x© + 7x3 - 8 = QO —____________ f(x) can be written as a function of a function. 
The only powers of x in f(x) are 6, 3 and 0 so you 
can write it as a quadratic function of x?. 


(x3)? + 7(x3) - 8 =O 
(x3 = 1)(x3 + 6) =O 
So x8 =1 or x8 =-6 


xe) See 
x3 =-8 => x=-2 


The roots of f(x) are 1 and -2. 


Alternatively, let u = x°. 
f(x) = xS + 7x9 - 8 
= (x3)? + 7(x3) - 8 
=u? +7u-8 
= (u — Iu + 8) 
So when f(x; 


O,u=1oru=-6. 


=1>x=1 
t Watch out } The solutions to the quadratic 


Fus-6=> x =-6 > x=-2 equation will be values of u. Convert back to 
The roots of f(x) are 1 and -2. values of x using your substitution. 


Exercise (ze) 


1 Using the functions f(x) = 5x + 3, g(x) = x7 -— 2 and h(x) = Vx + 1, find the values of: 


IfFu=1>x 


a f(1) b (3) e h(8) d (1.5) e g(V2) 
4 
f h(-1l) g f(4) + 9(2) h £(0) + (0) + h(0) i so 


® 2 The function f(x) is defined by f(x) = x7 - 2x,x ER. Problem-solving 


Given that f(a) = 8, find two possible values for a. SEE Le inca thentinciontand 


3 Find all of the roots of the following functions: psa Teele 


a f(x) =10- 15x b g(x) =(x + 9)(x - 2) e h(x) =x? + 6x-40 
d j(x) = 144-7 e k(x) =x(x + 5)(x +7) f m(x) =1x3 + 5x? - 24x 


26 3THSEC 


Quadratics 


4 The functions p and q are given by p(x) = x7 — 3x and q(x) = 2x -6, x ER. 
Find the two values of x for which p(x) = q(x). 


5 The functions f and g are given by f(x) = 2x? + 30x and g(x) = 17.7, xER. 
Find the three values of x for which f(x) = g(x). 
® 6 The function f is defined as f(x) = 2° -2x+2,xER. 
a Write f(x) in the form (x + p)’ + g, where p and g are constants to be found. (2 marks) 
b Hence, or otherwise, explain why f(x) > 0 for all values of x, and find the minimum 
value of f(x). (1 mark) 
7 Find all roots of the following functions: 
a f(x) =x° +99 +8 b g(x) =x4- 12x° + 32 t Hint ) The function in 
¢ h(x) = 27x° + 26x3- 1 d j(x) = 32x! - 33x5 + 1 part b has four roots. 
e k(x)=x- 7x +10 f m(x)= 


8 The function f is defined as f(x) = 3°* - 28(3") + 27, xER. 5 
Problem-solving 


a Write f(x) in the form (3* - a)(3* — 5), where a and 4 are 
real constants. (2 marks) 


b Hence find the two roots of f(x). (2 marks) 


@ Quadratic graphs 


When f(x) = ax? + bx + ¢, the graph of » = f(x) has a curved shape called a parabola. 
You can sketch a quadratic graph by identifying key features. 


+2x3- 12 


Consider f(x) asa 
function of a function. 


The coefficient of x? determines the overall shape of the graph. 
When a is positive the parabola will have this shape: \/ 
When a is negative the parabola will have this shape: /\ 


® The graph crosses the y-axis when 
x =0. The y-coordinate is equal to c. 


@ The graph crosses the x-axis when y = 0. The 
x-coordinates are roots of the function f(x). 


® Quadratic graphs have one turning point. 
This can be a minimum or a maximum. 
Since a parabola is symmetrical, the turning 
point and line of symmetry are half-way 
between the two roots. 


= You can find the coordinates of the turning point t Links ] The graph of y = a(x + p)?+q 
of a quadratic graph by completing the square. is a translation of the graph of 
If f(x) = a(x + p)? + q, the graph of y = f(x) has a y= ax? by (@) “> Section 4.5 
turning point at (—p, q). 
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Sketch the graph of y = x? — 5x + 4, and find the coordinates of its turning point. 


As a = 1 is positive, the graph has a \/ 
shape and a minimum point. 


When x = O, y = 4, so the graph crosses 
the y-axis at (O, 4). 
When y =O, 
-5x+4=0 
(x — 1)(x — 4) = 
x =10r x = 4, so the graph crosses the 
x-axis at (1, O) and (4, O). 
Completing the square: 
- 5x +4 = (x- 3)? 
=(x-9)° 
So the minimum point has coordinates 


2 
& -%). { Watch out ) If you use symmetry to find the 


Alternatively, the minimum occurs when x-coordinate of the minimum point, you need to 
substitute this value into the equation to find the 
y-coordinate of the minimum point. 


25 
-2344 
9 


X is half-way between 1 and 4, 
1+4_5 
2 2 
2 
y=(@)-5x@)+4=-2 
Ss 
2 


2), 


sox= 


so the minimum has coordinates ( 
The sketch of the graph is: 


cS Explore how the graph of 


= (x +p)? + q changes as the values of p 
ie q change using GeoGebra. 
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Sketch the graph of y = 4x — 2x? — 3. Find the coordinates of its turning point and write down the 
equation of its line of symmetry. 


As a = —2 is negative, the graph has a /\ 
shape and a maximum point. ——— © 


When x = O, y = —3, so the graph 
crosses the y-axis at (O, —3). 
When y =O, 


2x? + 4x-3=0 
Using the quadratic formula, 
-4 + V4? - 4(-2)-3) 


It's easier to see that a < 0 if you write the 
equation in the form y = —2x? + 4x — 3. 


a=-2,b=4andc=-3 


2 x (-2) 
-4 + V-8 
-4 
There are no real solutions, so the graph 
does not cross the x-axis. 


Completing the square: 

2 tae =3. 
—2(x? -— 2x) - 3 
2 =F =) = 3 
==20- 1? +2=3 
—2(x - 1? = 1 
So the maximum point has coordinates 
(1, -1). 
The line of symmetry is vertical and goes 
through the maximum point. It has the 
equation x = 1. 


vA 


i} 


> 
(1, -1) * 
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You would need to square root a negative 
number to evaluate this expression. Therefore 
this equation has no real solutions. 


The coefficient of x? is -2 so take out a factor of -2 


t Watch out ) Asketch graph does not need to be 


plotted exactly or drawn to scale. However you 

should: 

@ drawa smooth curve by hand 

@ identify any relevant key points (such as 
intercepts and turning points) 

@ label your axes. 
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Exercise 


1 Sketch the graphs of the following equations. For each graph, show the coordinates of the point(s) 
where the graph crosses the coordinate axes, and write down the coordinate of the turning point 
and the equation of the line of symmetry. 

b p=x?+2x-15 e p=25-x d p=x°+3x4+2 

x? + 4x +10 g y=2xv+7x-15 h y=6x?- 19x +10 

j y=0.5x? + 0.2x + 0.02 


2 These sketches are graphs of quadratic functions of the form ax? + bx + ¢. 


Find the values of a, b and ¢ for each function. 
Problem-solving 


Check your answers 

by substituting values 
into the function. In 
part ¢ the graph passes 
through (0, -18), so h(0) 
should be -18. 


3. The graph of y = ax? + bx +c has a minimum at (5, -3) and passes through (4, 0). 
Find the values of a, b and ¢. (3 marks) 


& The discriminant 


If you square any real number, the result is greater than or equal to 0. This means that if y is negative, 
yy cannot be a real number. Look at the quadratic formula: 


Kalpeatae If the value under the square root sign is negative, x cannot be 
Se areal number and there are no real solutions. If the value under 
a the square root is equal to 0, both solutions will be the same. 


= For the quadratic function f(x) = ax? + bx + c, the expression 5? — 4ac is called the 
discriminant. The value of the discriminant shows how many roots f(x) has: 
© If b? — 4ac > 0 then f(x) has two distinct real roots. 
* If b? - 4ac = 0 then f(x) has one repeated root. 
* If b? — 4ac < 0 then f(x) has no real roots. 
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You can use the discriminant to check the shape of sketch graphs. 


Below are some graphs of y = f(x) where f(x) = ax* + bx +c. 


Th 


a>o 


be -4ac>0 
Two distinct real roots 


a<0 


x, vA 
0 Ed 
be -4ac=0 be -4ac <0 
One repeated root No real roots 
Va 
—|—_____+ 
oO E3 


Find the values of k for which f(x) = x? + kx + 9 has equal roots. 


xw+kx+9=0 
Herea=1,b=kandc=9 
For equal roots, b? - 4ac = O 
k?-4x1x9=0 
2 -36=0 


Problem-solving 


Use the condition given in the question to write a 
statement about the discriminant. 


Substitute for a, b and c to get an equation with 
"one unknown. 


Solve to find the values of k. 


Find the range of values of k for which x? + 4x + k = 0 has two distinct real solutions. 


x? 4+4x+k=0 

Herea=1,b=4 andc=k. 

For two real solutions, b* - 4ac > O 
44-4x1xk>0 

16-4k >0 

16 > 4k 
4>k 
Sok<4 


____ This statement involves an inequality, so your 
answer will also be an inequality. 


___ Forany value of k less than 4, the equation will 
have 2 distinct real solutions. 


t Online ) Explore how the value of the 


discriminant changes with k using GeoGebra. 
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Exercise 


1 a Calculate the value of the discriminant for each of these five functions: 
i f(x) =x? + 8x43 ii g(x) = 2x? -3x+4 iii h(x) = -x? + 7x - 3 
iv j(x) —8x+ 16 vy k(x)=2x-3x?-4 


b Using your answers to part a, match the same five functions to these sketch graphs. 
ay ’ 


y y 


ii iii iv ’ 


0! 
x 
a) x 

2 Find the values of k for which x? + 6x + k = 0 has two real solutions. (2 marks) 
3. Find the value of ¢ for which 2x? - 3x + ¢ = 0 has exactly one solution. (2 marks) 
4 Given that the function f(x) + 8x + s has equal roots, find the value of the positive 

constant s. (2 marks) 
5 Find the range of values of k for which 3x? - 4x + k = 0 has no real solutions. (2 marks) 
6 The function g(x) = x* + 3px + (14p — 3), where p is an integer, has two equal roots. 

a Find the value of p. (2 marks) 

b For this value of p, solve the equation x* + 3px + (14p - 3) = 0. (2 marks) 


7 h(x) = 2x? + (k + 4)x +k, where k is a real constant. Problem-solving 
a Find the discriminant of h(x) in terms of k. (3 marks) _ If a question part says ‘hence or 


b Hence or otherwise, prove that h(x) has two distinct otherwise’ it is usually easier to use your 
real roots for all values of k. (3 marks) — @"5wer to the previous question part. 


Challenge 


a Prove that, if the values of a and c are given and non-zero, it is always possible to choose a value 
of b so that f(x) = ax? + bx + ¢ has distinct real roots. 


b Is it always possible to choose a value of b so that f(x) has equal roots? Explain your answer. 


@® Modelling with quadratics 


A mathematical model is a mathematical description of a real-life situation. Mathematical 
models use the language and tools of mathematics to represent and explore real-life patterns and 
relationships, and to predict what is going to happen next. 


Models can be simple or complicated, and their results can be approximate or exact. Sometimes a model 
is only valid under certain circumstances, or for a limited range of inputs. You will learn more about how 
models involve simplifications and assumptions in Statistics and Mechanics. 


Quadratic functions can be used to model and explore a range of practical contexts, including 
projectile motion. 
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A spear is thrown over level ground from the top of a tower. 
The height, in metres, of the spear above the ground after ¢ seconds is modelled by the function: 


h(t) = 12.25 + 14.71- 4.97, 1=0 


a Interpret the meaning of the constant term 12.25 in the model. 


b After how many seconds does the spear hit the ground? 
¢ Write h(/) in the form A — B(t — C)?, where A, Band C are constants to be found. 


d Using your answer to part ¢ or otherwise, 


find the maximum height of the spear above the 


ground, and the time at which this maximum height is reached. 


la The tower is 12.25 m tall, since 
this is the height at time O. 


b When the spear hits the ground, 
the height is equal to O. 
12.25 + 14.7t - 4.91" =O 
Using the formula, where a = -4.9, 
b = 147 and ¢ = 12.25, 
ee 14.7 + y14.7? — 4(—4.9)(12.25) 
7 (2 x —4.9) 
-14.7 + V456.19 
-9.6 
t= —0.679 or t=3.68 (to 3 5) 


t= 


© 12.25 + 14.7t — 4.917 
= -4.9(t? — 31) + 12.25 
= -4.9((t — 1.5)? — 2.25) + 12.25 
= -4,9((t — 1.5)? + 11.025 + 12.25) 
= 23.275 — 4.9(t — 1.5)? 
So A = 23.275, B= 4.9 and C= 1.5. 
d The maximum height of the spear is 


23.275 metres, 1.5 seconds after 
the spear is thrown. 


As t20, t = 3.68 seconds (to 3 s.). 


Problem-solvi 


Read the question carefully to work out the 
meaning of the constant term in the context of 
the model. Here, / = 0 is the time the spear is 
thrown. 


t Ontine ) Explore the trajectory of the a? 


spear using GeoGebra. 
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@1 


34 


The diagram shows a section of a suspension bridge carrying a road over water. 


Problem-solving 


For part a, make sure your 
answer is in the context of 
the model. 


The height of the cables above water level in metres can be modelled by the function 
h(x) = 0.000 12x? + 200, where x is the displacement in metres from the centre of the bridge. 


a Interpret the meaning of the constant term 200 in the model. (1 mark) 
b Use the model to find the two values of x at which the height is 346 m. (3 marks) 


¢ Given that the towers at each end are 346 m tall, use your answer to part b to calculate the 
length of the bridge to the nearest metre. (1 mark) 


A car manufacturer uses a model to predict the fuel consumption, y miles per gallon (mpg), 
for a specific model of car travelling at a speed of x mph. 


y= -0.01x? + 0.975x + 16, x > 0 


a Use the model to find two speeds at which the car has a fuel consumption of 
32.5mpg. (3 marks) 


b Rewrite y in the form A — B(x — C), where A, Band Care constants to be found. —_ (3 marks) 


¢ Using your answer to part b, find the speed at which the car has the greatest fuel 
efficiency. (1 mark) 


d_ Use the model to calculate the fuel consumption of a car travelling at 120 mph. 
Comment on the validity of using this model for very high speeds. (2 marks) 


A fertiliser company uses a model to determine how the amount of fertiliser used, f kilograms 
per hectare, affects the grain yield g, measured in tonnes per hectare. 
g = 6 + 0.03 — 0.000 06f2 
a According to the model, how much grain would each hectare yield without any 
fertiliser? (1 mark) 


b One farmer currently uses 20 kilograms of fertiliser per hectare. How much more fertiliser 
would he need to use to increase his grain yield by | tonne per hectare? (4 marks) 


A football stadium has 25 000 seats. The football club know from past experience that they will 
sell only 10000 tickets if each ticket costs £30. They also expect to sell 1000 more tickets every 
time the price goes down by £1. 
a The number of tickets sold ¢ can be modelled by the linear equation t = M — 1000p, 

where £p is the price of each ticket and M is a constant. Find the value of M. (1 mark) 
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The total revenue, £r, can be calculated by multiplying the number of tickets sold by the price of 
each ticket. This can be written as r = p(M — 1000p). 


b Rearrange r into the form A — B(p — C)?, where A, B and C are constants to be found. (3 marks) 


¢ Using your answer to part b or otherwise, work out how much the football club should 
charge for each ticket if they want to make the maximum amount of money. (2 marks) 


Challenge { Hint ) Start by setting up three 


Incident tigat tidvinsethelstoppina’dist simultaneous equations. Combine 
ccident investigators are studying the stopping distance Wold rerentpaire ohequstionsite 


of a particular car. eliminate c. Use the results to find 
When the car is travelling at 20 mph, its stopping distance the values ofaand b first. 
is 6 feet. 
When the car is travelling at 30 mph, its stopping distance 
is 14 feet. 
When the car is travelling at 40 mph, its stopping distance 
is 24 feet. 
The investigators suggest that the stopping distance in 
feet, d, is a quadratic function of the speed in miles per 
hour, s. 
a Given that d(s) = as? + bs + ¢, find the values of the 
constants a, b and c. 


b At an accident scene a car has left behind a skid that is 
20 feet long. 
Use your model to calculate the speed that this car was 
going at before the accident. 


Mixed exercis 


1 


Solve the following equations without a calculator. Leave your answers in surd form where necessary, 
a y?+3y+2=0 b 3x?+ 13x-10=0 e 5x2-10x=4x4+3 d (2x-5P =7 


Sketch graphs of the following equations: 
a pax?t+5x4+4 b p=2x?4+x-3 ¢ y=6-10x- 4x? d y= 15x — 2x? 


f(x) = x* + 3x — Sand g(x) = 4x + k, where k is a constant. 


a Given that f(3) = g(3), find the value of k. (3 marks) 
b Find the values of x for which f(x) = g(x). (3 marks) 
Solve the following equations, giving your answers correct to 3 significant figures: 

a ke+11k-1=0 b 2? -5t+1=0 ec 10-x-x=7 d 3x-1?%=3-x? 
Write each of these expressions in the form p(x + g)° + r, where p, q and r are constants to be found: 
a x24+12x-9 b 5x2 - 40x +13 ce 8x—-2x? d 3x2-(x+1)?? 
Find the value k for which the equation 5x? — 2x + k = 0 has exactly one solution. (2 marks) 
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(e) 7 Given that for all values of x: 


3x? + 12x+5=p(xt+gPtr 


a find the values of p, g and r. (3 marks) 


b Hence solve the equation 3x7 + 12x + 5=0. (2 marks) 


8 The function f is defined as f(x) = 2?* - 20(2*) + 64, xER. 
a Write f(x) in the form (2* — a)(2* — 5), where a and + are real constants. (2 marks) 
b Hence find the two roots of f(x). (2 marks) 


9 Find, as surds, the roots of the equation: 


10 


@) 11 


GP) 13 
GP) 14 
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x + 1)(x -— 4) - (x - 2) =0. 
Use algebra to solve (x — 1)(x + 2)= 18. 


A diver launches herself off a springboard. The height of the diver, in metres, above the pool 
t seconds after launch can be modelled by the following function: 


h(t) = 5t- 10° + 10,20 


a How high is the springboard above the water? (1 mark) 
b Use the model to find the time at which the diver hits the water. (3 marks) 
¢ Rearrange h(¢) into the form A — B(t -— C) and give the values of the constants 

A, Band C. (3 marks) 
d Using your answer to part ¢ or otherwise, find the maximum height of the diver, and 

the time at which this maximum height is reached. (2 marks) 


For this question, f(x) = 4kx? + (4k + 2)x + 1, where k is a real constant. 


a Find the discriminant of f(x) in terms of k. (3 marks) 
b By simplifying your answer to part a or otherwise, prove that f(x) has two distinct 

real roots for all non-zero values of k. (2 marks) 
¢ Explain why f(x) cannot have two distinct real roots when k = 0. (1 mark) 
Find all of the roots of the function r(x) = x8 — 17x4 + 16. (5 marks) 


Lynn is selling cushions as part of an enterprise project. On her first attempt, she sold 80 
cushions at the cost of £15 each. She hopes to sell more cushions next time. Her adviser 
suggests that she can expect to sell 10 more cushions for every £1 that she lowers the price. 
a The number of cushions sold ¢ can be modelled by the equation c = 230 — Hp, where 

£p is the price of each cushion and H is a constant. Determine the value of H. (1 mark) 
To model her total revenue, £r, Lynn multiplies the number of cushions sold by the price of 
each cushion. She writes this as r = p(230 — Hp). 
b Rearrange r into the form A — B(p — C)?, where A, B and C are constants to be 


found. (3 marks) 
¢ Using your answer to part b or otherwise, show that Lynn can increase her revenue by £122.50 
through lowering her prices, and state the optimum selling price of a cushion. (2 marks) 
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b 


Summary of key p 


1 


The ratio of the lengths a: in this line is the same as the ratio 
of the lengths b:c. 

re 

SS 


14+V5 
2 


Show also that the infinite square root 


ie eReNieaes aS 


2 


Show that this ratio is 


ull 


To solve a quadratic equation by factorising: 

« Write the equation in the form ax? + bx + c=0 

+ Factorise the left-hand side 

« Set each factor equal to zero and solve to find the value(s) of x 


The solutions of the equation ax* + bx + c = 0 where a # O are given by the formula: 


_ —b + Vb? = 4ac 
: 2a 
x? + bx = (x + By? - (ey 
axt+bx+c= a(x+ oy + (c 2) 


The set of possible inputs for a function is called the domain. 
The set of possible outputs of a function is called the range. 


The roots of a function are the values of x for which f(x) =0. 


Quadratics 


7 You can find the coordinates of a turning point of a quadratic graph by completing the 


square. If f(x) = a(x + p)? + q, the graph of » = f(x) has a turning point at (—p, q). 


For the quadratic function f(x) = ax? + bx + ¢ = 0, the expression b2 — 4ac is called the 


discriminant. The value of the discriminant shows how many roots f(x) has: 
« If b? —4ac > 0 then a quadratic function has two distinct real roots. 

« If b? — 4ac = 0 then a quadratic function has one repeated real root. 

« If b? —4ac < 0 then a quadratic function has no real roots 


Quadratics can be used to model real-life situations. 
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After completing this chapter you should be able to: 
@ Solve linear simultaneous equations using elimination or 


substitution — pages 39 - 40 
@ Solve simultaneous equations: one linear and one 

quadratic — pages 41 - 42 
@ Interpret algebraic solutions of equations graphically - pages 42-45 
@ Solve linear inequalities — pages 46 - 48 
@ Solve quadratic inequalities — pages 48-51 
@ Interpret inequalities graphically — pages 51-53 
e@ Represent linear and quadratic inequalities graphically - pages 53 - 55 


A = {factors of 12} 
B= {factors of 20} 
Write down the 
numbers in each 
of these sets: 
a ANB b (AUB)’ 
€ GCSE Mathematics 
Simplify these expressions. os 
a V5 p 245 + 3v32 


6 
Section 1.5 


Match the equations to the correct graph. Label 
the points of intersection with the axes and the 
coordinates of the turning point. 

a y=9-x? b y=(x-2)?+4 

c y=(x-7)(2x +5) 


Food scientists use regions on 
graphs to optimise athletes’ 
nutritional intake and ensure 
they satisfy the minimum dietary 
requirements for calories and 

€ Section 2.4 vitamins. 
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@® Linear simultaneous equations 


Linear simultaneous equations in two unknowns have one set of values that will make a pair of 


equations true at the same time. 


The solution to this pair of simultaneous equations is x = 5, y=2 


x+3y=11 (1) 
4x-5y=10 (2) 


5+3(2)=5+6=11V 
4(5) — 5(2) =20-10=10V 


= Linear simultaneous equations can be solved using elimination or substitution. 


Example 


Solve the simultaneous equations: 


a 2x+3y=8 b 4x-Sy=4 


3x-y=23 6x + 2y =25 


a 2x+3y=8 (1) 
3x -y=23 (2) 

9x - 3y = 69 
Wx = 77 


x=7 


14+3y=86 


3y=6-14 
y= 2 
The solution is x = 7, y = -2+ 


6x+2y=25 (2) 
12x - 15y = 12 
12x + 4y = 50 


b 4x-Sy=4 (1) ——_____1__ 


The solution is x = 3h, y=2. 
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Example 


Solve the simultaneous equations: 


2x-y=l1 
4x + 2y =-30 
nn aii . eee 
4x + 2y = -30 (2) 
— 2 al 
Ax + 2(2x - 1) =-30 


Ax + 4x - 2 =-30 


8x = -28 
x= -34 2 
y= 2-33) -1 


The solution is x = -33, y= 


Exe 


1 Solve these simultaneous equations by elimination: 


a 2x-y=6 b 7x +3y=16 e 5x+2y=6 
4x + 3y = 22 2x + Oy = 29 3x - 10y = 26 
d 2x-y=12 e 3x-2y=-6 f 3x+8y=33 
6x +2y=21 6x +3y=2 6x =3 4+ Sy 
2 Solve these simultaneous equations by substitution: 
axt+3y=11 b 4x -3y=40 ce 3x-y=7 d 2y=2x-3 
4x -7y =6 2x+y=5 10x + 3y =-2 3y=x-1 
3 Solve these simultaneous pe GIT First rearrange 
clei both equations into 
a 3x-2y+5=0 b =4 © 3y=5(x-2 a 
pees 3 Bare =2) the same form 
S(x + y) = 6(x + 1) 2x+3y+4=0 3(x-1)+y+4=0 eg.ax+ by =c. 
4 3x+ky=8 . 
x= 2ky =5 Problem-solving 
are simultaneous equations where k is a constant. kis a constant, so it has the 
a Show that x = 3. (3 marks) same value in both equations. 
b Given that y = 4 determine the value of k. (1 mark) 
5 2x-py=5 
4x+5y+q=0 


are simultaneous equations where p and g are constants. 
The solution to this pair of simultaneous equations is x = g, y = -1. 
Find the value of p and the value of g. (5 marks) 
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[ 3.2) Quadratic simultaneous equations 


You need to be able to solve simultaneous equations where one equation is linear and one is quadratic. 


To solve simultaneous equations involving one linear equation and one quadratic equation, you need 
to use a substitution method from the linear equation into the quadratic equation. 


= Simultaneous equations with one linear and one quadratic equation can have up to two pairs 
of solutions. You need to make sure the solutions are paired correctly. 


The solutions to this pair of simultaneous equations are x = 4, y=-3 and x = 5.5, y =-1.5. 


x-y=T (1) 
yexytexad (2) ————_ 


Solve the simultaneous equations: 


4-(-3)=7V and5.5-(-15)=7Vv 


(3)? + (4)(-3) + 2(4) =9-12+8=5V and 
(-1.5)? + (5.5)(-1.5) + 2(5.5) =2.25-8.254+11=5V 


x+2y=3 
x? + 3xy = 10 
| x+2y=3 0) 
x? + 3xy = 10 (2) 
x=3-2y 


(3 - 2y)? + 3y(3 - 2y) = 10 
29 - lay + 4y? + Op - Ey? = 10 
-2y? - 3y-1=0 

2y? + 3y+1=0 

(2y + (py + 1) =O 


ye-Sory=-l 


Sox=4orx=5 | 

Solutions are x = 4, y = —} } 

andx=5,y=-1. | 
Exercise 


1 Solve the simultaneous equations: 


ax+y=l1l1 b 2x+y=1 e y=3x 
xy = 30 weeyel 2)? - xy =15 
d 3a+b=8 e 2u+v=7 f 3x+2y=7 
3a? + b? = 28 uv=6 wr+y=8 
2 Solve the simultaneous equations: 
a 2x+2y=7 bx+y=9 e Sy-4x=1 
x? = 4)? =8 x? -3xy+2y?=0 wy? +5x=41 
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3 Solve the simultaneous equations, giving your answers in their simplest surd form: 


ax—y=6 b 2x+3y=13 WEEE Use brackets when you are 
— 2 on 
xya4 P+yP= 7B substituting an expression into an equation. 


4 Solve the simultaneous equations: 


x+y=3 
w-3y=1 (6 marks) 
5 a By eliminating y from the equations 
y=2-4x 
3x? + xy + 11=0 
show that x? - 2x—- 11 =0. (2 marks) 
b Hence, or otherwise, solve the simultaneous equations 
y=2-4x 
3x7 +xy+11=0 
giving your answers in the form a + bV3, where a and b are integers. (5 marks) 
® 6 One pair of solutions for the simultaneous equations 
pekx-5 athe 
42356 If (1, p) is a solution, then x= 1, y=p 


satisfies both equations. 
is (1, p) where k and p are constants. 


a Find the values of k and p. 
b Find the second pair of solutions for the simultaneous equations. 


Challenge 


yrxak 
xe yrad 
Given that the simultaneous equations have exactly one pair of solutions, show that 
k=tev2 


@® Simultaneous equations on graphs 


You can represent the solutions of simultaneous equations graphically. As every point on a line or 
curve satisfies the equation of that line or curve, the points of intersection of two lines or curves 
satisfy both equations simultaneously. 


= The solutions to a pair of simultaneous equations represent the points of intersection of 
their graphs. 


a On the same axes, draw the graphs of: 
Qx+3y=8 
3x -y=23 


b Use your graph to write down the solutions to the simultaneous equations. 
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CRED Find the point of intersection a 


graphically using GeoGebra. 


b The solution is (7, -2) orx = 7,» 


a On the same axes, draw the graphs 
2x+y=3 
ypexr-3xel 


of: 


b Use your graph to write down the solutions to the simultaneous equations. 


b The solutions are (-1, 5) or x = -1, 
y = 5 and (2, -1) or x = 2,y = -1. 


3x1 


Plot the curve and the line using a? 
GeoGebra to find the two points of intersection. 


The graph of a linear equation and the graph of a quadratic equation can either: 


* intersect twice 
* intersect once 
* not intersect 


After substituting, you can use the discriminant of the resulting quadratic equation to determine the 


number of points of intersection. 
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= For a pair of simultaneous equations that produce a quadratic equation of the form 


ax? +bx+c=0: 
+ B-4ac>0 + Be-4ac=0 + Be-4ac<0 
two real solutions one real solution no real solutions 


vA VA Yt 


The line with equation y = 2x + | meets the curve with equation kx? + 2y + (k -— 2) = 0 at exactly 
one point. Given that k is a positive constant 
a find the value of k 


b for this value of k, find the coordinates of { Ontine ) Explore how the value of k affects 
the point of intersection. the line and the curve using GeoGebra. 


a y=axte1 (1) 
kx? + 2y + (k- 2)=0 (2) 
kx? + 2(2x + 1) + (k-2)=0 
kx? +4x+2+k-2=0 


0 


kx? + 4x+k=0 Problem-solving 


You are told that the line meets the curve at 
exactly one point, so use the discriminant of the 
resulting quadratic. There will be exactly one 
solution, so b*— 4ac = 0. 


47 -4Axkxk=0 


16 - 4k? =O 
k2-4=0 
(k= 2\(k + 2)=0 


k=2ork=-2 
Sok=2 


b 2x? +4x+2=0 
x?+2x+1=0 
(x + 1)(x + 1) =O 


x=-1 


y = 21) 4 1 = ——______1 


Point of intersection is (-1, —1). SSS 
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Exercise 


1 In each case: 
i draw the graphs for each pair of equations on the same axes 
ii find the coordinates of the point of intersection. 

b y=2x-7 e y=3x4+2 
y=8-3x 3x+y+1=0 


2 a Use graph paper to draw accurately the graphs of 2y = 2x + 11 and y = 2x? - 3x—5 on the same axes. 
b Use your graph to find the coordinates of the points of intersection. 
¢ Verify your solutions by substitution. 


3 a On the same axes sketch the curve with equation x? + y = 9 and the line with equation 2x + y = 6. 
b Find the coordinates of the points of intersection. 
¢ Verify your solutions by substitution. 


4 a On the same axes sketch the curve with equation 
y =(x—-2) and the line with equation y = 3x - 2. 
b Find the coordinates of the point of intersection. 


t Hint ) You need to use algebra in 
part b to find the coordinates. 


5 Find the coordinates of the points at which the line with equation y = x — 4 intersects the curve 
with equation y? = 2x? - 17. 


6 Find the coordinates of the points at which the line with equation y = 3x — | intersects the curve 
with equation y? = xy + 15. 


® 7 Determine the number of points of intersection for these pairs of simultaneous equations. 
a yp=6x°+3x-7 b y=4x?- 18x + 40 e y=3x?-2x4+4 
y=2x+8 y=10x-9 TIx+y+3=0 


8 Given the simultaneous equations 
2x-y=1 
x? + 4ky + 5k =0 
where & is a non-zero constant 


a show that x? + 8kx +k =0. (2 marks) 
Given that x? + 8kx + k = 0 has equal roots, 

b find the value of k (3 marks) 
¢ for this value of &, find the solution of the simultaneous equations. (3 marks) 


9 A swimmer dives into a pool. Her position, pm, underwater can be modelled =p 
in relation to her horizontal distance, xm, from the point she entered the 
water as a quadratic equation p = te — 3x, 
The position of the bottom of the pool can be modelled by the linear 
equation p = 0.3x - 6. 
Determine whether this model predicts that the swimmer will touch the 
bottom of the pool. (5 marks) 


3THSEC 45 


Chapter 3 


[3.4 ] Linear inequalities 


You can solve linear inequalities using similar methods to those for solving linear equations. 
= The solution of an inequality is the set of all real numbers x that make the inequality true. 


Find the set of values of x for which: 


a Sxt+9>x+20 b 12-3x<27 You can write the solution to this 
¢ 3(x-5)>5-2(x-8) inequality using set notation as {x:.x > 2.75). 
This means the set of all values x for which x is 
a 5x4 S420 greater than or equal to 2.75. 
4x+9 220 
x2} 275 

B= 3K 27 
-3x < 15 
x>=5 


e¢ 3(x-5)>5-2(x-8) 
3%=15 > 5 = 2x +16 
Sx>5 +16 +15 


5x > 36 
WS TZ 
You may sometimes need to find the set of 
values for which two inequalities are true Notation a (epee ea/ 
together. Number lines can be useful to find oralternatively (v:x >-2}9 fe ix<4} 
your solution. x <-1or.x>3 is written {v:x <—1) U {v:x>3} 


For example, in the number line below the 
solution set is x > -2 and x = 4. 


hr Ae - 2 : i ry © is used for < and > and means the end value is not 
included. 
< 2 
@ is used for < and > and means the end value is 
OO 


| included. 
These are the only real values that satisfy both 


. equalities simultaneously so the solution is —2 <x = 4, 
Here the solution sets are x < —1 or x >3. 


Sea oy. .cb 4 z A é Here there is no overlap and the two inequalities have 


—————— _—_ to be written separately as x < -1 or x > 3. 
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Find the set of values of x for which: 
a 3x-5<x+8and5x>x-8 

b x-S'>1-—xorlS-3x>5+ 2x. 
¢ 4x+7>3and 17< 11 +2v. 


Equations and inequalities 


a 3x-5<x+8 DEER 
2x=5'<16: 4x>-& 
2x <13 KZ 
x<65 


6 
ae 2 x<65) 
O——_—_—>  1>-2 


So the required set of values is -2 <x < 6.5. 


Bs KASS TK x 15 =Sx > 5'+ 2x 
ex SiS 1 10 -3x> 2x 
2x>6 10 > 5x 
x>3 25% 
x<2 


The solution is x > 3 or x < 2. 


Exercise (3p) 


1 Find the set of values of x for which: 
a 2x-3<5 
¢ 6x-3>2x+7 
e 15S-x>4 
g l+x<254+3x 
i 5-05x>1 


b 5x+4>39 

d 5x+6<-12-x 
f 21-2x>8+3x 
h 7x-7<7-7x 
j Sv+4> 12-2 
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2 Find the set of values of x for which: 


a 2(x-3)20 


d 2%(x-3)-(x+12)<0 


g 12x -3(x- 3) <45 


j x(5-x) >34+x-x? 


3. Use set notation to describe the set of values of x for which: 
3(x - 2) >x-4 and 4x+12>2x+17 
2x-5<x- land 7(x + 1)>23-x 
2x -3>2and 3(x+2)<12+x 
15 — x < 2(11 — x) and 5(3x - 1) > 12x +19 
3x +8 <20 and 2(3x-7)>x+6 
5x +3 <9 or 5(2x+1)>27 


4(3x + 7) < 20 or 23x — 5) > be 


mm eae & Bb 


Challenge 


A={x:3x+5>2} 


b 8 


(l-x)>x-1 


e 14+11(2—x)<10(x-4) 


h x-2(5+2x)<11 


B={x:5+ 


k 3x + 2x(x - 3) < 2(5 + x”) 


6x 


e¢ 3(x+7)<8-x 

f 2(x-5) > 3(4- x) 

i x(x-4) 2° 4+2 
BO) 5 


1 x(2x-5)< 3 


1<3} C={x:11<2x-1} 


Given that A M (BU C) ={x:p<x <q} U {x: x> 1), find the values of p, g and r. 


3.5 ] Quadratic inequalities 


= To solve a quadratic inequality: 
* Rearrange so that the right-hand side of the inequality is 0 
* Solve the corresponding quadratic equation to find the critical values 
* Sketch the graph of the quadratic function 
* Use your sketch to find the required set of values. 


The sketch shows the graph of f(x) = x2-4x-5 


The solutions to f(x) =0 
are x=—land x=5. 
These are called the 
critical values. 


48 


=(a 


ya 


-1?| 


a} 


x + 1)(x-5) 
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The solutions to the quadratic inequality 
x*—4x—5>Oare the x-values when 
the curve is above the x-axis (the darker 
part of the curve). This is when x < -1 or 
x > 5.|n set notation the solution is {x : 
X<-1}U {xi x> 5}. 


The solutions to the quadratic inequality 
x*—4x—5<Oare the x-values when 
the curve is below the x-axis (the 
lighter part of the curve). This is when 
x>-landx<5or-1<x<5.Inset 
notation the solution is {x :-1 <x < 5}. 


Find the set of values of x for which: 
3-5x-2°<0. 


3-5x-2x?=0 
2x? + 5x-3=0 


(2x — 1)\(x + 3) =O 
x=Sorx=-3 


So the required set of values is 


x<-3orx>d 


Example 


a Find the set of values of x for which 12 + 4x > x. 


Equations and inequalities 


Quadratic equation. 
Multiply by —1 (so it’s easier to factorise). 
}and —3 are the critical values. 


Draw a sketch to show the shape of the graph 
and the critical values. 


Since the coefficient of x? is negative, the graph 
is ‘upside-down U-shaped. It crosses the x-axis at 
-3and 5. € Section 2.4 


3 -—5x — 2x? <0 (y <0) for the outer parts of the 
graph, below the x-axis, as shown by the paler 
parts of the curve. 


In set notation this can be written as 
fxix<-3}U frix> 3. 


b Hence find the set of values for which 12 + 4x > x? and 5x-3 > 2. 


a 12+ 4x> x? 
O>x? - 4x - 12 
x?-4x-12<0 
x?-4x-12=0 
(x + 2)(x - 6) =O 
x=-2orx=6 
Sketch of y = x? - 4x - 12 


x?-4x-12<0 
Solution: -2<x <6 


You can use a table to check your solution. 
-2<x<6 


Use the critical values to split the real number 
line into sets. 


2 6 
<\_.—___o—_> 
e225 <6) o> 6 
x+2 - + he 
x-6 - - + 
(x + 2)(x - 6) + - + 


For each set, check whether the set of values 
makes the value of the bracket positive or 
negative. For example, if x < -2, (x + 2) is 
negative, (x — 6) is negative, and (x + 2)(x—6) is 
(neg) x (neg) = positive. 

In set notation the solution is {x : -2 < x < 6}. 
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b Solving 12 + 4x > x* gives -2 <x <6. 
Solving 5x — 3 > 2 gives x > 1. 


e 4 6G © 
o———_O So NS. 


or” ro! 


The two sets of values overlap where 
1<x<6. 


So the solution is 1<x <6. 


Find the set of values for which u >2,x#0 


2512 

6x > 2x? 
6x - 2x° >O 
6x - 2x2 =O 
x(6 - 2x) =O 


x=Oorx=3- 


The solution is O < x < 3. 


Exercise 


f 


1 Find the set of values of x for which: 
a x?-11x+24<0 b 12-x-x?>0 
d x?+7x +1220 e 7+13x-2x7>0 
g 4x?-8x+3<0 


j 6x2+ 1lx-10>0 k x°-5x>0 


2 Find the set of values of x for which: 
b 11<x°+10 
d x(x +11) <3(01- 


a x <10-3x 
e x(3-2x)>1 


50 


h -2+7x-3x° <0 


Problem-solving 


This question is easier if you represent the 
information in more than one way. Use a sketch 
graph to solve the quadratic inequality, and 
use a number line to combine it with the linear 
inequality. 


x could be either positive or negative, 
so you can’t multiply both sides of this inequality 


by x. Instead, multiply both sides by x?. 
Because x? is never negative, and x # 0 so x* #0, 
the inequality sign stays the same. 


e x-3x-10>0 
f 10+x-2x°<0 
i x-9<0 

1 2x?+3x<0 


2) 
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3 Use set notation to describe the set of values of x for which: 


a x?-7x+10<Oand3x+5<17 b »°-x-6>0and 10-2 <5 
e¢ 4x? -3x-1<0Oand 4(x + 2) < 15-(x +7) d 2x?-x-1<0Oand 14<3x-2 
e x?-x-12>0and 3x+17>2 f x°-2x-3<Oandx?-3x+2>0 


® 4 Given that x # 0, find the set of values of x for which: 


acl bs>4 e £43>2 
5.8 1 6,7 
d 6+2>% e 25>55 f atxs3 


5 a Find the range of values of k for which the Theat stietech iMioneeeaane=t 


equation x° ~ kx + (k +3) =0 has no real roots. “has real roots if b?-4ac>0.  € Section 2.5 
b Find the range of values of p for which the 
roots of the equation px? + px — 2 = O are real. 
® 6 Find the set of values of x for which x? - 5x - 14> 0. (4 marks) 
® 7 Find the set of values of x for which 
a 2(3x-1)<4-3x (2 marks) 
b 2x?-5x-3<0 (4 marks) 
ce both 2(3x -1)<4-3x and 2x?-5x-3<0. (2 marks) 


Problem-solvi 
8 Given that x + 3, find the set of values for which aL <2. 
x-3 Multiply both sides of the 
(6 marks) inequality by (x - 3). 


9 The equation kx? - 2kx + 3 = 0, where k is a constant, has no real roots. 
Prove that k satisfies the inequality 0 = k < 3. (4 marks) 


@& Inequalities on graphs 


You may be asked to interpret graphically the solutions to inequalities by considering the graphs of 
functions that are related to them. 


= The values of x for which the curve y = f(x) is below the curve y = g(x) satisfy the inequality 
F(x) < g(x). 

= The values of x for which the curve y = f(x) is above the curve y = g(x) satisfy the inequality 
F(x) > g(x). 


3THSEC 51 


Chapter 3 


f(x) is above g(x) when x <2 and when x > 5. 
These values of x satisfy f(x) > g(x). 


f(x) is below g(x) when 2 < x < 5, These values of 
x satisfy f(x) < g(x). 


The solutions to f(x) = g(x) are x=2andx=5. 


L, has equation y = 12 + 4x. 
L, has equation y = x. 


The diagram shows a sketch of L; and L, on the same axes. 
a Find the coordinates of P, and P), the points of intersection. 


b Hence write down the solution to the inequality 12 + 4x > 2°. 


a x? =12 + 4x i 
(x — 6)(x + 2)=O0 


substitute into y = x? 
when x=6,y= 36 P, (6, 36) 


whenx=-2,y=4 P23 (-2, 4) 


b 12 + 4x > x? when the graph of L, is 
above the graph of Lo 
-2<x<6 


Exercise 


1 L, has equation 2y + 3x =6. 
Ly has the equation x -— y = 5. 
The diagram shows a sketch of L, and L5. 


a Find the coordinates of P, the point of intersection. 


b Hence write down the solution to the inequality 
2y+3x>x-y. 
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2 For each pair of functions: 
i Sketch the graphs of y = f(x) and y = g(x) on the same axes. 
ii Find the coordinates of any points of intersection. 
iii Write down the solutions to the inequality f(x) < g(x). 


a f(x)=3x-7 b f(x) =8-5x e f(x)=x°+5 
g(x) = 13-2x a(x) = 14-3x g(x) =5-2x 
d f(x) =3-x? e f(xy=x?-5 f f(xy)=7-2x? 
g(x) = 2x- 12 a(x) = 7x + 13 g(x) =2x-8 


® 3 Find the set of values of x for which the curve with equation y = f(x) is below the line with 
equation y = g(x). 


a f(x) =3x?-2x-1 b f(x) =2x?-4x +1 e f(x) =5x-2x?-4 
g(xyax+5 g(x) =3x-2 g(x) =-2x-1 
d f(x) = 2,740 e f(x) => 4 x #0 fi faye, xe - 


g(x) = 1 g(x) =-1 g(x) = 8 


Challenge 


The sketch shows the graphs of 
f(x) = x?-4x - 12 
glx) = 6 + 5x — x? 
a Find the coordinates of the points of intersection. 


b Find the set of values of x for which f(x) < g(x). 
Give your answer in set notation. 


3.7) Regions 
You can use shading on graphs to identify regions that satisfy linear and quadratic inequalities. 
= y<f(x) represents the points on the coordinate grid below the curve y = f(x). 
= y> f(x) represents the points on the coordinate grid above the curve y = f(x). 

All the shaded points in this region satisfy the 


inequality y > f(x). 


All the unshaded points in this region satisfy the 
inequality y < f(x). 
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= If y > f(x) or y < f(x) then the curve y = f(x) is not included in the region and is represented 
by a dotted line. 


= If y > f(x) or y < f(x) then the curve y = f(x) is included in the region and is represented by a 
solid line. 


On graph paper, shade the region that satisfies the inequalities: 
y2-2,x<5,y <3x+2andx>0. 


3x+2 


On graph paper, shade the region that satisfies the inequalities: 
2v+x<14 
pexv-3x-4 


8 pert -3. 
PEE eee { Online } Explore which regions on CP 
pssestzets the graph satisfy which inequalities 
: tt using GeoGebra. 


a 
EERE 
BR 
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Exercise 


1 Ona coordinate grid, shade the region that satisfies the inequalities: 


y>x-2,y<4xandy <5-x. 


2 Ona coordinate grid, shade the region that satisfies the inequalities: 


x2-ly+x<4,2x+y<Sand y>-2. 


3 Ona coordinate grid, shade the region that satisfies the inequalities: 


y>(B-x\(2+x) and y+x>3. 


4 Ona coordinate grid, shade the region that satisfies the inequalities: 


y>xw-2andy <9-x. 


5 Ona coordinate grid, shade the region that satisfies the inequalities: 


y>(x-3P,y+x>Sandy<x-1. 


Equations and inequalities 


6 The sketch shows the graphs of the straight lines 
with equations: 
yextl,y=7-xandx=1. 
a Work out the coordinates of the points of 
intersection of the functions. 


b Write down the set of inequalities that 
represent the shaded region shown in the sketch. 


7 The sketch shows the graphs of the curves with 
equations: 


y=2-Sx-x7,2x+y=Oandx+y=4. 
Write down the set of inequalities that represent the 


shaded region shown in the sketch. 


® 8 a Ona coordinate grid, shade the region that satisfies 
the inequalities 
y<xt4,yt+5x4+320,y =-landx<2. 
b Work out the coordinates of the vertices of the shaded region. 
¢ Which of the vertices lie within the region identified by the 
inequalities? 
d Work out the area of the shaded region. 
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SESSION D4 
TAT 


Problem-solving 


Avertex is only included if 
both intersecting lines are 
included. 
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Mixed exercise [3) 
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56 


2kx-p=4 

4kx +3y=-2 

are two simultaneous equations, where k is a constant. 
a Show that y = -2. 

b Find an expression for x in terms of the constant k. 


Solve the simultaneous equations: 
xX+2y=3 
x? = 4y? = -33 
Given the simultaneous equations 
x-2y=1 
3xy -y? =8 
a Show that Sy? + 3y - 8 =0. 
b Hence find the pairs (x, y) for which the simultaneous equations are satisfied. 


a By eliminating y from the equations 
x+y=2 
V+xy-yp=-l 
show that x° - 6x + 3 =0. 
b Hence, or otherwise solve the simultaneous equations 
x+y=2 
M+xyp—y=-l 
giving x and y in the form a + b V6, where a and b are integers. 
a Given that 3° = 9’-', show that x = 2y - 2. 
b Solve the simultaneous equations: 
x=2y-2 
way+7 
Solve the simultaneous equations: 
x+2y=3 
x? -2y44y= 18 
The curve and the line given by the equations 
kx? -xyt+(k+Vx=1 
k 
~x +y=1 
where k is a non-zero constant, intersect at a single point. 
a Find the value of k. 
b Give the coordinates of the point of intersection of the line and the curve. 
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(3 marks) 
(1 mark) 


(7 marks) 


(2 marks) 
(5 marks) 


(2 marks) 


(5 marks) 
(1 mark) 


(6 marks) 


(7 marks) 


(5 marks) 
(3 marks) 


© Gee 


© © 


@ 


10 
i 


12 


13 


14 


15 


16 


17 


18 


19 


A person throws a ball in a sports hall. The height of the ball, 4m, 
can be modelled in relation to the horizontal distance from the 
point it was thrown from by the quadratic equation: 


er ae ee 
ha —px + 5x +5 


The hall has a sloping ceiling which can be modelled with equation 


Determine whether the model predicts that the ball will hit the ceiling. 


Give your answers in set notation. 
a Solve the inequality 3x — 8 > x + 13. 
b Solve the inequality x? - 5x - 14>0. 


Find the set of values of x for which (x — 1)(x — 4) < 2(x - 4). 


a Use algebra to solve (x — 1)(x + 2) = 18. 


b Hence, or otherwise, find the set of values of x for which (x — 1)(x + 2) > 18. 
Give your answer in set notation. 


Find the set of values of x for which: 
a 6x-7<2x+3 
b 2x°-11lx+5<0 


cs< > 


d_ both 6x — 7 < 2x +3 and 2x? - 11x +5<0. 


Find the set of values of x that satisfy £ +15 - x#¥0 


Find the values of k for which kx* + 8x + 5 = 0 has real roots. 


The equation 2x? + 4x - 5k = 0, where & is a constant, has no real roots. 
Prove that k satisfies the inequality 4 <k<0. 


a Sketch the graphs of y = f(x) = x? + 2x — 15 and g(x) = 6 — 2x on the same axes. 


b Find the coordinates of any points of intersection. 
¢ Write down the set of values of x for which f(x) > g(x). 


Find the set of values of x for which the curve with equation y = 2x? + 3x — 15 is 
below the line with equation y = 8 + 2x. 


On a coordinate grid, shade the region that satisfies the inequalities: 
pox +4x—12andy<4-2. 


a Ona coordinate grid, shade the region that satisfies the inequalities 
yptx<6,y<2x+9,y>3andx>0. 
b Work out the area of the shaded region. 
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Equations and inequalities 


x 


(5 marks) 


(2 marks) 
(4 marks) 


(6 marks) 
(2 marks) 


(2 marks) 


(2 marks) 
(4 marks) 


(4 marks) 
(2 marks) 


(5 marks) 


(3 marks) 


(3 marks) 


(4 marks) 
(3 marks) 
(1 mark) 


(5 marks) 


(5 marks) 


(6 marks) 
(2 marks) 
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Challenge 


1 Find the possible values of & for the quadratic equation 2kx? + 5kx + 5k -3 =0 


to have real roots. 


2 Astraight line has equation y = 2x—k and a parabola has equation 


y= 3x? + 2kx +5 where k is a constant. Find the range of values of k for which 
the line and the parabola do not intersect. 


Summary of key points 
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1 
a 


Linear simultaneous equations can be solved using elimination or substitution. 


Simultaneous equations with one linear and one quadratic equation can have up to two pairs 
of solutions. You need to make sure the solutions are paired correctly. 


The solutions of a pair of simultaneous equations represent the points of intersection of their 
graphs. 

For a pair of simultaneous equations that produce a quadratic equation of the form 

ax? + bx +¢=0: 

+ b?-4ac>0 two real solutions 

+ be -4ac=0 one real solution 

+ be-4ac<0 no real solutions 


5 The solution of an inequality is the set of all real numbers x that make the inequality true. 


To solve a quadratic inequality: 

+ Rearrange so that the right-hand side of the inequality is 0 

+ Solve the corresponding quadratic equation to find the critical values 

+ Sketch the graph of the quadratic function 

+ Use your sketch to find the required set of values. 

The values of x for which the curve y = f(x) is below the curve y = g(x) satisfy the inequality 
f(x) < g(x). 

The values of x for which the curve y = f(x) is above the curve y = g(x) satisfy the inequality 
F(x) > g(x). 

y < f(x) represents the points on the coordinate grid below the curve y = f(x). 

y > f(x) represents the points on the coordinate grid above the curve y = f(x). 

If » > f(x) or y < f(x) then the curve y = f(x) is not included in the region and is represented by 
a dotted line. 


If y = f(x) or y < f(x) then the curve y = f(x) is included in the region and is represented by a 
solid line. 
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After completing this chapter you should be able to: 
@ Sketch cubic graphs — pages 60 - 64 
@ Sketch quartic graphs — pages 64 - 66 


@ Sketch reciprocal graphs of the form y = a and y= “ 


+ pages 66 - 67 
x2 


@ Use intersection points of graphs to solve equations -> pages 68 - 71 
@ Translate graphs — pages 71-75 
@ Stretch graphs — pages 75-78 
@ Transform graphs of unfamiliar functions — pages 79 - 81 


Factorise these quadratic expressions: 
a x°+6x4+5 b x*-4x +3 
+ GCSE Mathematics 


Sketch the graphs of the following functions: 
a y=(x+2)(x-3) b y=x*-6x-7 


€ Section 2.4 


a Copy and complete the table of values for the 
function y =2»3 + x-2. 


=e || alts} -0.5| 0 0.5 a 
y | —12 |-6.875 ler 


Many complicated functions can 


be understood by transforming 
simpler functions using b Use your table of values to draw the graph of 


stretches, reflections and yar rx-2. 

translations. Particle physicists « GCSE Mathematics 
compare observed results with Solve each pair of simultaneous equations: 
transformations of known a y=2x b y=x* 

functions to determine the x+y=T7 y=2x+1 

nature of subatomic particles. € Sections 3.1, 3.2 
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@ Cubic graphs 


A cubic function has the form f(x) = ax? + bx? + cx + d, where a, b, c and dare real numbers and a is 
non-zero. 
The graph of a cubic function can take several different forms, depending on the exact nature of the 
function. 


For these two functions a is positive. For these two functions a is negative. 


= If pis a root of the function f(x), then the graph of y = f(x) touches or crosses the x-axis at 
the point (p, 0). 


You can sketch the graph of a cubic function by finding the roots of the function. 


Sketch the curves with the following equations and show the points where they cross the 
coordinate axes. 


a y=(x-2)(1-—x)(1+x) b y=x(x + 1)(x + 2) 


a y=(x- 2-201 +) cS pasts ri of ' 
fae im ‘ y= (x—p)(x—q)(x-1) where p, g and r are 
OSE SMe) constants using GeoGebra. 
Sox=2,x=1orx=-1 


So the curve crosses the x-axis at 
(2, O), (1, O) and (-1, O). 
When x =O, y=-2x1x1=-2 


at (O, 


So the curve crosses the y-axis -2). 


x — 00, y + —00 
X — -00, y + 00 


x + 1)(x + 2) 
Sox=0,x=-lorx=-2 
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So the curve crosses the x-axis at 
(O, O), (-1, O) and (-2, O). 


X — 00, Y > 00 


xX — -00, y + -00 


Sketch the following curves. 
a y=(x-1)(x+ 1) 


b pai 2 = 3x 


a p= (x—-1)°(x +1) 
O = (x - 1)°(x + 1) 
Sox=lorx=-1 


So the curve crosses the x-axis at (-1, 0) —— 
and touches the x-axis at (1, O). 


When x =O, y =(-1)? x1=1 
So the curve crosses the y-axis at (O, 1). 


 =>00; Y =*-00 
xX — -00, Y > -00 


x8 — 2x8 - 3x 
x(x? — 2x — 3) 
x — 3)(x + 1) 
— 3)(x + 1) 
=3o0rx=-1 


So the curve crosses the x-axis at (O, O), 
(3, O) and (-1, O). 


xX — 00, y > 00 


xX — -00, y > —00 
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Graphs and transformations 


You know that the curve crosses the x-axis at 
(0, 0) so you don’t need to calculate the 
y-intercept separately. 


Check what happens to y for large positive and 
negative values of x. 


The x? term in the expanded function would 
be x x x x x =x? so the curve has a positive x? 
coefficient. 


© y=(x- 2) 


Put y =O and solve for x. 

(x - 1) is squared so x = 1 is a ‘double’ repeated 
root. This means that the curve just touches the 
x-axis at (1, 0). 


Find the value of y when x = 0. 


Check what happens to y for large positive and 
negative values of x. 


X73 @, yp 00 
xX =1isa ‘double’ repeated root. 
x3 —™, py -00 


First factorise. 


Check what happens to y for large positive and 
negative values of x. 


This is a cubic curve with a positive coefficient of 
x? and three distinct roots. 
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So x = 2 and the curve crosses the x-axis 
at (2, O) only. 


When x = 0, y = (-2 =-8 
So the curve crosses the y-axis at (O, -8). 


xX — 00, Y > co 
x — 00, y + -00 


Sketch the curve with equation y = (x — 1)(x? + x + 2). 


y= (x — Ix? + x + 2) 
O = (x -1)(x? + x + 2) 


So x = 1 only and the curve crosses the 
x-axis at (1, O). 

Acubic graph could intersect the 
When x = O, y = (-1)(2) = -2 


x-axis at 1, 2 or 3 points. 


So the curve crosses the y-axis at (O, -2). 
xX — co, y + 00 71 
x — -00, y + -00 | 


Exercise 


1 Sketch the following curves and indicate clearly the points of intersection with the axes: 


a y=(x-3)(x-2)(x+ 1) 
e p=(x41)(x + 2)(x + 3) 
e y=(x-2)(x-3)(4-x) 
g y=xxv+1\(x-1) 

i y=(x-2)(2x-1)(2x + 1) 
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b y=(x-1)(x + 2)(x + 3) 
d y=(x+ 11 -x)(x +3) 
f y=x(x-2)(x+ 1) 
h y=x(x+1)(1-x) 
j y=xQx- 1x43) 
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Graphs and transformations 


2 Sketch the curves with the following equations: 


a y=(x+1)(x-1) b y=(x+2)(x-1? ¢ y=(2-x)(x+1) 
d y=(x-2)(x+1P e y=x(x +2) f y=(x -1Px 

g y=(1-x73 +x) h y=(x- 173-2) i y=x(2-x) 

j y=x'(x-2) 


3 Factorise the following equations and then sketch the curves: 


a y=x3+x?-2x b y=x3+ 5x2 + 4x ¢ p=xs+ 2+ 
d y=3x+2x7-¥3 e y=V-x f ‘ 

g y=12x3-3x h y=x3-x?-2x i y=x3-9x 

j yar -9x 


4 Sketch the following curves and indicate the coordinates of the points where the curves cross the 


axes: 

a y=(x-2) b y=(2-x) ce y=(x-1) d y=(x+2) 
e p=ox+ 23 f p=(x+ 39 g y=(x-3) h y=(1-x) 
i y=-(x-2) j y=-(x-3) 


® 5 The graph of » = x* + bx? + cx + dis shown opposite, where b, c and d 
are real constants, 


a Find the values of b, ¢ and d. (3 marks) 
b Write down the coordinates of the point where the curve 
crosses the y-axis, (1 mark) 


Problem-solving 


Start by writing the equation in the form y = (x —p)(x- q)(x - 1). 


® 6 The graph of » = ax} + bx? + cx + dis shown opposite, where a, b, c and d 
are real constants. 
Find the values of a, b, c and d. (4 marks) 


© 7 Given that f(x) = (x - 10)(x? = 2x) + 12x 
a Express f(x) in the form x(ax* + bx + c) where a, b and c are real constants. (3 marks) 
b Hence factorise f(x) completely. (2 marks) 


¢ Sketch the graph of y = f(x) showing clearly the points where the graph intersects 
the axes. (3 marks) 
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@ Quartic graphs 


A quartic function has the form f(x) = ax* + bx? + cx? + dx + e, where a, b, c, dand e are real 
numbers and a is non-zero. 


The graph of a quartic function can take several different forms, depending on the exact nature of the 
function. 


y 


- This isa 
[ repeated root. 
cS These roots 
are distinct. 
For these two For this function 
functionsais Lt ais negative. 
positive. 


You can sketch the graph of a quartic function by finding the roots of the function. 


Sketch the following curves: 
a p=(x+ I(x + 2)(x- 1)(v- 2) b y=x(x + 2)°(3-x) ¢ y=(x-1P°(x- 3 


(x + I(x + 2)(x — 1)(x - 2) { online } Explore the graph of 
Y= (x= p)(x—g)(x— (x — 8) where p,q, r 
and s are constants using GeoGebra. 


y= 
O = (x + I(x + 2)(x — 1)(x - 2) 
So x =-1,-2,1 or 2 


The curve cuts the x-axis at (-2, O), (-1, O), 
(1, O) and (2, O). 


When x = 0, y=1 2 x (-1) x (-2) = 4. ——H 


So the curve cuts the y-axis at (O, 4). 


X — 00, y— 00 


x — 00, y + 00 
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Graphs and transformations 


x(x + 2)°(3 - x) 


x + 2)°(3 - x) 

Sox =0,-2 or 3 

The curve cuts the x-axis at (O, O), (-2, O) 
and (3, O) 


X — 00, y + -00 


¥ = 00, 9 00 


e y=(x-1P?(x - 3)? 
O = (x - 1)(x - 3)? 
Sox=lor3 
The curve touches the x-axis at (1, O) and 
(3, O). 
Whenx=O,y=9. 
So the curve cuts the y-axis at (O, 9). 


X — 00, y+ 00 


x =00, y+ 00 


Exercise 


1 Sketch the following curves and indicate clearly the points of intersection with the axes: 
a yp=(x+ 1)(x+2)(x+3)(x+4) b y=x(x—-1)(x + 3)(x-2) 


ce y=x(x+ 1x4 2) d y= (2x-1I)(x + 2)(x- I(r - 2) 
= x%4x + 1)(4x-1 f y=-(x-4)(x-27 
eyentint DGx= I) peer D2) GED in part f the coefficient 
g y=(x-3)P (x4 1P h y=(x+ 2h\(x-3) of x“ will be negative. 
i y=-(2x-1)(x+5) j y=(x+4)* 
Sketch the following curves and indicate clearly the points of intersection with the axes: 
a p=(xt2)(x-1D(Qx?-3x4+2)) b y=(x43P(X?-5x +6) CED kactorise the 
¢ ya (x- 4)? - 11x + 30) d y=(x?—4x—32)(x? + Sx - 36) quadratic factor first. 
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3 The graph of y = x* + bx} + cx? + dx + e is shown opposite, 
where b, c, d and ¢ are real constants. 


a Find the coordinates of point P. (2 marks) 
b Find the values of b, c, dand e. (3 marks) 
4 Sketch the graph of y = (x + 5)(x—4)(x2 + Sx + 14). (3 marks) 


Problem-solving 


Consider the discriminant of the quadratic factor. 


Challenge 


The graph of y=ax4+ bx3+cx?+dx+e y 
is shown, where a, b, c, dand e are real 
constants. 


Find the values of a, b, c, dand e. 


@® Reciprocal graphs 


You can sketch graphs of reciprocal functions such as y = a y 
asymptotes. 


1 mee ye F 
ol and y = —+ by considering their 


= The graphs of y = : and y= £, where k is a real constant, have asymptotes at x = 0 and 


yao. . 
An asymptote is a line which the 
graph approaches but never reaches. 


| l I I 


y =k with k> 0. y= Kwith <0. y=Awith k>0. y=Awith k<0. 


66 3THSEC 


Graphs and transformations 


Sketch on the same diagram: 


4 12 1 3 4 0 
a y=yandy=> b y=-yand y=-> c yajgandy=3 


a y { Online ) Explore the graph of y = for ep 


different values of a in GeoGebra. 


Exercise (40) 


1 Use a separate diagram to sketch each pair of graphs. 


a y=2andy=4 b y=2and y=—2 c y=—4and y = -2 
d ysdandy=8 e y=—Sand y=—-8 
2. Use a separate diagram to sketch each pair of graphs. 
~2aniy > i wade 2 oP a 6 
a en = 2 P= ny er a a | 
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@ Points of intersection 


You can sketch curves of functions to show points of intersection and solutions to equations. 


= The x-coordinate(s) at the points of intersection of the curves with equations 
y =f(x) and y = g(x) are the solution(s) to the equation f(x) = g(x). 


a On the same diagram sketch the curves with equations y = x(x — 3) and y = x°(1 — x). 
b Find the coordinates of the points of intersection. 


b From the graph there are three points 
where the curves cross, labelled A, B 
and C. The x-coordinates are given by the 
solutions to the equation. 


x(x? - 
Sox=Oorx? =3 
So x = -/3, O, v3 


Substitute into y = x?(1 - x) 


The points of intersection are: 
A(-V3, 3 + 3V3) 4 
BOO, O) 

C3. 3 - 3V3) 4 


a On the same diagram sketch the curves with equations y = x°(3x — a) and y = e where a and b 
are positive constants. 


b State, giving a reason, the number of real solutions to the equation x(3x - a) — 


b 
z=0 
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Graphs and transformations 


b From the sketch there are only two points You can sketch curves involving unknown 
of intersection of the curves. This means constants. You should give any points of 
intersection with the coordinate axes in terms of 


there are only two values of x where 
3 the constants where appropriate. 
x°(3x - a) == 


a 
b 
or x°(3x-a)-;=0 
So this equation has two real solutions. 
Example 


a Sketch the curves y = 


and y = x°(x- 3) on the same axes. 


b Using your sketch, state, with a reason, the number of real solutions to the equation 
x(x - 3)-4=0. 


Problem-solvi 


Set the functions equal to each other to form an 
equation with one real solution, then rearrange 
b There is a single point of intersection so the the equation into the form given in the question. 


equation x*(x - 3) = = has one real solution. 
” 

Rearranging: 

x4(x - 3)=4 

vx - 3)-4=0 


So this equation has one real solution. 


Exercise 


1 In each case: 
i sketch the two curves on the same axes 
ii state the number of points of intersection 
iii write down a suitable equation which would give the x-coordinates of these points. 
(You are not required to solve this equation.) 
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a y=xr,y=x(x?- 1) b y=x(x +2), yo3 
2 
d y= -x),V=-¥ = 
g y=x(x-4), y=(x- 2) 
i x+1P 


2 
a On the same axes sketch the curves given by y = x°(x — 3) and y= = 


b Explain how your sketch shows that there are only two real solutions to the equation 
xx -— 3) =2. 


a On the same axes sketch the curves given by y = (x + 1) and yp = 3x(x - 1). 


b Explain how your sketch shows that there is only one real solution to the equation 
+6xt+1=0. 


a On the same axes sketch the curves given by y = 1 and y=-x(x- 1). 


b Explain how your sketch shows that there are no real solutions to the equation 
14+x%(x- 1? =0. 


a On the same axes sketch the curves given by y = x°(x + a) 
b Problem-solving 


and y =} where a and b are both positive 


S Even though you don’t know 
constants. (5 marks) the values of a and 4, you 
b Using your sketch, state, giving a reason, the number of know they are positive, so 
real solutions to the equation x+ + ax3}-b=0. (1 mark) you know the shapes of the 
graphs. You can label the 
a On the same set of axes sketch the graphs of point a on the x-axis on your 
y 4 and y = 3x +7. (3 marks) CANIS ARNE 
b Write down the number of real solutions to the equation 4 =3x+7. (1 mark) 
¢ Show that you can rearrange the equation to give (x + 1)(x + 2)(3x-2)=0. (2 marks) 
d Hence determine the exact coordinates of the points of intersection. (3 marks) 


a On the same axes sketch the curve y = x° — 3x? - 4x and the line y = 6x. 
b Find the coordinates of the points of intersection. 


a On the same axes sketch the curve y = (x? - 1)(x — 2) and the line y = 14x + 2. 
b Find the coordinates of the points of intersection. 


a On the same axes sketch the curves with equations y = (x - 2)(x + 2)? and y 
b Find the coordinates of the points of intersection. 


a Sketch the graphs of y = x*+ 1 and 2y=x-1. (3 marks) 
b Explain why there are no real solutions to the equation 2x? - x + 3 =0. (2 marks) 
¢ Work out the range of values of a such that the graphs of y = x7 + a and 2y=x-1 

have two points of intersection. (5 marks) 
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Graphs and transformations 


11 a Sketch the graphs of y = x(x - 1)(x + 1) and y= ix +1. (5 marks) 
b Find the number of real solutions to the equation 3x?(x - 1)(x + 1) = x3 +3. (1 mark) 


@ Translating graphs 


You can transform the graph of a function by altering the function. Adding or subtracting a constant 
‘outside’ the function translates a graph vertically. 


= The graph of y = f(x) + ais a translation of the graph y = f(x) by the vector (°). 
Adding or subtracting a constant ‘inside’ the function translates the graph horizontally. 
= The graph of y = f(x + a) is a translation of the graph y = f(x) by the vector (o): 


y=f(x) + 1isa translation (°). or 1 unit in the 
direction of the positive y-axis. 


y = f(x + 2) is a translation (%). or 2 units in the 
direction of the negative x-axis. 


Sketch the graphs of: 
a y=x b y=(x-27 ce y=x?+2 
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le pox +2 
y 


f(x) = x8 

a(x) = x(x 2) 

Sketch the following graphs, indicating any points where the curves cross the axes: 
a y=f(x+1) 

b yp=g(x+1) 


a The graph of f(x) is { ontine ) Explore translations of the cP 


graph of y = x? using GeoGebra. 


~* a 


b g(x) = x(x - 2) 


x 
The curve is y = x(x — 2) 
7 Se 


y 


» 
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Graphs and transformations 


So the graph of y = g(x + 1) is 


= lx + 1) 
= (x + 1)(x-1) 


= When you translate a function, any asymptotes are also translated. 


Given that h(x) = 1 sketch the curve with equation y = h(x) + | and state the equations of any 
asymptotes and intersections with the axes. 


The graph of y = h(x) is 


y 


RY 


So the graph of y = h(x) + 1 is 
| 


| So the curve intersects the x-axis at (—1, O). 


The horizontal asymptote is y = 1. | 


The vertical asymptote is x =O. _| 
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Exercise (4e) 


1 


® 9 
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Apply the following transformations to the curves with equations y = f(x) where: 


if) =x ii f(x) =3 iit oy =4 


In each case state the coordinates of points where the curves cross the axes and in iii state the 
equations of the asymptotes. 


a f(x +2) b f(x) +2 e f(x-1) 
d f(x)-1 e f(x)-3 f f(x-3) 
a Sketch the curve y = f(x) where f(x) = (x — 1)(x + 2). 


b On separate diagrams sketch the graphs of i y=f(x+2) ii y=f(x) +2. 
¢ Find the equations of the curves y = f(x + 2) and y = f(x) + 2, in terms of x, and use these 
equations to find the coordinates of the points where your graphs in part b cross the y-axis. 


a Sketch the graph of y = f(x) where f(x) = x°(1 - x). 
b Sketch the curve with equation y = f(x + 1). 


¢ By finding the equation f(x + 1) in terms of x, find the coordinates of the point in part b 
where the curve crosses the y-axis. 


a Sketch the graph of y = f(x) where f(x) = x(x - 2)?. 
b Sketch the curves with equations y = f(x) + 2 and y = f(x + 2). 
¢ Find the coordinates of the points where the graph of y = f(x + 2) crosses the axes. 


a Sketch the graph of y = f(x) where f(x) = x(x - 4). 
b Sketch the curves with equations y = f(x + 2) and y = f(x) + 4. 


¢ Find the equations of the curves in part b in terms of x and hence find the coordinates of the 
points where the curves cross the axes. 


a Sketch the graph of y = f(x) where f(x) = x°(x- 1)(x - 2). 
b Sketch the curves with equations y = f(x + 2) and y = f(x)- 1. 


The point P(4, -1) lies on the curve with equation y = f(x). 


a State the coordinates that point P is transformed to on the curve with equation 


y=f(x-2). (1 mark) 
b State the coordinates that point P is transformed to on the curve with equation 
ye=f(x) +3. (1 mark) 


The graph of y = f(x) where f(x) = z is translated so that the asymptotes are at x = 4 and 


y =0. Write down the equation for the transformed function in the form y = + + a (3 marks) 


a Sketch the graph of y = x3 - 5x? + 6x, marking clearly the points of intersection with the axes. 
b Hence sketch y = (x - 2)? - 5(x - 2)? + 6(x— 2). 
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® 10 a Sketch the graph of y = x°(x —3)(x + 2), marking clearly the points of intersection with the axes. 
b Hence sketch y = (x + 2)°(x- 1)(x + 4). 


Problem-solvii 
11 a Sketch the graph of y = x5 + 4x? + 4x. (6 marks) 


Look at your sketch and 


b The point with coordinates (-1, 0) lies on the curve with picture the curve sliding 
equation y = (x + a + 4(x + a)? + 4(x + a) where aisa to the left or right. 
constant. Find the two possible values of a. (3 marks) 

a Sketch the graph of y = x(x + I)(x + 3). marks) 

12 a Sketch th h of ( 1)(x + 3P (4 ks) 

b Find the possible values of b such that the point (2, 0) lies on the curve with equation 

y=(xtby(xtb+ Iiv+b4 3p. (3 marks) 


Challenge 


1 Sketch the graph of y = (x —3) + 2 and determine the coordinates of the point of inflection. -» Section 12.9 
2 The point Q(-5, -7) lies on the curve with equation y = f(x). 
a State the coordinates that point Q is transformed to on the curve with equation y = f(x + 2) —5. 
b The coordinates of the point O on a transformed curve are (-3, —6). Write down the transformation in 
the form y = f(x +a)—b. 


@ Stretching graphs 


Multiplying by a constant ‘outside’ the function stretches the graph vertically. 


= The graph of y = af(x) is a stretch of the graph y = f(x) by a scale factor of ain the vertical 
direction. 


2f(x) is a stretch with scale factor 2 in the 
y-direction. All y-coordinates are doubled. 


F£(x) is a stretch with scale factor ; in the 
y-direction. All y-coordinates are halved. 


Multiplying by a constant ‘inside’ the function stretches the graph horizontally. 
= The graph of y = f(ax) is a stretch of the graph y = f(x) by a scale factor of 3 in the 
horizontal direction. 


y =f(2x) is a stretch with scale factor $ in the 
x-direction. All x-coordinates are halved. 


y=f(}x) isa stretch with scale factor 3 in the 
x-direction. All x-coordinates are tripled. 
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Example 


Given that f(x) = 9 — x2, sketch the curves with equations: 


ay 


76 


= f(2x) b y=2f(x) 


f(x) = 9 - x? 
So f(x) = (3 - x)(3 + x) 


You can factorise the expression. 

The curve is y = (3 — x(3 + x) 
O = (3 — x3 + x) 

Sox=3o0rx=-3 


Put y = 0 to find where the curve crosses the 
x-axis. 


So the curve crosses the x-axis at (3, O) 
and (-3, O). 


Whenx =O,y=3x3=9 Put x = 0 to find where the curve crosses the 
So the curve crosses the y-axis at (O, 9). y-axis. 


The curve y = f(x) is 
va 


First sketch y = f(x). 


y = f(ax) where a= 2 so it is a horizontal stretch 
) = (2x) so the curve is with scale factor 3. 


an Check: The curve is y = f(2x). 


So y = (3 — 2x)(3 + 2x). 

When y =0,x=-1.50rx=1.5. 

So the curve crosses the x-axis at (-1.5, 0) and 
(1.5, 0). 

When x=0, 7 =9. 

So the curve crosses the y-axis at (0, 9). 


y = 2f(x) so the curve is 


va y =af(x) where a = 2 so it is a vertical stretch with 
scale factor 2. 

Check: The curve is y = 2f(x). 

So y=2(3 -x)3 +). 

When y =0, x=3 or x=-3. 

3 oO x So the curve crosses the x-axis at (3, 0) and (3, 0). 
When x=0,y=2x9=18. 

So the curve crosses the y-axis at (0, 18). 
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a Sketch the curve with equation y = x(x -2)(x + 1). 
b On the same axes, sketch the curves y = 2x(2x — 2)(2x + 1) and y = —x(x — 2)(x + 1). 


a a 


Q 


y= x(x — 2x + 1 
pe ey t ontine ) Explore stretches of the graph 
of y = x(x—2)(x + 1) using GeoGebra. 


y x(x — 2)(x + 1) 


Y = 2x(2x — 2)(2x + 1) 


x Problem-solving 


You need to work out the relationship between 
each new function and the original function. 

If x(x - 2)(x + 1) = f(x) then 

2x(2x — 2)(2x + 1) = f(2x), and 

=x(x— 2)(x + 1) = f(x). 


y = x(x — 2)(x + 1) 


= The graph of y =-f(x) is a reflection of the graph of y = f(x) in the x-axis. 
= The graph of y = f(—x) is a reflection of the graph of y = f(x) in the y-axis. 
Example 


On the same axes sketch the graphs of y = f(x), 
y = f(-x) and y = -f(x) where f(x) = x(x + 2). 


F(x) = x(x + 2) 


y = fla) # y= fey 


ay 


! 


y = x) ————_ 
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Exercise (4F) 


1 Apply the following transformations to the curves with equations y = f(x) where: 


i f(x) =x? ii f(x) =x iii fix) = 

In each case show both f(x) and the transformation on the same diagram. 

a f(2x) b f(-x) ¢ fx) d f(4x) 

f 2f(x) g -f(x) h 4f(x) i Ffx) j 


2 a Sketch the curve with equation y = f(x) where f(x) = x 


e f(qx) 
Hf(x) 


{ Hint ) For part b, rearrange 


b Sketch the graphs of y = f(4x), $y = f(x), y = f(-x) and y = -f(x). the second equation into 
the form y = 3f(x). 


3 a Sketch the curve with equation y = f(x) where f(x) = (x — 2)(x + 2)x. 
b Sketch the graphs of y = {(x), » = f(2x) and y = f(x). 


® 4 a Sketch the curve with equation y = x?(x - 3). 


b On the same axes, sketch the curves with equations: Let F(x) = x?(x - 3) and try to 
iy =(2x)(2x -3) ii y = -x°(x-3) write each of the equations 
in part b in terms of f(x). 


5 a Sketch the curve y = x? + 3x-4. 
b On the same axes, sketch the graph of Sy =x? + 3x-4. 


6 a Sketch the graph of y = x°(x- 2). 
b On the same axes, sketch the graph of 3y = -x?°(x - 2). 


G) 7 The point P(2, -3) lies on the curve with equation y = f(x). 
a State the coordinates that point P is transformed to on the curve with equation 
y = f(2x). 
b State the coordinates that point P is transformed to on the curve with equation 
y =4f(x). 
© 8 The point Q(-2, 8) lies on the curve with equation y = f(x). 
State the coordinates that point Q is transformed to on the curve with equation 
y = fx). 
9 a Sketch the graph of y = (x - 2)(x- 3). 
b The graph of y = (ax -— 2)(ax - 3) passes through the point (1, 0). 
Find two possible values for a. 


Challenge 


1 The point R(4, -6) lies on the curve with equation y = f(x). State the coordinates 
that point R is transformed to on the curve with equation y = Hf(2x). 


2 The point S(-4, 7) is transformed to a point S’(-8, 1.75). Write down the 
transformation in the form y = af(bx). 
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(1 mark) 


(1 mark) 


(4 marks) 


(3 marks) 


Graphs and transformations 


@ Transforming functions 


You can apply transformations to unfamiliar functions by considering how specific points and features 


are transformed. 


The following diagram shows a sketch of the curve f(x) 
which passes through the origin. 
The points A(1, 4) and B(3, 1) also lie on the curve. 


Sketch the following: 
a y=f(x+1) b y=f(x-1) e y=f(x)-4 
d 2y=f(x) e y-1l=f(x) > 


In each case you should show the positions of the images 
of the points O, A and B. 


a f(x +1) 


y =fixt 1) 


y = f(x-1) 
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Exe 


1 The following diagram shows a sketch of the curve 
with equation y = f(x). The points A(0, 2), BC, 0), 
C(4, 4) and D(6, 0) lie on the curve. 
Sketch the following graphs and give the coordinates 
of the points, A, B, C and D after each transformation: 


a f(x+1) b f(x) -4 e f(x+4) 
d (2x) e 3f(x) f fGx) 
g xf) h f(-x) 


2 The curve y = f(x) passes through the origin and 
has horizontal asymptote y = 2 and vertical 
asymptote x = 1, as shown in the diagram. 

Sketch the following graphs. Give the equations of 
any asymptotes and give the coordinates of 
intersections with the axes after each 


transformation. 

a f(x) +2 b f(x+1) e¢ 2f(x) 
d f(x) -2 e f(2x) f fx) 
g 2flx) h -fx) 
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3 The curve with equation y = f(x) passes through the 
points A(-4, -6), B(—2, 0), C(0, -3) and D(4, 0) 
as shown in the diagram. 


ay 


Sketch the following and give the coordinates of 
the points A, B, C and D after each transformation. 


a f(x -2) b f(x) +6 ¢ f(2x) 
d f(x +4) e f(xy +3 f 3f(x) 
g Ff) h f(hx) i -f(x) 
j fy 


4 A sketch of the curve y = f(x) is shown in the 
diagram. The curve has a vertical asymptote 
with equation x = -2 and a horizontal 
asymptote with equation y = 0. The curve 
crosses the y-axis at (0, 1). 


a Sketch, on separate diagrams, the 


graphs of: 
i 2f(x) ii f(2x) iii f(x - 2) 
iv f(x)-1 v f(-x) vi -f(x) 


In each case state the equations of any 
asymptotes and, if possible, points where 
the curve cuts the axes. 


b Suggest a possible equation for f(x). 


5 The point P(2, 1) lies on the graph with equation y = f(x). 


® 6 The diagram shows a sketch of a curve with equation y = f(x). 


a On the graph of y = f(ax), the point P is mapped to the point Q(4, 1). 

Determine the value of a. (1 mark) 
b Write down the coordinates of the point to which P maps under each transformation 

i f(x-4) ii 3f(x) iti f(x) -4 (3 marks) 


The points A(-1, 0), B(O, 2), C(1, 2) and D(2, 0) lie on the curve. 


Sketch the following graphs and give the coordinates of the points 
A, B, Cand D after each transformation: 


a y+2=f(x) b ty=f) Problem-solving 


e y-3=f(x) d 3y=f(x) Rearrange each equation 
e 2y-1=f(x) into the form y=... 
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1 


® 2 


82 


a On the same axes sketch the graphs of y = x°(x — 2) and y = 2x - x2, 
b By solving a suitable equation find the points of intersection of the two graphs. 


a On the same axes sketch the curves with equations y = 5 andy=1+ x. 

b The curves intersect at the points A and B. Find the coordinates of A and B. 

¢ The curve C with equation y =x? + px + g, where p and q are integers, passes through A and B. 
Find the values of p and q. 

d_ Add Cto your sketch. 


The diagram shows a sketch of the curve y = f(x). 

The point B(0, 0) lies on the curve and the point A(3, 4) 
is a maximum point. The line y = 2 is an asymptote. 
Sketch the following and in each case give the 
coordinates of the new positions of A and B and 

state the equation of the asymptote: 

a f(2x) b Sf) ¢ f(x)-2 

d f(x +3) e f(x-3) f f(x)+1 


The diagram shows the curve with equation 
y=5+2x—-.? and the line with equation y = 2. 
The curve and the line intersect at the points 
Aand B. 


Find the x-coordinates of A and B. (4 marks) 


ay 


ysS+2x-7 
f(x) = x°(x — 1)(x - 3). 
a Sketch the graph of y = f(x). (2 marks) 
b On the same axes, draw the line y = 2-x. (2 marks) 
¢ State the number of real solutions to the equation x(x - 1)(x - 3) = 2-.x. (1 mark) 
d Write down the coordinates of the point where the graph with equation 
y = f(x) + 2 crosses the y-axis. (1 mark) 


The figure shows a sketch of the curve with 

equation y = f(x). 

On separate axes sketch the curves with equations: 

a y=f(-x) (2 marks) 

b y=-f(x) (2 marks) 
Mark on each sketch the x-coordinate of any point, 
or points, where the curve touches or crosses the x-axis. 


ay 
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7 The diagram shows the graph of the quadratic function f(x). y. 
The graph meets the x-axis at (1, 0) and (3, 0) and the 
minimum point is (2, -1). 


a Find the equation of the graph in the form yefQx) 
yeanrr+bxte (2 marks) 

b On separate axes, sketch the graphs of 
i y=f(x+2) ii y =(2x). (2 marks) 1 3 


¢ On each graph label the coordinates of the 
points at which the graph meets the x-axis and 
label the coordinates of the minimum point. 


8 f(x) = (v= x= 2)(r+ I). 
a State the coordinates of the point at which the graph y = f(x) intersects the y-axis. (1 mark) 
b The graph of y = af(x) intersects the y-axis at (0, -4). Find the value of a. (1 mark) 
¢ The graph of y = f(x + b) passes through the origin. Find three possible values of b. (3 marks) 


® 9 The point P(4, 3) lies on a curve y = f(x). 
a State the coordinates of the point to which P is transformed on the curve with equation: 
iy=fG3x) ii ty = fl) iii y=f(x-5) iv -y=f(x)  v 2(y+2)=f(x) 
b P is transformed to point (2, 3). Write down two possible transformations of f(x). 
¢ Pis transformed to point (8, 6). Write down a possible transformation of f(x) if 


i f(x) is translated only ii f(x) is stretched only. 
10 The curve C, has equation y = 7 where a is a positive constant. The curve C, has the 


equation y = x7(3x + b) where b is a positive constant. 
a Sketch C, and C, on the same set of axes, showing clearly the coordinates of any 


point where the curves touch or cross the axes. (4 marks) 
b Using your sketch state, giving reasons, the number of solutions to the equation 
x4(3x+b)+a=0. (2 marks) 
11 a Factorise completely x? — 6x? + 9x. (2 marks) 
b Sketch the curve of y = x* — 6x? + 9x showing clearly the coordinates of the 
points where the curve touches or crosses the axes. (4 marks) 


¢ The point with coordinates (—4, 0) lies on the curve with equation 
y= (x—k)s - 6(x — k)? + 9(x — k) where k is a constant. 
Find the two possible values of k. (3 marks) 


® 12 f(x) =x(x - 2 
Sketch on separate axes the graphs of: 
a y=f(x) (2 marks) 
b y=f(x + 3) (2 marks) 
Show on each sketch the coordinates of the points where each graph crosses or meets the axes. 
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© 13 Given that f(x) =4, x40, 


a 
b 


Sketch the graph of y = f(x) - 2 and state the equations of the asymptotes. (3 marks) 
Find the coordinates of the point where the curve y = f(x) — 2 cuts a coordinate 

axis. (2 marks) 
Sketch the graph of y = f(x + 3). (2 marks) 
State the equations of the asymptotes and the coordinates of the point where 

the curve cuts a coordinate axis. (2 marks) 


Challenge 


The point R(6, —4) lies on the curve with equation y = f(x). State the coordinates 
that point R is transformed to on the curve with equation y = f(x + c) —d. 


Summary of key points 


i 


Now Ff 


10 


84 


If pis a root of the function f(x), then the graph of y = f(x) touches or crosses the x-axis at 
the point (p, 0). 

The graphs of y= and y= 4s where k is a real constant, have asymptotes at x = 0 and y=0. 
The x-coordinate(s) at the points of intersection of the curves with equations y = f(x) and 

y =g(x) are the solution(s) to the equation f(x) = g(x). 

The graph of y = f(x) + ais a translation of the graph y = f(x) by the vector @ 


The graph of y = f(x + a) is a translation of the graph y = f(x) by the vector Go): 
When you translate a function, any asymptotes are also translated. 


The graph of y = af(x) is a stretch of the graph y = f(x) by a scale factor of a in the vertical 
direction. 


The graph of y = f(ax) is a stretch of the graph y = f(x) by a scale factor of i in the horizontal 
direction. 


The graph of y =-f(x) is a reflection of the graph of y = f(x) in the x-axis. 
The graph of y = f(—x) is a reflection of the graph of y = f(x) in the y-axis. 
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Review exercise 


Write down the value of 8°. 
b Find the value of 8°. (2 marks) 


© Section 1.4 


Find the value of 125°. 
b Simplify 24x? + 18.'. 


(2 marks) 
(2 marks) 


Sections 1.1, 1.4 


Express 80 in the form a5, 

where a is an integer. (2 marks) 
b Express (4 — V5)? in the form b + eV5, 
where / and ¢ are integers. (2 marks) 


© Section 1.5 


Expand and simplify 


(44 /3\(4-V3). (2 marks) 


7 
b Express ——— in the form a + by3, 
44+ 3 


where a and b are integers. (3 marks) 
# Sections 1.5, 1.6 


Here are three numbers: 

1-Vk 2+ 5Vk and Wk 
Given that k is a positive integer, find: 
a the mean of the three 


numbers. (2 marks) 
b the range of the three 
numbers. (1 mark) 


€ Section 1.5 


Given that , express each of the 


following in the form kx", where k and n 
are constants. 


ay! 
b Sy! 


(1 mark) 
(1 mark) 
© Section 1.4 
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(1 mark) 7 


Find the area of this trapezium in cm’. 
Give your answer in the form a + by2, 
where a and b are integers to be 
found. (4 marks) 


© Section 1.5 


< (5 + 3V2)cm: > 


Given that p = 3 - 2V2 and q= 2-2, 

Pp + q 

P-q 

Give your answer in the form m + nV/2, 
where m and n are rational numbers to be 
found. (4 marks) 


© Sections 1.5, 1.6 


find the value of 


a Factorise the expression 
x? = 10x +16. (1 mark) 


b Hence, or otherwise, solve the equation 
8?" — 10(8") + 16 =0. (2 marks) 


€ Sections 1.3, 2.1 


x? = 8x — 29=(x +a)’ +b, where a and b 
are constants. 


a Find the value of a and the value 
of b. (2 marks) 


b Hence, or otherwise, show that the 
roots of x7 - 8x - 29 =Oarec+ WV5, 
where c and dare integers. (3 marks) 

€ Sections 2.1, 2.2 
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The functions f and g are defined as 

f(x) = x(x — 2) and g(x) = x+5,xER. 

Given that f(a) = g(a) and a > 0, 

find the value of a to three significant 

figures. (3 marks) 
€ Sections 2.1, 2.3 


An athlete launches a shot put from 

shoulder height. The height of the 

shot put, in metres, above the ground 

t seconds after launch, can be modelled 

by the following function: 

h(t) = 1.7 + 10¢- 5° 1=0 

a Give the physical meaning of the 
constant term 1.7 in the context of the 
model. 

b Use the model to calculate how many 
seconds after launch the shot put hits 
the ground. 

¢ Rearrange h(/) into the form 
A - B(t— C) and give the values of the 
constants A, Band C. 

d_ Using your answer to part ¢ or 
otherwise, find the maximum height of 
the shot put, and the time at which this 
maximum height is reached. 

+ Section 2.6 

Given that f(x) = x - 6x + 18, x >= 0, 

a express f(x) in the form (x — a? + b, 
where a and db are integers. 

The curve C with equation y = f(x), 

x = 0, meets the y-axis at P and has a 

minimum point at Q. 

b Sketch the graph of C, showing the 
coordinates of P and Q. (3 marks) 

The line y = 41 meets C at the point R. 

¢ Find the x-coordinate of R, giving 
your answer in the form p + qv2, 
where p and gare integers. (2 marks) 

Sections 2.2, 2.4 

The function h(x) = x? + 2/2x + k has 

equal roots. 

a Find the value of k. (1 mark) 

b Sketch the graph of y = h(x), clearly 
labelling any intersections with the 
coordinate axes. (3 marks) 

Sections 1.5, 2.4, 2.5 


(2 marks) 17 


15 The function g(x) is defined as 


g(x) =x? — 7x6 - 88, X ER. 
a Write g(x) in the form x°(x° + a)(x° + 5), 


where a and b are integers. (1 mark) 
b Hence find the three roots 
of g(x). (1 mark) 
© Section 2.3 
Given that 


+ 10x + 36=(x +ayP +h, 
where a and b are constants, 
a find the value of a and the value 

of b. (2 marks) 
b Hence show that the equation 

x + 10x + 36 =0 has no 


real roots. (2 marks) 


The equation x? + 10x + k = 0 has equal 
roots. 
¢ Find the value of k. (2 marks) 
d For this value of k, sketch the graph 
of y=2° + 10x + k, showing the 
coordinates of any points at which 
the graph meets the coordinate 
axes, (3 marks) 
€ Sections 2.2, 2.4, 2.5 


Given that x7 + 2x +3=(x+ay+b, 


a find the value of the constants 
aand b (2 marks) 


b Sketch the graph of y = x? + 2x + 3, 
indicating clearly the coordinates of 
any intersections with the coordinate 
axes. (3 marks) 

¢ Find the value of the discriminant of 
x? + 2x + 3. Explain how the sign of 
the discriminant relates to your sketch 
in part b. (2 marks) 


The equation x? + kx + 3 = 0, where k isa 
constant, has no real roots. 


d Find the set of possible values 
of k, giving your answer in surd 
form. (2 marks) 


© Section 2.2, 2.4, 2.5 
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GP) 22 


a By eliminating y from the equations: 
y=x-4, 
2x? - xy = 8, 
show that 
w+4x-8=0. 
b Hence, or otherwise, solve the 
simultaneous equations: 


(2 marks) 


y=x-4, 

2x? - xy = 8, 
giving your answers in the form 
at bV3, where a and b are 
integers. (4 marks) 


Section 3.2 


Find the set of values of x for which: 


a 3(2x+1)>5-2x, (2 marks) 
b 2°-7x+3>0, (3 marks) 
e both 3(2x + 1) >5-—2x and 

2x7 -7x+3>0. (1 mark) 


© Sections 3.4, 3.5 


The functions p and q are defined as 

p(x) = -2(x + 1) and q(x) = 7 - 5x + 2, 

x ER. Show algebraically that there is no 
value of x for which p(x) = q(x). (3 marks) 


Sections 2.3, 2.5 


a Solve the simultaneous equations: 
yt2x=5 
2x? -3x-y= 16. (5 marks) 


b Hence, or otherwise, find the set of 
values of x for which: 


2x7 -3x-16>5-2x. (2 marks) 
€ Sections 3.2, 3.5 


The equation x? + kx + (k + 3) = 0, where 
kis a constant, has different real roots. 


a Show that k?-4k-12>0. (2 marks) 


b Find the set of possible values of k. 
(2 marks) 


Sections 2.5, 3.5 


Find the set of values for which 


<2: x 4-5. (6 marks) 


Section 3.5 


x+5 
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The functions f and g are defined as 

f(x) = 9 —» and g(x) = 14-6x,xER. 

a On the same set of axes, sketch the 
graphs of y = f(x) and y = g(x). Indicate 
clearly the coordinates of any points 
where the graphs intersect with each 
other or the coordinate axes. (5 marks) 

b On your sketch, shade the region that 
satisfies the inequalities y > 0 and 
f(x) > g(x). (1 mark) 

Sections 3.2, 3.3, 3.7 

a Factorise completely x - 4x. (1 mark) 

b Sketch the curve with equation 
y =x — 4x, showing the coordinates of 
the points where the curve crosses the 
x-axis. (2 marks) 

¢ Ona separate diagram, sketch the 
curve with equation 

ye=(x- 18 -4(x-1) 
showing the coordinates of the 
points where the curve crosses the 
x-axis. (2 marks) 
€ Sections 1,3, 4.1, 4.5 
5 


a) /, x 


P(3,-2) 

The figure shows a sketch of the curve with 
equation y = f(x). The curve crosses the 
x-axis at the points (2, 0) and (4, 0). The 
minimum point on the curve is P(3, —2). 
In separate diagrams, sketch the curves 
with equation 
a y=-f(x) (2 marks) 
b y=f(2x) (2 marks) 
On each diagram, give the coordinates of 
the points at which the curve crosses the 
x-axis, and the coordinates of the image 
of P under the given transformation. 

€ Sections 4.6, 4.7 
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The figure shows a sketch of the curve 
with equation y = f(x). The curve passes 
through the points (0, 3) and (4, 0) and 
touches the x-axis at the point (1, 0). 
On separate diagrams, sketch the curves 
with equations 
a y=f(x+1) 
b y=2f(x) 
ec y= (5x) (2 marks) 
On each diagram, show clearly the 
coordinates of all the points where the 
curve meets the axes. 

€ Sections 4.5, 4.6, 4.7 


Given that f(x) = us x #0, 

a sketch the graph of y = f(x) + 3 and 
state the equations of the 
asymptotes (2 marks) 

b find the coordinates of the point 
where y = f(x) + 3 crosses a coordinate 
axis. (2 marks) 

Sections 4.3, 4.5 

The quartic function t is defined as 

t(x) = (x7 - Sx + 2)(x? - Sx +4), x ER. 

a Find the four roots of t(x), giving your 
answers to 3 significant figures where 
necessary. (3 marks) 

b Sketch the graph of y = t(x), showing 
clearly the coordinates of all the 
points where the curve meets the 
axes. (2 marks) 

Sections 4.2, 2.1 


(2 marks) 


The point (6, -8) lies on the graph of 
y = f(x). State the coordinates of the 
point to which P is transformed on the 


graph with equation: 

a y=-f(x) (1 mark) 
b y=f(x-3) (1 mark) 
ce 2y=f(x) (1 mark) 


Section 4.7 


31 The curve C, has equation y = < where 


ais a positive constant. 

The curve C, has equation y = (x — 5)’, 

where A is a positive constant. 

a Sketch C, and C, on the same set of 
axes. Label any points where either 
curve meets the coordinate axes, 
giving your coordinates in terms of a 
and b. (4 marks) 

b Using your sketch, state the number of 
real solutions to the equation 
x(x - 5P = 7. (1 mark) 


€ Sections 4,3, 4.4 


1 


(2 marks) 32 a Sketch the graph of y=— -4, 


x 
showing clearly the coordinates of 
the points where the curve crosses 
the coordinate axes and stating 
the equations of the 


asymptotes. (4 marks) 


b The curve with y = — 4 passes 


1 
(x+ky 
through the origin. Find the two 

possible values of k. (2 marks) 


Sections 4.1, 4.5, 4.7 


Challenge 


1 a Solve the equation x* - 10x+9=0 


b Hence, or otherwise, solve the equation 
3*-2(3* — 10) =-1 € Sections 1.1, 1.3, 2.1 


2 Arectangle has an area of 6 cm? and a perimeter 


of 8/2 cm. Find the dimensions of the 
rectangle, giving your answers as surds in their 
simplest form. € Sections 1.5, 2.2 
Show algebraically that the graphs of 

y= 3x3 + x? - x and y = 2x(x— 1)(x + 1) have 
only one point of intersection, and find the 
coordinates of this point. € Section 3.3 
The quartic function f(x) = (x? + x - 20)(x? + x - 2) 
has three roots in common with the function 

g(x) = f(x — A), where k is a constant. Find the two 
possible values of k. € Sections 4.2, 4.5, 4.7 
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After completing this unit you should be able to: 
e Calculate the gradient of a line joining a pair of points + pages 90-91 
@ Understand the link between the equation of a line, and its gradient 


and intercept ~ pages 91-93 
@ Find the equation of a line given (i) the gradient and one point on 
the line or (ii) two points on the line + pages 93-95 


@ Find the point of intersection for a pair of straight lines 
~ pages 95-96 
@ Know and use the rules for parallel and perpendicular gradients 
~ pages 97 - 100 
@ Solve length and area problems on coordinate grids + pages 100 - 103 
Use straight line graphs to construct mathematical models 
~ pages 103 - 108 


1 Find the point of intersection of the 
following pairs of lines. 
a y=4x+7and3y=2x-1 
b y=5x-1and3x+7y=11 
© 2x—5y=-land 5x-7y=14 
«GCSE Mathematics fj 
Simplify each of the following: 


a 80 by200 ¢ Vi25 
Straight line graphs are used in mathematical : ‘ i 


modelling. Economists use straight line 

graphs to model how the price and availability 

of a good affect the supply and demand. a 6x+3y-15=0 b 2x-5y-9=0 
= Exercise 5H Q9 ¢ 3x-7y+12=0 GCSE Mathematics 


€ Section 1.5 


Make y the subject of each equation: 
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You can find the gradient of a straight line joining two points 
by considering the vertical distance and the horizontal distance 
between the points. 


= The gradient m of a line joining the point with coordinates 
(x1,)1) to the point with coordinates (x2, )’2) 
J27)1 


can be calculated using the formula m = Bo% 


{ Online } Explore the gradient ep 


formula using GeoGebra. 


Work out the gradient of the line joining (—2, 7) and (4, 5) 


Use m= ¢ = Here (x1, 1) = (-2, 7) and 


1 Gp) =G,5) 


The line joining (2, —5) to (4, a) has gradient —1. Work out the value of a. 


a-(-5)_ } Use m= 22=2! Here m==1, (x.y) = @,-5) 
4=2 and (x2, ¥2) = (4, a). 
So a s eles = 
a+5=-2 
a=-7 


Exe 


1 Work out the gradients of the lines joining these pairs of points: 


a (4,2), (6, 3) b (-1,3), (5,4) ¢ (4,5), (1,2) 
d (2,-3), (6, 5) e (-3,4), (7, -6) f (-12, 3), (-2,8) 
g (-2,-4), (10, 2) h (5,2).(.4) i (4.3).(3) 

j (-2.4, 9.6), (0, 0) k (1.3, -2.2), (8.8, -4.7) 1 (0, 5a), (10a, 0) 
m (3b, 2b), (7b, 2b) n (p.P?), (4) 
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2 The line joining (3, —5) to (6, a) has a gradient 4. Work out the value of a. 


3 The line joining (5, 5) to (8, 3) has gradient —3. Work out the value of b. 

4 The line joining (c, 4) to (7, 6) has gradient 3 Work out the value of c. 

5 The line joining (-1, 2d) to (1, 4) has gradient -4 Work out the value of d. 

6 The line joining (—3, -2) to (2e, 5) has gradient 2. Work out the value of e. 

7 The line joining (7, 2) to (/, 3f) has gradient 4. Work out the value of f- 

8 The line joining (3, -4) to (-g, 2g) has gradient -3. Work out the value of g. 
® 9 Show that the points A(2, 3), B(4, 4) and 


C(10,7) can be joined by a straight line. Find the gradient of the line joining the points A 
and Band the line joining the points A and C. 


GD) 10 Show that the points 4(—2a, 5a), B(0, 4a) [ Notation ] Points are collinear if they all lie on 
and points C(6a, a) are collinear. (3 marks) the same straight line. 


@ The equation of a straight line can be written in the form 
y= mx + c, where m is the gradient and c is the y-intercept. 

© The equation of a straight line can also be written in the 
form ax + by + c= 0, where a, b and c are integers. 


Write down the gradient and y-intercept of these lines: 
a p=-3x+2 b 4x-3y+5=0 


Compare y = —3x + 2with y=mx+c. 


a Gradient = -3 and y-intercept = (O, 2). ‘Franiithigan = ealendiaeo= 


by=dx43 
Gradient = 3 and y-intercept = (O, 3). Rearrange the equation into the form y = mx + c. 
From this m =4 and c = 


t Watch out } Use fractions rather than decimals 


in coordinate geometry questions. 
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Example 


Write these lines in the form ax + by + c= 0 


a y=4x+3 b y=-x+5 


a 4x-y+3=0 
b gx+y-5=0 


x+2y-10=0 


So P has coordinates (2, O): 


Exercise 


92 


down the coordin 


Always write 


Work out the gradients of these lines: 


a y=-2x4+5 b y=-x+7 e y=44+3x 

d yotxy-2 e yo-ix f point? 

g 2x-4y+5=0 h 10x -Sy+1=0 i -x+2y-4=0 
j -3x+6y+7=0 k 4x+2y-9=0 1 9x+6y+2=0 
These lines cut the y-axis at (0, c). Work out the value of ¢ in each case. 
ay=-x+4 b y=2x-5 c yetx-3 

d y=-3x e yoSxtt f y=2-7x 

g 3x-4y+8=0 h 4x -S5y-10=0 i -2x+y-9=0 
j 7x+4y+12=0 k 7x-2y+3=0 1 -5x+4y+2=0 


Write these lines in the form ax + by + c= 0. 


a y=4x+3 b y=3x-2 © y=-6x+7 
d y=4x-6 f yoy 
g p=2x-F iy ~6x —3 


atest 
The line y = 6x — 18 meets the x-axis at the point P. Work out the coordinates of P. 
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5 The line 3x + 2y = 0 meets the x-axis at the point R. Work out the coordinates of R. 


6 The line 5x - 4y + 20 = 0 meets the y-axis at the point A and the x-axis at the point B. 
Work out the coordinates of A and B. 

7 Aline / passes through the points with coordinates (0, 5) and (6, 7). 
a Find the gradient of the line. 
b Find an equation of the line in the form ax + by + c=0. 


® 8 Aline /cuts the x-axis at (5, 0) and the y-axis at (0, 2). 
a Find the gradient of the line. (1 mark) 
b Find an equation of the line in the form ax + by +c =0. (2 marks) 


® 9 Show that the line with equation ax + by + ¢=0 Problem-sol 


. a . c 
has gradient 7b and cuts the y-axis at +o Try solving a similar problem with numbers 


first: 
10 The line / with gradient 3 and y-intercept (0, 5) = 
has the equation ax - 2y +c =0. Find the gradient and y-intercept of the 
Find the values of a and ec. (2 marks) straight line with equation 3x + 7y + 2=0. 


11 The straight line / passes through (0, 6) and has gradient —2. It intersects the line with 


equation 5x — 8y — 15 = 0 at point P. Find the coordinates of P. (4 marks) 


12 The straight line /, with equation y = 3x — 7 intersects the straight line /, with equation 


ax + 4y - 17 = 0 at the point P(-3, b). 
a Find the value of b. (1 mark) 
b Find the value of a. (2 marks) 


Challenge 


Show that the equation of a straight line through (0, a) and (b, 0) is ax + by - ab =0. 


@® Equations of straight lines 


You can define a straight line by giving: 
* one point on the line and the gradient 
+ two different points on the line 


You can find an equation of the line from either of these conditions. 


= The equation of a line with gradient mm that passes through This is any point 
the point with coordinates (x,,),) can be written as yg onthe line 
Y= V1 = M(x —- xy). This is the 
point on 
the line 
you know 


3THSEC 93 


Chapter 5 


Example 


Find the equation of the line with gradient 5 that passes through the point (3, 2). 


y-2=5(x - 3) { ontine ) Explore lines of a given gradient 
y-2=5x-15 passing through a given point using GeoGebra. 
y=5x-13 | 


teed. PCW 18 
“Me-™% 5-3 2 


So Yr y= m(x — x) 
yt1=4(x- 3) 
yti=4x-12 
y=4x-13 


Exercise 


1 Find the equation of the line with gradient m that passes through the point (x,, y,) when: 


a m=2and (x, y,) = (2,5) b m=3 and (x, y;) = (-2, 1) 
¢ m=-l1and (x,y) = (3, -6) d m=-4 and (x), y;) = (-2, -3) 
e m=}and (x,y) =(-4, 10) f m= —Jand (x,, 9) =(-6,-1) 


g m=2and (x, y)) = (a, 2a) h m=-—yand (x;, y) = (-2, 3d) 

2 Find the equations of the lines that pass through these pairs of points: 
a (2,4) and (3, 8) b (0, 2) and (3, 5) t Hint J nce 
¢ (-2, 0) and (2, 8) d (5, -3) and (7, 5) find the gradient m 
e (3,-1) and (7, 3) f (-4,-1) and (6, 4) then use 
g (-1,-5) and (-3, 3) h (-4, -1) and (-3, -9) a ee) 


i Gd)and G9) i (3.7) and G3) 


© 3. Find the equation of the line / which passes through the points A(7, 2) and B(9, -8). 
Give your answer in the form ax + by + ¢ = 0. (3 marks) 


4 The vertices of the triangle ABC have coordinates A(3, 5), B(-2, 0) and C(4, -1). 
Find the equations of the sides of the triangle. 
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5 The straight line / passes through (a, 4) and Problem-solving 


(3a, 3). An equation of /is x + 6 +.¢=0. It is often easier to find unknown 
Find the value of a and the value of c. (3 marks) values in the order they are given 
6 The straight line / passes through (7a, 5) and (3a, 3). Maeteg eee alilieteavealeiice 


An equation of /is x + by - 12 =0. first then find the value of c. 


Find the value of a and the value of b. (3 marks) 


Challenge 


Consider the line passing through points (x,, y;) and (xz, 2). 
a Write down the formula for the gradient, m, of the line. 


b Show that the general equation of the line can be written in the form eee 2 Ee 


Ye-Ni e—MH 
¢ Use the equation from part b to find the equation of the line passing through the 
points (-8, 4) and (-1, 7). 


The line y = 3x — 9 meets the x-axis at the point A. Find the equation of the line with gradient 3 that 
passes through point A. Write your answer in the form ax + by + c = 0, where a, b and ¢ are integers. 


O = 3x- 9 s0 x= 3. Ais the point (3, 0). —— @AIUERD) Pit the solution on a graph using CP 


y-0= 2x — 3) ———_—_—_—_—____|_ GeoGebra. 
3y=2x-6 
-2x+ 3y+6=0 


substitute y = 0 in 


Example 


The lines y = 4x — 7 and 2x + 3y — 21 = 0 intersect at the point A. The point B has coordinates (—2, 8). 
Find the equation of the line that passes through the points 4 and B. Write your answer in the form 
ax + by +c =0, where a, b and ¢ are integers. 


; cA = 
ax + 3(4x -7)- 21=0 t ontine ) Check solutions to simultaneous 


ax + 12x - 21- 21=0 equations using your calculator. 
14x = 42 


eas 
y = 4(3) - 7 =5 50 A is the point (3, 5). 


alta. 8S5._ 23) _ 3, 
“X-% -2-3° -5° 5 


y-5=-2(-3) 


5y-25=-3x+9 
3x + S5y-34=0 
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12 


13 


14 


15 
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The line y = 4x — 8 meets the x-axis at the point A. Find the equation of the line with gradient 
3 that passes through the point A. 


The line y = —2x + 8 meets the y-axis at the point B. Find the equation of the line with gradient 
2 that passes through the point B. 


The line y = 3x + 6 meets the x-axis at the point C. Find the equation of the line with gradient $ 
that passes through the point C. Write your answer in the form ax + by + ¢ = 0, where a, b and 
care integers. 


The line py = ix +2 meets the y-axis at the point B. The point C has coordinates (—5, 3). 


Find the gradient of the line joining the points B and C. 
Problem-solving 


Asketch can help you check whether 
your answer looks right. 


The line that passes through the points (2, -5) and (-7, 4) 
meets the x-axis at the point P. Work out the coordinates 
of the point P. 


The line that passes through the points (—3, —5) and (4, 9) meets the y-axis at the point G. 
Work out the coordinates of the point G. 


The line that passes through the points (3, 24) and (-14, 4) meets the y-axis at the point J. 
Work out the coordinates of the point J. 


The lines y = x and y = 2x — 5 intersect at the point A. Find the equation of the line with 
gradient 2 that passes through the point A. 


The lines y= 4x - 10 and y = x — | intersect at the point 7. Find the equation of the line with 
gradient —; that passes through the point 7. Write your answer in the form ax + by + c = 0, 
where a, b and ¢ are integers. 


The line p has gradient 3 and passes through the point (6, -12). The line g has gradient —-1 and 
passes through the point (5, 5). The line p meets the y-axis at A and the line q meets the x-axis 
at B. Work out the gradient of the line joining the points A and B. 


The line y = —2x + 6 meets the x-axis at the point P. The line y = 5x — 4 meets the y-axis at the 
point Q. Find the equation of the line joining the points P and Q. 


The line y = 3x — 5 meets the x-axis at the point M. The line y = -2x + 3 meets the y-axis at the 
point N. Find the equation of the line joining the points M and N. Write your answer in the 
form ax + by + c = 0, where a, b and ¢ are integers. 


The line y = 2x - 10 meets the x-axis at the point A. The line y = —2x + 4 meets the y-axis at the 
point B. Find the equation of the line joining the points 4 and B. 


The line y = 4x + 5 meets the y-axis at the point C. The line y = —3x — 15 meets the x-axis at 
the point D. Find the equation of the line joining the points C and D. Write your answer in the 
form ax + by + c = 0, where a, b and ¢ are integers. 


The lines y = x — 5 and y = 3x — 13 intersect at the point S. The point T has coordinates (-4, 2). 
Find the equation of the line that passes through the points S and T. 


The lines y = —2x + 1 and y = x + 7 intersect at the point L. The point M has coordinates (-3, 1). 
Find the equation of the line that passes through the points Z and M. 
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@® Parallel and perpendicular lines 


= Parallel lines have the same gradient. 


A line is parallel to the line 6x + 3y — 2 = 0 and it passes through the point (0, 3). 
Work out the equation of the line. 


Rearrange the equation into the form y = mx +c 


cx reyaesiO T to find m. 
3y -2=-Gx 
3y=-6x+2 Compare y = -2x + with y= mx +c, som= -2. 
ys-2x +3 Parallel lines have the same gradient, so the 
The gradient of this line is ef GEER UNS 
The equation of the line is y = ~2x + 3.-————_ Q, 3) is the intercept on the y-axis, so c = 3. 


Exercise 


1 Work out whether each pair of lines is parallel. 
a y=5x-2 b 7x + l4y-1=0 e 4x-3y-8=0 
15x - 3p +9=0 bx +9 3x-4y-8=0 


® 2 The line r passes through the points (1, 4) and (6, 8) and the line s passes through the points 
(5, -3) and (20, 9). Show that the lines r and s are parallel. 


® 3 The coordinates of a quadrilateral ABCD are A(-6, 2), B(4, 8), t Hint ) A trapezium has exactly 
C(6, 1) and D(-9, -8). Show that the quadrilateral is a trapezium. N€ pair of parallel sides. 


4 A line is parallel to the line y = 5x + 8 and its y-intercept is (0, 3). t Hint ) The line will have 
Write down the equation of the line. gradient 5. 


5 A line is parallel to the line y 2x + 1 and its y-intercept is (0, —4). Work out the equation of 
the line. Write your answer in the form ax + by + c = 0, where a, b and c are integers. 


® 6 A line is parallel to the line 3x + 6y + 11 =0 and its intercept on the y-axis is (0, 7). Write down 
the equation of the line. 


® 7 A line is parallel to the line 2x — 3y — 1 = 0 and it passes through the point (0, 0). Write down the 
equation of the line. 


8 Find an equation of the line that passes through the point (—2, 7) and is parallel to the line 
y =4x + 1. Write your answer in the form ax + by + c=0. 
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Perpendicular lines are at right angles to each other. 


If you know the gradient of one line, you can find the 


gradient of the other. 


= If aline has a gradient of m, a line 


perpendicular to it has a gradient of art 
= If two lines are perpendicular, the product 


of their gradients is -1. 


The shaded triangles 
are congruent. 


Line /, has gradient 
a 

=—=m 

b 


Line /, has gradient 
ob 
am 


Work out whether these pairs of lines are parallel, perpendicular or neither: 


a 3x-y-2=0 b y=ax 


x+3y-6=0 


a 3x-y-2=0 


3x-2=y 
So y=3x-2 
The gradient of this line is 3. 


The gradient of this line is —4 


So the lines are perpendicular as 
3x(-}=-1. 


by bx 
The gradient of this line is $ 


2ax-y+4=0 


axn+4=yp 
So ypoaxt4 
The gradient of this line is 2. 


different gradients. 
The lines are not perpendicular as 
gx 24#-1. 


The lines are not parallel as they have 


{ Online ) Explore this solution using a? 


GeoGebra. 


98 


3THSEC ff 


Straight line graphs 


A line is perpendicular to the line 2y — x — 8 = 0 and passes through the point (5, -7). 
Find the equation of the line. 


; Problem-solving 
yagxt+4 


Y Lin his probl 
Gradient of y=4x+4 ts 4 ou need to fill in the steps of this problem 


yourself: 
So the gradient of the perpendicular line is —2. * Rearrange the equation into the form 
y—yy=m(x— x) y = mx + cto find the gradient. 
y+7 = -2(x - 5) ° Use = to find the gradient of a perpendicular 
yt7=-2x+10 line. 
* Use y — y, = m(x — ») to find the equation of 
the line. 


Exercise 


1 


Work out whether these pairs of lines are parallel, perpendicular or neither: 


a y=4x+2 b yoiv-l 
yo-dr-7 yx - 11 
d y=-3x+2 e p=ux+4 
yeyx-7 J -3x-1 
g y=5x-3 h Sx-y-1=0 i 3x +8 
Sx-y+4=0 yo-b 2x -3y-9=0 
j 4x-Sy+1=0 k 3x+2y-12=0 1 Sx-y+2=0 
8x - 10y-2=0 2x+3y-6=0 2x+ 1l0y-4=0 


A line is perpendicular to the line y = 6x — 9 and passes through the point (0, 1). Find an 
equation of the line. 


A line is perpendicular to the line 3x + 8y — 11 = 0 and passes through the point (0, -8). 
Find an equation of the line. 


Find an equation of the line that passes through the point (6, —2) and is perpendicular to the 
line y = 3x + 5. 


Find an equation of the line that passes through the point (—2, 5) and is perpendicular to the 
line y = 3x + 6. 


Find an equation of the line that passes through the point (3, 4) and is perpendicular to the line 
4x -6y+7=0. 


Find an equation of the line that passes through the point (5, —5) and is perpendicular to the 
line y = ay +5. Write your answer in the form ax + by + c = 0, where a, b and ¢ are integers. 
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8 Find an equation of the line that passes through the point (—2, —3) and is perpendicular to the 
line p= —ty + 5. Write your answer in the form ax + by + c = 0, where a, b and c are integers. 


® 9 The line / passes through the points (—3, 0) and (3, —2) 
and the line 1 passes through the points (1, 8) and (-1, 2). Don’t do more work than you need to. 
Show that the lines / and n are perpendicular. You only need to find the gradients of 
both lines, not their equations. 


® 10 The vertices of a quadrilateral ABCD have coordinates 


A(-1, 5), BCT, 1), C(5, ~3) and D(-3, 1). LED the sides of a rectangle 
Show that the quadrilateral is a rectangle. are perpendicular. 


11 A line /; has equation 5x + 11y — 7 = 0 and crosses the x-axis at A. The line /, is perpendicular 
to /, and passes through A. 


a Find the coordinates of the point A. (1 mark) 
b Find the equation of the line 4. Write your answer in the form ax + by + ¢ = 0. (3 marks) 


12 The points A and Clie on the y-axis and the point B lies on the x-axis as shown in the diagram. 
y 


‘A (0, 4) 


Problem-solving 


Sketch graphs in coordinate geometry problems 
are not accurate, but you can use the graph to 
make sure that your answer makes sense. In this 
question c must be negative. 


The line through points A and B is perpendicular to the line through points B and C. 
Find the value of c. (6 marks) 


@ Length and area 


You can find the distance between two points 4 and B by 
considering a right-angled triangle with hypotenuse AB. 


= You can find the distance d between (x,,),) and (x,,)2) 
by using the formula 


d= \(X2-X1)? + 2-1)? 
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Find the distance between (2, 3) and (5, 7). 


ye | 7 | Teslm7 
(5,7) Draw a sketch. 


Let the distance between the points be d. 


The difference in the y-coordinates is 7 - 3 = 4. 
The difference in the x-coordinates is 5 — 2 = 3. 


oO Ea 
d?=(5 — 2) +(7 - 3) 
2 ae 2 aay 
a = re ? 2) eae ies 
z V5 (xy, 2) = (2, 3) and (xz, ¥2) = (5, 7). 
=5 | 


{ Ontine ) Draw both lines and the triangle ep 


se Fi . c AOB ona graph using GeoGebra. 
The straight line /, with equation 4x — y = 0 and 


the straight line /, with equation 2x + 3y — 21 =0 intersect at point A. 
a Work out the coordinates of A. 
b Work out the area of triangle AOB where B is the point where /, meets the x-axis. 


a Equation of |, is y = 4x —__—____________ Rewrite the equation of /, in the form y= mx + ¢. 
2x + 3y-21=0 
2x + 3(4x) - 21 = O-—___ Substitute y = 4x into the equation for /, to find 
the point of intersection. 


14x - 21=0 
14x = 21 
3 Solve the equation to find the x-coordinate of 

BED j point A. 
yaax(2) =e 
: 2 Substitute to find the y-coordinate of point A. 

So point A has coordinates (3 6). 

— The height is the y-coordinate of point A. 
b The triangle AOB has a height of 6 units. ——~ 
2x+ 3y-21=0 Bis the point where the line /, intersects the x-axis. 
3x + 3(O) - 21 = O-——-—- At B, the y-coordinate is zero. 
2x-21=0 
= gl —__________ Solve the equation to find the x-coordinate of point B. 
r 21 
The triangle AOB has a base length of = ares =1x base x height 


units. You don't need to give units for length and area 


1 21_63 
Area = 2™ 6x Do De problems on coordinate grids. 
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102 


Find the distance between these pairs of points: 
a (0,1), (6,9) b (4, -6), (9, 6) e (3,1), (-1, 4) 
d (3, 5), (4, 7) e (0, -4), (5, 5) f (-2,-7), (5,1) 


Consider the points A(-3, 5), B(-2, -2) and C3,-7). ED) two tine segments are congruent 
Determine whether the line joining the points A and Bis “jf they are the same length. 


congruent to the line joining the points B and C. 


Consider the points P(11, -8), Q(4, -3) and R(7, 5). Show that the line segment joining the 
points P and Q is not congruent to the line joining the points Q and R. 


The distance between the points (—1, 13) and (x, 9) is V65 . Gi SERS) TTS 
Find two possible values of x. Use the distance formula to 
formulate a quadratic equation in x. 


The distance between the points (2, y) and (5, 7) is 3/10. Find two possible values of y. 


a Show that the straight line /, with equation y = 2x + 4 is Problem-solving Jpiva 


parallel to the straight line /, with equation 6x - 3y -9 = 0. shortest distance between 
b Find the equation of the straight line /; that is perpendicular two parallel lines is the 
to /, and passes through the point (3, 10). perpendicular distance 


c Find the point of intersection of the lines /, and /;. SAUSNGIRm. 


d_ Find the shortest distance between lines /; and /,. 


A point P lies on the line with equation y = 4 — 3x. The point P is a distance 34 from the 


origin. Find the two possible positions of point P. (5 marks) 
The vertices of a triangle are A(2, 7), B(S, -6) and C(8, -6). [ Notation ) Scalene triangles have 
a Show that the triangle is a scalene triangle. three sides of different lengths. 


b Find the area of the triangle ABC. 


Problem-solving 


Draw a sketch and label the points A, Band C. 
Find the length of the base and the height of the 
triangle. 


The straight line /; has equation y = 7x — 3. The straight line /, 
has equation 4x + 3y — 41 = 0. The lines intersect at the point A. 


a Work out the coordinates of A. 

The straight line /, crosses the x-axis at the point B. 
b Work out the coordinates of B. 

¢ Work out the area of triangle AOB. 
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10 The straight line /, has equation 4x — Sy — 10 = 0 and intersects the x-axis at point A. 
The straight line /, has equation 4x — 2y + 20 = 0 and intersects the x-axis at the point B. 


a Work out the coordinates of A. 

b Work out the coordinates of B. 

The straight lines /, and /, intersect at the point C. 
¢ Work out the coordinates of C. 

d Work out the area of triangle ABC. 


® 11 The points R(5, -2) and S(9, 0) lie on the straight line /, as shown. 
a Work out an equation for straight line /,. (2 marks) 


The straight line /, is perpendicular to /, 
and passes through the point R. 


b Work out an equation for straight line /,. (2 marks) 
¢ Write down the coordinates of 7. (1 mark) 
d Work out the lengths of RS and TR 

leaving your answer in the form ky5. (2 marks) 
e Work out the area of ARST. (2 marks) 


12 The straight line /, passes through the point (—4, 14) and has gradient -} 
a Find an equation for /, in the form ax + by + ¢ = 0, where a, b and c are integers. (3 marks) 
b Write down the coordinates of A, the point where straight line /; crosses the y-axis. (1 mark) 
The straight line /, passes through the origin and has gradient 3. The lines /, and /, 
intersect at the point B. 
¢ Calculate the coordinates of B. (2 marks) 
d Calculate the exact area of AOAB. (2 marks) 


@® Modelling with straight lines 


= Two quantities are in direct proportion when they increase at the same rate. The graph of 
these quantities is a straight line through the origin. 


fy = kx 


t Notation ) These mean the same thing: 


yis proportional to x 


7 Vax 
if x increases by y=kx for some real constant k. 
1 unit, y increases 
by & units 
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Example 


. F EE 
The graph shows the extension, £, of a spring § ee 
when different masses, m, are attached to the end 2 20 
of the spring. & Fe 
ro 
a Calculate the gradient, k, of the line. § 10 
b Write an equation linking E and m. 2 5 
, ie es 0 Lj» 
¢ Explain what the value of & represents in this 0 100 200 300 400” 
situation. Mass on spring (grams) 
a slope = Or 
Pe = 400-0 
2520), 2h 
~ 400 20 
ee 
Sok= 20 
b E=km 
1 
E= 20” 
c k represents the increase in extension in 
cms when the mass increases by 1 gram. 


You can sometimes use a linear model to show the relationship between two variables, x and y. 
The graph of a linear model is a straight line, and the variables are related by an equation of the 
form y =ax + b. 


A linear model can still be appropriate even if all the points do not lie directly on the line. In this case, 
the points should be close to the line. The further the points are from the line, the less appropriate a 
linear model is for the data. 


= A mathematical model is an attempt to represent a real-life situation using mathematical 
concepts. It is often necessary to make assumptions about the real-life problem in order to 
create a model. 


Example (16) 


A container was filled with water. A hole was made in the bottom of the container. The depth of 
water remaining was recorded at certain time intervals. The table shows the results. 


Time, f seconds 0 10 30 60 100 120 
Depth of water, d cm 19.1 17.8 15.2 11.3 6.1 3:5 


a Determine whether a linear model is appropriate by drawing a graph. 
b Deduce an equation in the form d= at + b. 

¢ Interpret the meaning of the coefficients a and b. 

d_ Use the model to find the time when the container will be empty. 
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a % Depth of water Problem-solving 


You need to give your answer in the context of the 
question. Make sure you refer to the extension in 
the spring and the mass. 


Depth of water (cm) 
3 


6 20 40 €0 80 160 120! 
Time (seconds) 
The points form a straight line, therefore a 
linear model is appropriate. 
61-194 
bm OO =O 
213), 
100 
The d-intercept is 19.1. So b = 19.1 
d=att+b 
d= -013t +194 


=-0.13 


© ais the change in depth of water in the 
container every second. 
b is the depth of water in the container at -— 
the beginning of the experiment. 


d d=-O131+ 19.1 
O=-O13t + 19.1 
O13t = 19.1 
t = 146.9 seconds. 


In 1991 there were 18 500 people living in Bradley Stoke. Planners projected that the number of 
people living in Bradley Stoke would increase by 350 each year. 


a Write a linear model for the population p of Bradley Stoke ¢ years after 1991. 
b Write down one reason why this might not be a realistic model. 
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18 500 is the p-intercept. 


by 350 each year. 


p=at+b 


a 1991 is the first year, so tf = O. 
When t = O, the population is 16 500. 


The population is expected to increase 


350 represents the gradient of the line. 


The p-intercept is the population when r= 0. 


| The gradient is the yearly change in population. 


____ State the linear equation using the variables in 
the question. 


p = 3501 + 18500 


b The number of people living in Bradley 
Stoke would probably not increase by 
exactly the same amount each year. 


Exercise 


1 For each graph 


i calculate the gradient, k, of the line 
ii write a direct proportion equation connecting the two variables. 


a i 


Distance, d(m) 


Substitute a = 350 and b = 18 500. 


Problem-solving 


Look at the question carefully. Which points did 
you accept without knowing them to be true? 
These are your assumptions. 


246 8 


Time, ¢(s) 


Time skating, r (mins) 


PE ba c 

H HH & 8 16 
2 6 Zw 
5 a 
2° 2 
% 2 4 
z 
5 9 0 HHT 


5 10 15 20 


25 30 


Time reading, 1 (mins) 


2 Draw a graph to determine whether a linear model would be appropriate for each set of data. 


b 


ayoy Pp x y cl w 1 
0 0 0 70 3.1 45 
15 2 5 82.5 3.4 47 
25 6 10 95 3.6 50 
40 12 15 107.5 3.9 51 
60 25 25 132.5 4.5 51 
80 50 40 170 47 53 


3 The cost of electricity, E, in pounds and the number of kilowa' 


{ Hint ) A linear model can be 


appropriate even if all the 
points do not lie exactly ina 
straight line. In these cases, 
the points should lie close 
to a straight line. 


itt hours, 4, are shown in the table. 


kilowatt hours, 


0 


15 


40 


60 


80 


110 


cost of electricity, E 


45 


46.8 


49.8 


52.2 


54.6 


58.2 
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a Draw a graph of the data. (3 marks) 
b Explain how you know a linear model would be appropriate. (1 mark) 
e¢ Deduce an equation in the form E = ah +b. (2 marks) 
d Interpret the meaning of the coefficients a and b. (2 marks) 
e Use the model to find the cost of 65 kilowatt hours. (1 mark) 


A racing car accelerates from rest to 90 m/s in 10 seconds. The table shows the total distance 
travelled by the racing car in each of the first 10 seconds. 
time, t seconds 0 1 a 3 4 5 6 a 8 9 10 
distance, dm 0 4.5 18 40.5 72 | 112.5 | 162 | 220.5 | 288 | 364.5 | 450 


a Draw a graph of the data. 
b Explain how you know a linear model would not be appropriate. 


A website designer charges a flat fee and then a daily rate in order to design new websites 

for companies. 

Company A’s new website takes 6 days and they are charged £7100. { Hint ) Let (d;, C,) = (6, 7100) 
Company B’s new website take 13 days and they are charged £9550. _ and (d,, C,) = (13, 9550). 

a Write an equation linking days, d and website cost, C in the 


form C= ad +b. (3 marks) 
b Interpret the values of a and b. (2 marks) 
¢ The web designer charges a third company £13 400. Calculate the number of days the designer 
spent working on the website. (1 mark) 


The average August temperature in Exeter is 20°C or 68 °F. The average January temperature in 
the same place is 9 °C or 48.2 °F. 


a Write an equation linking Fahrenheit F and Celsius C in the form F = aC + b. (3 marks) 
b Interpret the values of a and b. (2 marks) 
¢ The highest temperature recorded in the UK was 101.3°F. Calculate this temperature in Celsius. 
(1 mark) 

d_ For what value is the temperature in Fahrenheit the same as the temperature in Celsius? 
(3 marks) 


In 2004, in a city, there were 17 500 homes with internet connections. A service provider predicts 
that each year an additional 750 homes will get internet connections. 

a Write a linear model for the number of homes 7 with internet connections ¢ years after 2004. 
b Write down one assumption made by this model. 


The scatter graph shows the height / and foot length f re Height and foot length 

of 8 students. A line of best fit is drawn on the scatter ical He 

graph. E iss 

a Explain why the data can be approximated to a = i808 {errr \ 
linear model. (Imark) =z 175 rt | ACT 5 

ch (24,165). 1 

b Use points A and B on the scatter graph to write a 2 170 ete Cot ae | x 
linear equation in the form h = af'+ b. (3 mark) 1654-1 ao 

¢ Calculate the expected height of a person with a 10s oi Gh + s pe ae 
foot length of 26.5cm. (1 mark) ” “Foot length, ftom) 
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The price P of a good and the quantity Q of a good are linked. 

The demand for a new pair of trainers can be modelled using the equation P = -i0 +35. 
The supply of the trainers can be modelled using the equation P = 20 +1. 

a Draw a sketch showing the demand and supply lines on the same pair of axes. 

The equilibrium point is the point where the supply and demand lines meet. 

b Find the values of P and Q at the equilibrium point. 


Mixed exercise 


@) 1 


GP) 2 


®© 3 


@) 7 
© 8 


The straight line passing through the point P(2, 1) and the point Q(x, 11) has gradient -4 


a Find the equation of the line in terms of x and y only. (2 marks) 
b Determine the value of k. (2 marks) 


The points A and B have coordinates (k, 1) and (8, 2k — 1) respectively, where k is a constant. 
Given that the gradient of AB is + 


a show that k=2 (2 marks) 
b find an equation for the line through A and B. (3 marks) 


The line L, has gradient + and passes through the point A(2, 2). The line L, has gradient —-1 and 
passes through the point B(4, 8). The lines L, and L, intersect at the point C. 


a Find an equation for L, and an equation for L>. (4 marks) 
b Determine the coordinates of C. (2 marks) 


a Find an equation of the line / which passes through the points A(1, 0) and B(5, 6). (2 marks) 
The line m with equation 2x + 3y = 15 meets / at the point C. 
b Determine the coordinates of C. (2 marks) 


The line L passes through the points A(1, 3) and B(-19, -19). 
Find an equation of L in the form ax + by + ¢ = 0. where a, b and ¢ are integers. (3 marks) 


The straight line /, passes through the points A and B with coordinats (2, 2) and (6, 0) respectively. 
a Find an equation of /;. (3 marks) 
The straight line /, passes through the point C with coordinate (—9, 0) and has gradient + 

b Find an equation of /,. (2 marks) 


The straight line / passes through A(1, 3V3) and B(2 + V3, 3 + 4V3). 
Show that / meets the x-axis at the point C(—2, 0). (5 marks) 


The points A and B have coordinates (—4, 6) and (2, 8) respectively. A line p is drawn through B 
perpendicular to AB to meet the y-axis at the point C. 


a Find an equation of the line p. (3 marks) 
b Determine the coordinates of C. (1 mark) 
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The line / has equation 2x —- y—1=0. 

The line m passes through the point A(0, 4) and is perpendicular to the line /. 

a Find an equation of m. (2 marks) 
b Show that the lines / and m intersect at the point P(2, 3). (2 marks) 
The line n passes through the point B(3, 0) and is parallel to the line m. 

c Find the coordinates of the point of intersection of the lines / and n. (3 marks) 


The line /; passes through the points A and B with coordinates (0, —2) and (6, 7) respectively. 
The line /, has equation x + y = 8 and cuts the y-axis at the point C. 

The line /, and /; intersect at D. 

Find the area of triangle ACD. (6 marks) 


The points A and B have coordinates (2, 16) and (12, —4) respectively. 
A straight line /; passes through A and B. 


a Find an equation for /, in the form ax + by =c. (2 marks) 
The line /, passes through the point C with coordinates (—1, 1) and has gradient + 
b Find an equation for /5. (2 marks) 


The points A(-1, -2), B(7, 2) and C(k, 4), where k is a constant, are the vertices of AABC. 
Angle ABC is a right angle. 


a Find the gradient of AB. (1 mark) 
b Calculate the value of k. (2 marks) 
¢ Find an equation of the straight line passing through B and C. Give your answer in 

the form ax + by + c = 0, where a, b and ¢ are integers (2 marks) 
d Calculate the area of AABC. (2 marks) 


a Find an equation of the straight line passing through the points with coordinates 
(-1, 5) and (4, -2), giving your answer in the form ax + by + c = 0, 


where a, b and ¢ are integers. (3 marks) 
The line crosses the x-axis at the point A and the y-axis at the point B, and O is the origin. 
b Find the area of AAOB. (3 marks) 


The straight line /; has equation 4y + x = 0. 
The straight line /, has equation y = 2x - 3. 


a On the same axes, sketch the graphs of /; and /,. Show clearly the coordinates of all 
points at which the graphs meet the coordinate axes. (2 marks) 


The lines /, and /, intersect at the point A. 
b Calculate, as exact fractions, the coordinates of A. (2 marks) 


¢ Find an equation of the line through A which is perpendicular to /,. 
Give your answer in the form ax + by + c = 0, where a, b and c are integers. (2 marks) 
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The points A and B have coordinates (4, 6) and (12, 2) respectively. 

The straight line /; passes through A and B. 

a Find an equation for /; in the form ax + by + c = 0, where a, b and care integers. (3 marks) 
The straight line /, passes through the origin and has gradient 3 


b Write down an equation for /,. (1 mark) 
The lines /, and /, intersect at the point C. 

¢ Find the coordinates of C. (2 marks) 
d_ Show that the lines OA and OC are perpendicular, where O is the origin. (2 marks) 
e Work out the lengths of OA and OC. Write your answers in the form ky13. (2 marks) 
f Hence calculate the area of AOAC. (2 marks) 
a Use the distance formula to find the distance between (4a, a) and (—3a, 2a). 


Hence find the distance between the following pairs of points: 


b (4, 1) and (-3, 2) ¢ (12, 3) and (-9, 6) d (20, -5) and (15, -10) 
A is the point (—1, 5). Let (x, y) be any point on the line y = 3x. 
a Write an equation in terms of x for the distance between (x, y) and A(-1, 5). (3 marks) 
b Find the coordinates of the two points, B and C, on the line y = 3x which are a distance 

of V74 from (-1, 5). (3 marks) 
¢ Find the equation of the line /, that is perpendicular to y = 3x and goes through the 

point (-1, 5). (2 marks) 
d Find the coordinates of the point of intersection between /, and y = 3x. (2 marks) 
e Find the area of triangle ABC. (2 marks) 


The scatter graph shows the oil production P and carbon dioxide emissions C for various years 
since 1970. A line of best fit has been added to the scatter graph. 


Oil production and carbon dioxide emissions 


Z 35000 - 
3 ca 
23 30000: Ststsiziseiataaiz =a $50 
5 £ 25000 = 
3 = 20000 
é& 
32 15000 
z E 10000 
& 5000 
0 Ht : i 
0 500 1000 1500 2000 2500 3000 3500 4000 4500 
Oil production (million tonnes) 
a Use two points on the line to calculate its gradient. (1 mark) 
b Formulate a linear model linking oil production P and carbon dioxide emissions C, 
giving the relationship in the form C = aP + b. (2 marks) 
¢ Interpret the value of a in your model. (1 mark) 


d With reference to your value of b, comment on the validity of the model for small 
values of P. (1 mark) 
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Challenge 


1 Find the area of the triangle with vertices A(—2, -2), B(13, 8) and C(-4, 14). 


2 Atriangle has vertices A(3, 8), B(9, 9) and C(5, 2) as shown in 
the diagram. 
The line /, is perpendicular to A B and passes through C. 
The line /, is perpendicular to BC and passes through A. 
The line /, is perpendicular to AC and passes through B. 
Show that the lines /,, 4 and /, meet at a point and find the 
coordinates of that point. 


3 Atriangle has vertices A(0, 0), B(a, b) and C(c, 0) as shown in 
the diagram. 


The line /, is perpendicular to A B and passes through C. 
The line /, is perpendicular to BC and passes through A. 
The line /, is perpendicular to AC and passes through B. 
Find the coordinates of the point of intersection of /,, 4, and 4. 
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Summary of key points 
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10 


112 


The gradient m of the line joining the point with 

coordinates (x,, y,) to the point with coordinates 

(xz, V2) can be calculated using the formula 
Vary 


X27 M1 


@ The equation of a straight line can be written inthe form 
y=mx+e, 
where m is the gradient and (0, c) is the y-intercept. 


mx +e 


@ The equation of a straight line can also be written in 
the form 


ax + by +c¢=0, 
where a, b and c are integers. 


The equation of a line with gradient m that passes through the point with coordinates 
(x1,1) can be written as y — y; =m(x — x). 

Parallel lines have the same gradient. 

If a line has a gradient m, a line perpendicular to it has a gradient of =4 

If two lines are perpendicular, the product of their gradients is —1. 


You can find the distance d between (x,, y,) and (x2, 2) by using the formula 
(x2 -— oy)? + 2 — 1)? 


The point of intersection of two lines can be found using simultaneous equations. 


Two quantities are in direct proportion when they increase at the same rate. 
The graph of these quantities is a straight line through the origin. 


A mathematical model is an attempt to represent a real-life situation using mathematical 
concepts. It is often necessary to make assumptions about the real-life problems in order to 
create a model. 
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After completing this unit you should be able to: 
@ Find the mid point of a line segment > pages 114-115 
@ Find the equation of the perpendicular bisector to a line segment 

— pages 116-117 
@ Know how to find the equation of a circle pages 117-120 
@ Solve geometric problems involving straight lines and circles 

— pages 121-122 
@ Use circle properties to solve problems on coordinate grids 

> pages 123-128 
@ Find the angle in a semicircle and solve other problems involving 

circles and triangles > pages 128 - 132 


Prior knowledge check 


1 Write each of the following in the form 
(xt p+: 
a x°+10x+28 b x*-6x4+1 f 
© x-12x d x2+7x Section 2.2 
Find the equation of the line passing i 
through each of the following pairs of 
points: 
a A(0, -6) and B(4, 3) 
b P(7,—5) and O(-9, 3) 
¢ R(-4, -2) and 7(5, 10) € Section 5.2 
Use the discriminant to determine 
whether the following have two real 
solutions, one real solution or no real 
solutions. 
a °-7x+14=0 
b x2+11x+8=0 
c 4x°+12x+9=0 Section 2.5 


Geostationary orbits are circular orbits Find the equation of the line that passes 
around the Earth. Meteorologists use | through the point (3, —4) and is perpendicular 
geostationary satellites to provide 7 to the line with equation 6x-5y-1=0 
information about the Earth’s surface and # Section 5.3 
atmosphere. 
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@ Midpoints and perpendicular bisectors 


You can find the midpoint of a line segment by averaging the y 
x- and y-coordinates of its endpoints. 


(Xz ¥2) 


= The midpoint of a line segment with endpoints (x,, y,) and (x2, )’2) 
i (= +X2 V1 =| 
2 2 


2 2 


Aline segment is a finite part of 
a straight line with two distinct endpoints. 


The line segment AB is a diameter of a circle, where A and B are (—3, 8) and (5, 4) respectively. 
Find the coordinates of the centre of the circle. 


The line segment PQ is a diameter of the circle centre (2, -2). Given that P is (8, -5), find the 


coordinates of Q. 
Problem-solving 


In coordinate geometry problems, it is often 
helpful to draw a sketch showing the information 
given in the question. 


| Let Q have coordinates (a, b). 


S+a -5+5)_ 
( 20) te )=2.-2 
Et+a_ —5 +b 
So 2 =2 2 
B+a=4 
a=-4 
So, Q is (-4, 1). 
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Exercise (6A) 


1 


Find the midpoint of the line segment joining each pair of points: 

a (4, 2), (6,8) b (0, 6), (12, 2) © (2, 2), (-4, 6) 

d (—6, 4), (6, -4) e (7, -4), (-3, 6) f (-5, -5), (-11, 8) 

g (6a, 4b), (2a, 4b) h (—4u, 0), (3u, -2v) i (a+b, 2a-b), (3a- b, -b) 
j (4v2, 1) (2V2, 7) k (V2 - V3, 3V2 + 4y3), (3V2 + V3, -V2 + 2/3) 


The line segment AB has endpoints A(—2, 5) and B(a, b). The midpoint of AB is M(4, 3). 
Find the values of a and b. 


The line segment PQ is a diameter of a circle, where P and Q are (—4, 6) and (7, 8) respectively. 
Find the coordinates of the centre of the circle. 


The line segment RS is a diameter of a circle, where R and S JESU 


4a 3b 2a 5b é 4 : Your answer will be in terms of 
are (%-¥) and (% ¥) respectively. Find the coordinates meee 
of the centre of the circle. 

The line segment AB is a diameter of a circle, where A and B are (-3, —4) and (6, 10) respectively. 
a Find the coordinates of the centre of the circle. 

b Show the centre of the circle lies on the line y = 2x. 

The line segment JK is a diameter of a circle, where J and K are (3, 4) and (-4 2) respectively. 
The centre of the circle lies on the line segment with equation y = 8x + b. 

Find the value of b. 


The line segment AB is a diameter of a circle, where A and B are (0, —2) and (6, —5) respectively, 
Show that the centre of the circle lies on the line x — 2y -10 = 0. 


The line segment FG is a diameter of the circle centre (6, 1). Given F is (2, -3), find the 
coordinates of G. 


The line segment CD is a diameter of the circle centre (—2a, Sa). Given D has coordinates 


(3a, -7a), find the coordinates of C. Problem-solving 


©) 10 The points MG, p) and N(q, 4) lie on the circle centre Use the formula for finding the midpoint: 


®1 


(5, 6). The line segment MN is a diameter of the circle. 3+q prt) 6 6 
Find the values of p and q. Pee eat 


1 The points V(-4, 2a) and W(3b, -4) lie on the circle centre (b, 2a). The line segment VW is a 
diameter of the circle. Find the values of a and b. 


Challenge You can also 


A triangle has vertices at A(3, 5), B(7, 11) and C(p, g). The midpoint of side BC is prove results like this 
M(8, 5). using vectors. 


a Find the values of p and g. — Section 11.5 


b Find the equation of the straight line joining the midpoint of AB to the 
point M. 


¢ Show that the line in part b is parallel to the line AC. 
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= The perpendicular bisector of a line segment 4B is the straight line 
that is perpendicular to 4B and passes through the midpoint of AB. 


If the gradient of AB is m then the gradient 
Example [3) 


of its perpendicular bisector, /, will be 4 
The line segment AB is a diameter of the circle centre C, where A and B are (-1, 4) and (5, 2) 
respectively. The line / passes through C and is perpendicular to AB. Find the equation of /. 


: . (-1+5 44+2 
| The centre of the circle is ($2, 442) —_I 
= (2, 3) 
|The gradient of the line segment AB 
= 4 1 


-(-1) i“, 
| ne of l= 
The a at of lis 


- 3 = 3(x - 2) 
ae 3x -6 


So y=3x-3 


Exe 


1 Find the © on bisector of the line segment joining each pair of points: 
a A(-5, 8) and B(7, 2) b C(-4, 7) and D(2, 25) e¢ E(3,-3) and F(13, -7) 
d P(-4, 7) and O(-4, -1) e S(4, 11) and 7(-S, -1) f X(13, 11) and ¥(5, 11) 
2 The line FG is a diameter of the circle centre C, where F and G are (—2, 5) and (2, 9) respectively. 
The line / passes through C and is perpendicular to FG. Find the equation of /. (7 marks) 


® 3 The line JK is a diameter of the circle centre P, where J and K are (0, —3) and (4, —5) respectively. 
The line / passes through P and is perpendicular to JK. Find the equation of /. Write your 
answer in the form ax + by + c = 0, where a, b and ¢ are integers. 
4 Points A, B, Cand D have coordinates A(—4, —9), B(6, -3), C(11, 5) and D(-1, 9). 
a Find the equation of the perpendicular bisector of line segment AB. 
b Find the equation of the perpendicular bisector of line segment CD. 
ce Find the coordinates of the point of intersection of the two perpendicular bisectors. 
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® 5 Point Y has coordinates (7, —2) and point Yhas coordinates (E33 =F 
4, q). The dicular bisector of YY hi ti 
(4, q). The perpendicular bisector o} nts aca It is often easier to find unknown 


y=4x +b. Find the value of g and the value of b. aidceminaorcanthernent en 
Challenge in the question. Find q first, then 
find b. 
Triangle POR has vertices at P(6, 9), O(3, -3) and R(-9, 3). 


a Find the perpendicular bisectors of each side of the triangle. 


ETLED This point of intersection 
is called the circumcentre of the 


triangle. > Section 6.5 


b Show that all three perpendicular bisectors meet at a single 
point, and find the coordinates of that point. 


@ Equation of a circle 


Acircle is the set of points that are equidistant from a fixed point. You can use Pythagoras’ theorem 
to derive equations of circles on a coordinate grid. 


For any point (x, ») on the circumference of a circle, you can use Pythagoras’ theorem to show 
the relationship between x, y and the radius r. 


= The equation of a circle with centre (0, 0) and radius r is x? + y? =1?. 


When a circle has a centre (a, b) and radius r, you can use the following y 
general form of the equation of a circle. 


= The equation of the circle with centre (a, 5) and radius ris 
(x - a)? + (y - b)? =r. 


Links 


This circle is a translation of the circle 
x? + y* = r? by the vector B} € Section 4.5 


Write down the equation of the circle with centre (5, 7) and radius 4. 


t Online ) Explore the general form of the cP 


equation of a circle using GeoGebra. 


(= 5)? + (y - 72 = 42 ——___J 
(x -— 5)? +(y - 7)? =16 
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Example 


A circle has equation (x — 3)? + (v + 4)? = 20. 
a Write down the centre and radius of the circle. 
b Show that the circle passes through (5, -8). 


fe) 


b (x- 3% 409+ 4)? =2 


Substitute (5, -8) ————————————___ 
(5 — 3)? + (-6 + 4)? = 2? + (-4)? 


=4+16 


So the circle passes through the point 
(5, -8). 


The line segment AB is a diameter of a circle, where A and B are (4, 7) and (-8, 3) respectively. 
Find the equation of the circle. 


Length of AB = (4 - (-8))? + (7 - 3)° = eee 


=yVi22 2 
SVIZE ee blem-solving 


~ vie0 You need to work out the steps of this problem 
=V16 x V10 yourself: 
= 4/10 + Find the radius of the circle by finding the 


length of the diameter and dividing by 2. 


Salto raglve ievI0 + Find the centre of the circle by finding the 


4+(-8) 7+3 
x 2 
The equation of the circle is 
(x + 2)? + (y — 5)? = (2V10)? 
Or (x + 2)? + (y -— 5)? = 40. 


) = 42,5). midpoint of AB, 
+ Write down the equation of the circle. 


The centre is ( 


You can multiply out the brackets in the equation of a circle to find it in an alternate form: 
(x - a)? + (y-b)?2 =r? 

x? = 2ax + a? + y? — 2by +b? =r? 

x? + y?- 2ax-2by+b?+a?-r?=0 


Compare the constant terms with the 
equation given in the key point: 


B+a?-r=csor=\f*+g*-c¢ 


= The equation of a circle can be given in the form: 
x? + yp? + 2fe+2gp+c=0 


® This circle has centre (—f, -g) and radius \ f? + g?-¢ 
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If you need to find the centre and radius of a circle with an equation given in expanded form it is 
usually safest to complete the square for the x and y terms. 


Example 


Find the centre and the radius of the circle with the equation x? + y? - 14x + 16y - 12 =0. 


| Rearrange into the form (x — a)? + (y — b)? : t Links ) You need to complete the square for the 
x2 + y2 — 14x + 16y -12 =O terms in xand forthe terms iny. | € Section 2.2 


(x? = 14y + y? + 1Gy - 12 =0 ) —— 


| Completing the square for x terms and y terms. 
| 


x? = 14x = (x - 7)? - 49 
| y? + 16y =(y + 8)? - 64 

Substituting back into (1) 
|r 7) 49 + (y+ BF - 64-12 =0 
| (x - 7 + (y + 8)? = 125 


(x7)? + (y+ 8)? =(/125)" 
V125 = 25 x /5 = 5V5 


The equation of the circle is 
(x - 7)? + (y + 8)? = (5V5)° 


| The circle has centre (7, -8) and ——————___ 
| radius = 5V5. 


Exercise 


1 Write down the equation of each circle: 
a Centre (3, 2), radius 4 b Centre (-4, 5), radius 6 ¢ Centre (5, -6), radius 2/3. 
d Centre (2a, 7a), radius Sa e Centre (-2/2, -3V2), radius 1 


2 Write down the coordinates of the centre and the radius of each circle: 
a (x+5P+(y-4P =9 b (x-7P +(y-1P = 16 e (x+4pP 4 y? = 25 
d (x + 4a? +(y +a = 144a2 ee (x-3V/5P + (y+ V5 = 27 


3 In each case, show that the circle passes through the given point: 


a (x-2)+(y-5) = 13, point (4, 8) b (x +7) + (vy - 2)? = 65, point (0, -2) 
c¢ x2 + y? = 252, point (7, -24) d (x — 2a)? + (y + 5a)? = 20a”, point (6a, -3a) 
e (x - V5) + (y - V5 = (2V10/ point, (V5, -V5) 

® 4 The point (4, —2) lies on the circle centre (8, 1). { Hint ) First find the radius of the circle. 


Find the equation of the circle. 
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@) 5 


GP) 6 
@) 7 


@s 


The line PQ is the diameter of the circle, where P and Q are (5, 6) and (—2, 2) respectively. 
Find the equation of the circle. (5 marks) 


The point (1, -3) lies on the circle (x — 3)? + (y + 4)? = r?. Find the value of r. (3 marks) 


The points P(2, 2), Q(2 + V3, 5) and R(2 - V3, 5) lie on the circle (x — 2)? + (y - 4 = 
a Find the value of r. (2 marks) 
b Show that APQR is equilateral. (3 marks) 


2 


a Show that x? + y? - 4x - 11 =0can be written in the form (x - a)? + y?= 


where a and rare numbers to be found. Qmarks) Gees 


b Hence write down the centre and radius of the circle with Start by writing (x? - 4x) 
: oie 7 _ — 4x) 
equation x? +? -4x-11=0 Qmarks) eer (x-a)P-b 


a Show that x? + y? - 10x + 4y — 20 = 0 can be written in the form (x - a)? + (vy - bP =, 


where a, b and r are numbers to be found. (2 marks) 
b Hence write down the centre and radius of the circle with equation 
x+y? = 10x + 4y - 20 =0. (2 marks) 


10 Find the centre and radius of the circle with each of the following equations. 


a x +y?-2x4+8yp-8=0 
a t Hint ) Start by writing the equation 


b x+y? 4+ 12x-4y=9 in one of the following forms: 
¢ x2 +y2-6y = 22x - 40 (x-aP+(y-bP =P 


d x 4y? + 5x-y+4=2y4+8 XP + ye + 2fx + 2gy+e=0 
e@ 2x? + 2)? — 6x + Sp = 2x - 3y-3 


11 A circle C has equation x? + y? + 12x + 2y =k, where k is a constant. (7 enee ants 


a Find the coordinates of the centre of C. (marks) 4 circle must have a 


b State the range of possible values of k. (2 marks) positive radius. 


12. The point P(7, -14) lies on the circle with equation x? + y? + 6x - 14y = 17. 


The point Q also lies on the circle such that PQ is a diameter. 
Find the coordinates of point Q. (4 marks) 


13. The circle with equation (x — k)? + y? = 41 passes through the point (3, 4). 


Find the two possible values of k. (5 marks) 


Challenge 


1. Acircle with equation (x — k)? + (y — 2)? = 50 passes through the point (4, —5). 
Find the possible values of k and the equation of each circle. 

2 By completing the square for x and y, show that the equation x? + y? + 2fx+2gy+c=0 
describes a circle with centre (—f, -g) and radius 2? + g*-¢. 
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@®@ Intersections of straight lines and circles 


No points of 
intersection 
ie 


You can use algebra to find the coordinates of intersection ‘one point of _», 
of a straight line and a circle. intersection 7 
= Astraight line can intersect a circle once, by just 
touching the circle, or twice. 
Not all straight lines will intersect a given circle. 
—! 


Example intersection 


Find the coordinates of the points where the line { Online ) Explore intersections of straight e? 
y =x +5 meets the circle x? + (y — 2)? = 29. lines and circles using GeoGebra. 


x? +(y- 2) = 29 

x? +(x+5- 2)? = 29 

x? + (x + 3)? = 29 

x? +x? 46x49 = 29 

2x? + 6x - 20=0 

x? + 3x-10=0 

(x + 5x - 2)=0 

Sox=-5S andx=2. 

x=-5:y=-5+5=0 
x=2:y=2+5=7 

The line meets the circle at (-5, O) and (2, 7). ——4 


Example 
Show that the line y = x — 7 does not meet the circle (x + 2)? + y? = 33. 
(x + 2)? + y? = 33 


(x + 2)? + (x -7P =33 
x24 4x44 4x? - 14x +49 = 33 


” eee eee eee 


x? -5x+10=0 
Now 5b? — 4ac = (-5)? -4x1x10 


Seeone Problem-solving 


=-15 
If b? — 4ac > 0 there are two distinct roots. 

b? — Aac < O, so the line does not meet the If b2 — 4ac = 0 there is a repeated root. 

circle. If b? - 4ac <0 there are no real roots. 


Be 
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Exercise 


iP) 6 


ie) 7 


GP) 8 


(E/P) 9 
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Find the coordinates of the points where the circle [ Hint } Gubeutuce eointe the cduations 
(x - 1)? + (vy -— 3) = 45 meets the x-axis. 
Find the coordinates of the points where the circle (x — 2)? + (vy + 3)? = 29 meets the y-axis. 


The line y = x + 4 meets the circle (x — 3)? + (vy — 5)? = 34 at A and B. 
Find the coordinates of A and B. 


Find the coordinates of the points where the line x + y + 5 = 0 meets the circle 


x? + 6x +? + 10y - 31 =0. 
Problem-solving 


Attempt to solve the equations simultaneously. 
Use the discriminant to show that the resulting 
quadratic equation has no solutions. 


Show that the line x — y — 10 = 0 does not 
meet the circle x? - 4x + y? = 21. 


a Show that the line x + y = 11 meets the circle with equation x? + (y — 3)? = 32 at only one 
point. (4 marks) 


b Find the coordinates of the point of intersection. (1 mark) 


The line y = 2x - 2 meets the circle (x — 2)? + (y - 2)? = 20 at A and B. 
a Find the coordinates of A and B. (5 marks) 
b Show that AB is a diameter of the circle. (2 marks) 


The line x + y =a meets the circle (x — p)* + (y — 6)? = 20 at (3, 10), where a and p are constants. 
a Work out the value of a. (1 mark) 
b Work out the two possible values of p. (5 marks) 


The circle with equation (x — 4)? + (v + 7) = 50 meets the straight line with equation 
x-y-—5=Oat points A and B. 


a Find the coordinates of the points A and B. (5 marks) 
b Find the equation of the perpendicular bisector of line segment AB. (3 marks) 
¢ Show that the perpendicular bisector of AB passes through the centre of the circle. (1 mark) 
d Find the area of triangle OAB. (2 marks) 


The line with equation y = kx intersects the circle with equation x? - 10x + y? - 12y + 57 =O at 
two distinct points. Find a range of possible values of k. Round your answer to 2 decimal places. 


a Show that 21k? — 60k + 32 <0. (5 marks) 
b Hence determine the range of possible values for k. (3 marks) 
The line with equation y = 4x — 1 does not intersect Problem-solving 

the circle with equation x? + 2x + y? =k. Find the If you are solving a problem where 

range of possible values of k. there are 0, 1 or 2 solutions (or points of 


intersection), you might be able to use 


The line with equation y = 2x + 5 meets the circle ARediscriniiants 


with equation x* + kx + y? = 4 at exactly one point. 
Find two possible values of k. (7 marks) 
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@ Use tangent and chord properties 


You can use the properties of tangents and chords within circles to solve 
geometric problems. A tangent to a circle is a straight line that intersects 
the circle at only one point. 


= A tangent to a circle is perpendicular to the radius of the circle at g 
the point of intersection. 


tangent 


A chord is a line segment that joins two points on the 


£ a erpendicular 
circumference of a circle. ate 


bisector centre 


of circle 


= The perpendicular bisector of a chord will go through the 
centre of a circle. 


{ online ) Explore the circle theorems a? 


using GeoGebra. 


The circle C has equation (x - 2)? + (vy — 6)? = 100. 
a Verify that the point P(10, 0) lies on C. 


b Find an equation of the tangent to C at the point (10, 0), giving your answer in the form 
ax + by +c=0. 


ja (xv- 2) + (y - 6 = (10 - 2)? + 0 - 6 
= 6? + (-6) 
= 64+ 36 
=100 ¥ 
b The centre of circle C is (2, 6). Find the 
gradient of the line between (2, G) and P. 
—VATGK = GEO! — =6 3 


m=%e—% 2-10 6 4 


The gradient of the tangent is $ 


y 


Vi = m(x - x) 
y-0 =4e- 10) 

3y = 4x - 40 

4x - 3y-40=0 
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A circle C has equation (x - 5)? + (v + 3)? = 10. 


The line / is a tangent to the circle and has gradient —3. 


Find two possible equations for /, giving your answers in the form y = mx + c. 


ny 


Find a line that passes through the centre of 
the circle that is perpendicular to the tangents. 


The gradient of this line is 3 


(5, -3) 
ry) = mx - x) 
y+3e= Ser-5) 
5: 
yt3=Qx- 3 
14 
(x - 5)? + (y + 3)? = 10 
pceee tec al a 
(x5 +(dx-" 43)’ =10 
Oe es (eee) ee 
wr-5¥+(Zx-3) =10 
<2 10x 4y2_10,, 25 _ 
x 1Ox4 25 +o% gt tg 718 


Bee ~ 1x4 250 = 
10x? — 100x + 250 = 90 
10x? — 100x + 160 =O 
x?-10x+16=0 
(x - B(x - 2)=0 


x=6orx=2 


10 


y=-S=-2 or y=-4 


124 


The coordinates of the centre of circle are 


Problem-solvi 


Draw a sketch showing the circle and the two 
possible tangents with gradient —3. If you are 
solving a problem involving tangents and circles 
there is a good chance you will need to use the 
radius at the point of intersection, so draw this on 
your sketch. 


V 
a> 
! 

| 
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| So the tangents will intersect the circle at | Substitute (x;, y,) = (8, -2) and m = -3 into the 
(6, -2) and (2, —4) equation for a straight line. 


y-Y, =m(x — x) 


This is one possible equation for the tangent. 
y+ 2=-3(x — 8)-——___________] 
y= -3x +22 


Substitute (x;,91) = (2, -4) and m = -3 into the 
yr yy =m(x — x) equation for a straight line. 


yt4 =-3(x-2) 
yp=-3x+ 2-——______—. This is the other possible equation for the tangent. 


Example 


The points P and Q lie on a circle with centre C, as shown in the diagram. 
The point P has coordinates (—7, —1) and the point Q has coordinates (3, -5). 
M is the midpoint of the line segment PQ. 
The line / passes through the points M and C. 
a Find an equation for /. 


Given that the y-coordinate of C is -8, 
b show that the x-coordinate of C is —4 
¢ find an equation of the circle. 


|a The midpoint M of line segment PQ is: 
& +2 91 22) os = +3 -14( 
Ee  2 


Use the midpoint formula with (x, } 
os * 2 ) and (x, 91) = (3, -5). 


Use the gradient formula with (x, y,) = (-7, -1) 
and (x,, »,) = (3, -5). 


242 
“10° 5 Problem-solving 


The gradient of a line perpendicular to If a gradient is given as a fraction, you can find 
PO is 5 the perpendicular gradient quickly by turning the 
ie fraction upside down and changing the sign. 


Y- y= m(x- x) 


ye3es Rte + 2)-——___ Substitute (x, ,) = (-2, -3) and m= 3 into the 
equation of a straight line. 


yr3= 3x +5 
ye Bx 4 oe Simplify and leave in the form y = mx + ¢. 
b y= 2x +2 The perpendicular bisector of any chord passes 
5 > through the centre of the circle. Substitute y =-8 
os Pg +2 — i into the equation of the straight line to find the 
3x =-10 corresponding x-coordinate. 
x=-4 Solve the equation to find x. 
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Exe 


1 


2 


3 


® 4 


®5 


To find the radius of the circle: 
CO = (x2 — 4? + 2 — ¥V) 
=V49 +9 =/58 
So the circle has a radius of 58. 
The equation of the circle is: ie || 
(x — a)? + (py = b)? = 9? 
(x + 4)? + (vy + 6)? = 58 


The line x + 3y — 11 = 0 touches the circle (x + 1)? + (y + 6) =? at (2, 3). 
a Find the radius of the circle. 
b Show that the radius at (2, 3) is perpendicular to the line. 


The point P(1, -2) lies on the circle centre (4, 6). 
a Find the equation of the circle. 
b Find the equation of the tangent to the circle at P. 


The points A and B with coordinates (-1, —9) and (7, —5) lie on the circle C with equation 
(x= 1 + (y+ 3P = 40. 

a Find the equation of the perpendicular bisector of the line segment AB. 

b Show that the perpendicular of bisector AB passes through the centre of the circle C. 


The points P and Q with coordinates (3, 1) and (5, —3) lie on the circle C with equation 
w-4x 42+ 4y=2. 

a Find the equation of the perpendicular bisector of the line segment PQ. 

b Show that the perpendicular bisector of PQ passes through the centre of the circle C. 


The circle C has equation x? + 18x + y? - 2y + 29 =0. 
a Verify the point P(-7, -6) lies on C. (2 marks) 
b Find an equation for the tangent to C at the 

point P, giving your answer in the form 

y=mx+b. (4 marks) 


¢ Find the coordinates of R, the point of intersection of the tangent and the y-axis. (2 marks) 
d Find the area of the triangle APR. (2 marks) 
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6 The tangent to the circle (x + 4)? + (y — 1)? = 242 at (7, -10) meets the y-axis at S and the x-axis at T. 
a Find the coordinates of S and T. (5 marks) 
b Hence, find the area of AOST, where O is the origin. (3 marks) 


7 The circle C has equation (x + 5)? + (y + 3)? = 80. 
The line / is a tangent to the circle and has gradient 2. 


Find two possible equations for / giving your answers in 
the form y = mx +c. (8 marks) 


8 The line with equation 2x + y-5=0Oisa pronenteolviite 


tangent to the circle with equation 
(x- 32 +(p-pP=5 The line is a tangent to the circle so it must 
intersect at exactly one point. You can use 


#: ‘Find the'two possible values of p: (8 marks) the discriminant to determine the values of 
b Write down the coordinates of the centre p for which this occurs. 
of the circle in each case. (2 marks) 


9 The circle C has centre P(11, -5) and passes through the 
point Q(5, 3). 
a Find an equation for C. (3 marks) 
The line /, is a tangent to C at the point Q. 
b Find an equation for /;. (4 marks) 


The line /, is parallel to /; and passes through the midpoint 
of PQ. Given that /, intersects C at A and B 


¢ find the coordinates of points A and B (4 marks) 
d find the length of the line segment AB, leaving your 
answer in its simplest surd form. (3 marks) 


10 The points R and S lie on a circle with centre C(a, -2), 
as shown in the diagram. 


The point R has coordinates (2, 3) and the point S 
has coordinates (10, 1). 


M is the midpoint of the line segment RS. 
The line / passes through M and C. 


a Find an equation for /. (4 marks) 
b Find the value of a. (2 marks) 
¢ Find the equation of the circle. (3 marks) 
d Find the points of intersection, A and B, of the line / and the circle. (5 marks) 
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11 The circle C has equation x? — 4x + y? - 6y =7. 
The line / with equation x — 3y + 17 = 0 intersects the circle 
at the points P and Q. 


a Find the coordinates of the point P and the 


point Q. (4 marks) 

b Find the equation of the tangent at the point P 
and the point Q. (4 marks) 

c Find the equation of the perpendicular bisector 
of the chord PQ. (3 marks) 

d Show that the two tangents and the perpendicular bisector intersect at a single point 
and find the coordinates of the point of intersection. (2 marks) 

Challenge Problem-solving 
1 The circle C has equation (x - 7)? + (y+ 1)? =5. Use the point (0, -2) to write 


an equation for the tangent 

in terms of m. Substitute this 
equation into the equation for 
the circle. 


The line / with positive gradient passes through (0, 2) and is a 
tangent to the circle. 


Find an equation of /, giving your answer in the form y = mx +c. 


y 


2 The circle with centre C has equation (x — 2)? + (y — 1)? = 10. 
The tangents to the circle at points P and Q meet at the point R with 
coordinates (6, —1). 
a Show that CPRQ is a square. 
b Hence find the equations of both tangents. 


@® Circles and triangles 


A triangle consists of three points, called vertices. . Circumcircle 
It is always possible to draw a unique circle through the three 
vertices of any triangle. This circle is called the circumcircle of 
the triangle. The centre of the circle is called the circumcentre 
of the triangle and is the point where the perpendicular 
bisectors of each side intersect. 
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For a right-angled triangle, the hypotenuse of the triangle is a 


diameter of the circumcircle. 
You can state this result in two other ways: 
= If ZPRO = 90° then R lies on the circle 


= The angle in a semicircle is always a right angle. 


To find the centre of a circle given any three 


= Find the equations of the perpendicular bisectors 


of two different chords. 


= Find the coordinates of the point of intersection of 


the perpendicular bisectors. 


fH 


Example 


The points A(-8, 1), B(4, 5) and C(-4, 9) lie on the 


circle, as shown in the diagram. 
a Show that AB is a diameter of the circle. 
b Find an equation of the circle. 


|a Test triangle ABC to see if it is a right- 

angled triangle. 

AB? = (4-(-8))? + (5 - 1)? 
= 122 + 42 = 160 

AC? = (-4-(-8))? + (9 = 12 
= 4? + 8? = 80 

BC? = (-4 - 42 + (9 - 5)? 
=(-6? + 42 = 60 


Now, 60 + 80 = 160 so AC? + BC? = AB? 
So triangle ABC is a right-angled triangle 


and AB is the diameter of the circle. 


|b Find the midpoint M of AB. 


R 
P Q 
with diameter PQ. 
points on the circumference: 


Perpendicular 


+X. V1 a ss = +4145 
ene he ae a 
= (-2, 3) 
The diameter is V1G0 = 4/10 
The radius is 2V10 


) 


(x — a)? + (y — bP =r? 
(x4 2)2+ (y-3)2=(2VT0)" 
(x+2)24+(y-3)?=40 
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Circles 


bisectors intersect. 
at the centre of 
the circle. 


Chapter 6 


Example 


The points P(3, 16), Q(11, 12) and R(—7, 6) lie on the circumference of a circle. The equation of the 


perpendicular bisector of PQ is y = 2x. 


a Find the equation of the perpendicular bisector of PR. 


b Find the centre of the circle. 
e Work out the equation of the circle. 


x; + 


a The midpoint of PR is ( 


b Equation of perpendicular bisector to 
PQ: y = 2x 


=(° “en ‘ex a) = (-2, 11) 
The gradient of PRis 22— 2! = = 16 —— 
ejeIe 
-10 
The gradient of a line perpendicular to 
PRis -1. 
Y- Vy = mx — xX) 
y- N= "(x - (-2)) 
yr-Na-x-2 
yo-x+9 


Equation of perpendicular bisector to 


The centre of the circle is at (3, 6). 
ce Find the distance between (3, 6) and 

QU, 12). 

d= \(x2 — x)? + (V2 — ys)? 

d=y(11 - 3)2 + (12 - 6) 

d=V64+ 36 


@= $100 =10'—_I 
The circle through the points P, Q and R 
has a radius of 10. 

The centre of the circle is (3, 6). 


The equation for the circle is 
(x — 3)? + (y — 6)? = 100" 
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{ online ) Explore triangles and e? 


their circumcircles using GeoGebra. 


The perpendicular bisector of PR passes through 
the midpoint of PR. 

Substitute (x1, ) = (3, 16) and (x2, y’2) = (-7, 6) 
into the midpoint formula. 


Substitute (x,y) = (3, 16) and (xz, 2) = (-7, 6) 
into the gradient formula. 


Substitute m = —1 and (x, y. 
equation for a straight line. 


= (-2, 11) into the 


Simplify and leave in the form y = mx + c. 


Solve these two equations simultaneously to find 
the point of intersection. The two perpendicular 
bisectors intersect at the centre of the circle. 


This is the x-coordinate of the centre of the circle. 


Substitute x = 3 to find the y-coordinate of the 
centre of the circle. 


The radius of the circle is the distance from the 
centre to a point on the circumference of the 
circle. 


Substitute (x,, ,) = (3, 6) and (x2, ’2) = (11, 12) 
into the distance formula. 


Simplify to find the radius of the circle. 


Substitute (a, b) = (3, 6) and r = 10 into 
(x-a?+(y-bP=r 
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Exercise 


! 


1 


2 


3 


4 


®5 
® 6 


®7 


The points U(-2, 8), V(7, 7) and W(-3, -1) lie on a circle. 
a Show that triangle UV W has a right angle. 

b Find the coordinates of the centre of the circle. 

¢ Write down an equation for the circle. 


The points A(2, 6), B(5, 7) and C(8, —2) lie on a circle. 
a Show that AC is a diameter of the circle. 

b Write down an equation for the circle. 

¢ Find the area of the triangle ABC. 


The points A(-3, 19), B(9, 11) and C(-15, 1) lie on the circumference of a circle. 
a Find the equation of the perpendicular bisector of 
i AB ii AC 
b Find the coordinates of the centre of the circle. 
¢ Write down an equation for the circle. 


The points P(-11, 8), Q(-6, -7) and R(4, -7) lie on the circumference of a circle. 

a Find the equation of the perpendicular bisector of 
i PQ ii OR 

b Find an equation for the circle. 


Problem-solving 


The points R(-2, 1), S(4, 3) and 7(10, -5) lie on the 
circumference of a circle C. Find an equation for the circle. 


Circles 


Use headings in your working 
to keep track of what you are 


Consider the points A(3, 15), B(-13, 3), C(-7, -5) and D(8, 0). working out at each stage. 


a Show that ABC is a right-angled triangle. 
b Find the equation of the circumcircle. 
ce Hence show that A, B, C and D all lie on the circumference of this circle. 


The points A(-1, 9), B(6, 10), C(7, 3) and D(0, 2) lie on a circle. 
a Show that ABCD is a square. 


b Find the area of ABCD. YA 


¢ Find the centre of the circle. 


The points D(-12, -3), E(-10, 6) and F(2, -5) lie 


on the circle C as shown in the diagram. *% 
Given that 2DEF = 90° and b >0 
a show that b= 1 (5 marks) F(2,-5) 
b find an equation for C. (4 marks) 
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9 Acircle has equation x? + 2x + j?- 24y -24=0 


a Find the centre and radius of the circle. (3 marks) 
b The points 4(-13, 17) and B(11, 7) both lie on the circumference of the circle. 
Show that AB is a diameter of the circle. (3 marks) 


c The point C lies on the negative x-axis and the angle ACB = 90°. 
Find the coordinates of C. (3 marks) 


Mixed exercise 


® 1 The line segment QR is a diameter of the circle centre C, where Q and R have coordinates 
(11, 12) and (-5, 0) respectively. The point P has coordinates (13, 6). 
a Find the coordinates of C. 
b Find the radius of the circle. 
¢ Write down the equation of the circle. 
d_ Show that P lies on the circle. 


2 Show that (0, 0) lies inside the circle (x - 5)? + (y + 2)? = 30. 
3 The circle C has equation x* + 3x + y? + 6y = 3x -2y-7. 


a Find the centre and radius of the circle. (4 marks) 
b Find the points of intersection of the circle and the y-axis. (3 marks) 
¢ Show that the circle does not intersect the x-axis. (2 marks) 


4 The centres of the circles (x - 8)? + (y — 8? = 117 and (x + 1)? + (vy - 3)? = 106 are Pand Q 
respectively. 
a Show that P lies on (x + 1) + (vy - 3? = 106. 
b Find the length of PQ. 
. 1 3 13 ‘ ‘ 
® 5 The points A(-1, 0), BC, 3) and cs -3) are the vertices of a triangle. 
a Show that the circle x? + y? = 1 passes through the vertices of the triangle. 
b Show that AABC is equilateral. 


6 A circle with equation (x - k? + (y — 3k)? = 13 passes through the point (3, 0). 
a Find two possible values of k. (6 marks) 


b Given that k > 0, write down the equation of the circle. (1 mark) 


(E/P) 7 The line with 3x — y — 9 = 0 does not intersect the circle with equation x? + px +? + 4y = 20. 
Show that 42-10 <p<42+ 10/10. (6 marks) 


® 8 The line y = 2x — 8 meets the coordinate axes at A and B. The line segment AB is a diameter 
of the circle. Find the equation of the circle. 


®© 9 The circle centre (8, 10) meets the x-axis at (4, 0) and (a, 0). 
a Find the radius of the circle. 
b Find the value of a. 
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10 


11 


12 


13 


14 
15 


16 


@) 17 


Circles 


The circle (x — 5)? + y? = 36 meets the x-axis at P and Q. Find the coordinates of P and Q. 


The circle (x + 4)? + (v — 7)? = 121 meets the y-axis at (0, m) and (0, 7). 
Find the values of m and n. 


The circle C with equation (x + 5)? + (y + 2)? = 125 meets the positive coordinate axes at 
A(a, 0) and B(O, b). 


a Find the values of a and b. (2 marks) 
b Find the equation of the line AB. (2 marks) 
¢ Find the area of the triangle OAB, where O is the origin. (2 marks) 


The circle, centre (p, q) radius 25, meets the x-axis at (—7, 0) and (7, 0), where g > 0. 
a Find the values of p and q. 
b Find the coordinates of the points where the circle meets the y-axis. 


The point A(-3, -7) lies on the circle centre (5, 1). Find the equation of the tangent to the 
circle at A. 


The line segment AB is a chord of a circle centre (2, -1), where A and B are (3, 7) and (-5, 3) 
respectively. AC is a diameter of the circle. Find the area of AABC. 


The circle C has equation (x - 6)? + (vy — 5)? = 17. 
The lines /, and /, are each a tangent to the circle 
and intersect at the point (0, 12). 


Find the equations of /, and 4, giving your 
answers in the form y = mx + c. (8 marks) 


The points A and B lie on a circle with centre C, 
as shown in the diagram. 


The point A has coordinates (3, 7) and the 
point B has coordinates (5, 1). 


M is the midpoint of the line segment AB. 
The line / passes through the points M and C. 


(4 marks) 


a Find an equation for /. 
Given that the x-coordinate of C is —2: 


b find an equation of the circle 


¢ find the area of the triangle ABC. 


(4 marks) 
(3 marks) 
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The circle C has equation (x — 3)? + (v + 3)? = 52. 

The baselines /, and /, are tangents to the circle and 

have gradient > 

a Find the points of intersection, P and Q, of the 
tangents and the circle. (6 marks) 


b Find the equations of lines /; and /,, giving your 
answers in the form ax + by + ¢=0. (2 marks) 


The circle C has equation x? + 6x +? - 2y =7. 
The lines /, and /, are tangents to the circle. 

They intersect at the point R(0, 6). 

a Find the equations of lines /, and /, giving your 


answers in the form y = mx + b. (6 marks) 
b Find the points of intersection, P and Q, of the 

tangents and the circle. (4 marks) 
¢ Find the area of quadrilateral APRQ. (2 marks) 


The circle C has a centre at (6, 9) and a radius of 50. 
The line /, with equation x + y — 21 = 0 intersects the circle at the points P and Q. 
a Find the coordinates of the point P and the 

point Q. (5 marks) 
b Find the equations of /, and /;, the tangents at the 

points P and Q respectively. (4 marks) 
¢ Find the equation of /,, the perpendicular bisector 

of the chord PQ. (4 marks) 
d Show that the two tangents and the perpendicular 

bisector intersect and find the coordinates of R, 

the point of intersection. (2 marks) 
e Calculate the area of the kite APRQ. (3 marks) 


The line y = —3x + 12 meets the coordinate axes at A and B. 

a Find the coordinates of A and B. 

b Find the coordinates of the midpoint of AB. 

¢ Find the equation of the circle that passes through A, B and O, where O is the origin. 


The points A(—3, -2), B(—6, 0) and C(1, q) lie on the circumference of a circle such that 

ZBAC = 90°. 

a Find the value of g. (4 marks) 
b Find the equation of the circle. (4 marks) 
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23 The points R(-4, 3), S(7, 4) and 7(8, -7) lie on the circumference of a circle. 


a Show that RT is the diameter of the circle. 
b Find the equation of the circle. 


® 24 The points 4(-4, 0), B(4, 8) and C(6, 0) lie on the circumference of circle C. 
Find the equation of the circle. 


@®) 25 The points A(-7, 7), BU, 9), C(3, 1) and D(-7, 1) lie on a circle. 
a Find the equation of the perpendicular bisector of: 
i AB ii CD 
b Find the equation of the circle. 


Challenge y 


The circle with equation (x — 5)? + (y — 3)? = 20 with centre 4 
intersects the circle with equation (x — 10)? + (vy — 8)? = 10 with 
centre Bat the points P and Q. Pp 


in the form ax + by + ¢=0. 
b Find the coordinates of the points P and Q. 
¢ Find the area of the kite APBQ. 


a Find the equation of the line containing the points P and O ; 


Circles 


(4 marks) 
(4 marks) 


Summary of key points 
a 


1. The midpoint of a line segment with endpoints 


(x93) and (xy ys (25822), 


HV 


(an ¥2) 


M+, N+y2 
Z Z 


2 The perpendicular bisector of a line segment AB is the straight line that is perpendicular to 


AB and passes through the midpoint of AB. 


“f 1 
will be —. 
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If the gradient of ABis m 
then the gradient of its 
perpendicular bisector, /, 
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The equation of a circle with centre (0, 0) and radius ris x? + y? = 12. 
The equation of the circle with centre (a, b) and radius r is (x — a)? + (vy — 5)? = 72. 


The equation of a circle can be given in the form: x2 + y2 + 2fx+2gy+c=0 


This circle has centre (—/, —g) and radius f? + g2-¢ 


A straight line can intersect a circle once, by just touching ‘one point of no points of 
the circle, or twice. Not all straight lines will intersect a intersection voee 
given circle. 


two points of 

intersection 
A tangent to a circle is perpendicular to the radius of the circle at the 
point of intersection. 

J 
tangent 

The perpendicular bisector of a chord will go through the perpendicular 
centre of a circle. bisector 


+ If 2PRO =90° then R lies on the circle with diameter PQ. R 


+ The angle in a semicircle is always a right angle. 
P Id 

To find the centre of a circle given any three points: 
+ Find the equations of the perpendicular 

bisectors of two different chords. Perpendicular 
+ Find the coordinates of intersection of the bisectors intersect. 

perpendicular bisectors. atthe centre of 

the circle 
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Algebraic methods 


Objectives 


After completing this unit you should be able to: 
@ Cancel factors in algebraic fractions 
@ Divide a polynomial by a linear expression 


~ pages 138-139 
~ pages 139-142 


@ Use the factor theorem to factorise a cubic expression 


@ Construct mathematical proofs using algebra 


Use proof by exhaustion and disproof by 
counter-example 


Proof is the cornerstone of mathematics. yo 
Mathematicians need to prove theorems (such 7 
as Pythagoras’ theorem) before theycanuse 
them to solve problems. Pythagoras’ theorem 

can be use to find approximate values for 7. N 


AN 


> — Mixed exercise challenge Qi 7 
We~ EEA? I a7 _\ 


— pages 143-146 


~ pages 146-150 


~ pages 150-152 


1 Simplify: 
5x32 


15x*y3 


a 3x? x 5x° € Section 1.1 


2  Factorise: 
a x*-2x-24 b 3x*-17x+20 
€ Section 1.3 
3 Use long division to calculate: 
a 197041+23 b 56168+34 


« GCSE Mathematics 


| 4 Find the equations of the lines that pass 


through these pairs of points: 
a (-1, 4) and (5,-14) 
b (2, -6) and (8, —3) 
5 Complete the square for the expressions: 
a x*-2x-20 b 2x?4+4x415 
€ Section 2.2 


LEN / £ 


ey) 


« GCSE Mathematics 
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@ Algebraic fractions 


You can simplify algebraic fractions using division. 


= When simplifying an algebraic fraction, where 


possible factorise the numerator and denominator 


and then cancel common factors. 


Simplify these fractions: 


5x°- 245 _ S(x+7)(x-7) _ 5(v +7) 
2x?-15x+7 (2x-1)(x-7) 2x-1 


a Pad 6x 4, @HDEX“Y | 47x42 + Ox +5 2x2 + Lx + 12 
* (2x - 1) (x +3) x? + 3x-10 (x + 3)(x + 4) 
7x4 - 2x9 + 6x 
2 x 
= ves = z= + Ss Divide each numerator by x. 
= 7x3 — 2x2 
ae -— Simplify by cancelling the common factor of (2x — 1). 
(x + 72x - 1) 
b = =x+7 
(2x - 1) ‘i __ Factorise: 
X2+7x +12 _ (x + 3)(x+ 4) x? + 7x +12 = (x + 3)(x + 4). 
oe w+3) +3) 


= xX 4 


e+ 6x45 _ (x + S)x + 1) 
x? +3x-10 (x + 5)(x - 2) 
_x+1 


x= 2 


e@ 2x? + 1x +12 = 2x? + 3x + 8x + 12 
= x(2x + 3) + 4(2x + 3) 
= (2x + 3)(x + 4) 


3 2x? + Nx +12 
(x + 3)(x + 4) 


_ (2x + 3)(x + 4) 
“(x + 3)(x + 4) 


ants: 


+S 


Exercise 


1 Simplify these fractions: 
4xt +5, vhs 


Si 


2 


7x5 — 5x5 + 9x3 +x? 


Cancel the common factor of (x + 3). 


Factorise: x2 + 6x + 5=(x+5)(x + 1) and 
x2 +3x-10= (x + 5)(x- 2). 


Cancel the common factor of (x + 5). 


Factorise: 


 Qxt + 1x + 12= 2x2 + 3x + 8x4 12 


Cancel the common factor of (x + 4). 


—x4 +407 +6 


x b x 


138 
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8x4 — 403 + 6x t 9x? — 12x3 - 3x 
2x 3x 
Tx8 = 4-2 —4x? + 6x4 - 2x 2 X84 9x4 - 4034+ 6 
ata Site ho  ——_S=. 
Sx -2x -2x 
. 9x? - 6x6 + 4x4 - 2 
5 —3x 


2 Simplify these fractions as far as possible: 


(x + 3)(x - 2) (x + 4)(3x- 1) (x +3)? 
2-2) Gx-1) © (+3) 
x? + 10x +21 é x? + 9x +20 
(x +3) (x +4) 


24 3x+2 
+5x4+4 


2x? + 9x - 18 3x2 - 7x +2 


: (x + 6)(x + 1) ! (3x — 1)(x + 2) 
x? + 6x +8 


3x2 + 7x +2 2x? -9x+9 


3 2 84x ax(xtb 
3 oo = al) where a, b and ¢ are constants. 


Work out the values of a, b and c. (4 marks) 


G Dividing polynomials 


A polynomial is a finite expression with positive Polynomials Not polynomials 
whole number indices. Boh Fz 
2 V2 
= You can use long division to divide a polynomial 4xy? +3x-9 6x-2 
by (x + p), where p is a constant. Ze 
8 3S 
x 


Divide x} + 2x? - 17x + 6 by (x - 3). 


Start by dividing the first term of the polynomial 
by x, so that x3 + x = x2. 

Next multiply (x — 3) by x2, so that 

x x (x-— 3) =33 -— 3x4, 

‘_ Now subtract, so that (x3 + 2x2) — (x3 — 3.x?) = 5x2. 
Finally copy —17x. 
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x — 3)x7 + 2x*-T7x +6 


x 2 


= 17x 
5x2 = 15x 
-2x+6 


@ x? + 5x 
X — 3)x3 + 2x* -T7X +6 
Fda 5 — 
5x? - 17x 
5x? — 15x - 
| 
(6) x2 4+5x-2 


-2x+6 
ie) 


Xt 2x? - 17x +6 
x-3 


f(x) = 4x4 - 17x72 +4 


Si 


Repeat the method. Divide 5x? by x, so that 

5x? + x= 5x, 

Multiply (x — 3) by 5x, so that 

5x x (x — 3) = 5x? - 15x. 

Subtract, so that (5x? — 17x) — (5x? - 15x) = -2x. 
Copy 6. 


Repeat the method. Divide —2x by x, so that 
ex 2. 


Multiply (x — 3) by -2, so that 
—2 x (v—3)=-2x +6. 


Subtract, so that (-2x + 6) — (-2x + 6) = 0. 
No numbers left to copy, so you have finished. 


This is called the quotient. 


Divide f(x) by (2x + 1), giving your answer in the form f(x) = (2x + 1)(ax? + bx? + ex + d). 


Find (4x4 - 17x? + 4) + (2x + 1) 


2x3 = x? - 8x +4 
2x + 1) 4x7 + Ox5 = 17x? + Ox +4 


So 
Ax* — 17x? + 4 = (2x + 1)(2x? — x* - Bx + 4). 


4x* + 2x8 
=2x3 = 17x? | 
2x3 — x? 7 
16x? + Ox 
-16x? - Bx i 
ox+4 = 
6x+4 - 
oO 


Use long division. Include the terms 0x? and Ox 
when you write out f(x). 


You need to multiply (2x + 1) by 2x? to get the 
4x* term, so write 2x? in the answer, and write 
2x3(2x + 1) = 4x4 + 23 below. Subtract and copy 
the next term. 


You need to multiply (2x + 1) by —x* to get the 
-2x3 term, so write —x* in the answer, and write 
—x3(2x + 1) =-2x3 -— x? below. Subtract and copy 
the next term. 


Repeat the method. 


(4x4 -17x2 + 4) = (2x +1) =2x3-x*- 8x44. 
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Find the remainder when 2x — 5x? — 16x + 10 is divided by (x - 4). 
2x? + 3x-4 
x — 4)2x3 = 5x? — Tex + 10 
2x3 - 8x? 
3x? - 16x 
3x? - 12x 
= ¥ = (x — 4) is not a factor of 2x3 - 5x? - 16x + 10 as 
TT the remainder # 0. 
= This means you cannot write the expression in 
| So the remainder is -6. the form (x — 4)(ax? + bx + 0). 


Exercise 


1 Write each polynomial in the form (x + p)(ax? + bx + c) by dividing: 
a x) + 6x? + 8x +3 by (x + 1) b x3 + 10x? + 25x + 4 by (x + 4) 
¢ 8 - x7 +x + 14 by (x + 2) d 8 +2x°- 7x - 15 by (x - 3) 
e x3 - 8x? + 13x + 10 by (x - 5) f »-5x? - 6x — 56 by (x- 7) 
2 Write each polynomial in the form (x + p)(ax* + bx + c) by dividing: 
a 6x3 + 27x? + 14x + 8 by (x + 4) b 4x3 + 9x? - 3x - 10 by (x + 2) 
¢ 2x3 + 4x? - 9x - 9 by (x + 3) d 2x) - 15x? + 14x + 24 by (x - 6) 
e —5x3 — 27x? + 23x + 30 by (x + 6) f 4x3 + 9x? - 3x + 2 by (x - 2) 
3 Divide: 
a x44 5x3 + 2x? - 7x + 2 by (x + 2) b 4x4 + 14x35 + 3x? - 14x - 15 by (x + 3) 
¢ —3x4 + 9x3 — 10x? + x + 14 by (x - 2) d -5x5 + 7x4 + 2x3 - 7x2 + 10x - 7 by (x - 1) 
4 Divide: 


a 3x4 + 8x3 — 11x? + 2x + 8 by (3x + 2) b 4x4 - 3x3 + 11x? - x - 1 by (4x + 1) 
¢ 4x4 - 6x3 + 10x? - 11x - 6 by (2x - 3) d 6x° + 13x4 — 4x3 - 9x? + 21x + 18 by (2x + 3) 
e@ 6x9 — 8x4 + 11x93 + 9x? - 25x +7 by (3x-1) f 8x5 - 26x4 + 1 1x5 + 22x? - 40x + 25 by (2x - 5) 
g 25x4 + 75x) + 6x? — 28x - 6 by (5x + 3) h 21x5 + 2924 — 10x3 + 42x - 12 by (7x - 2) 
5 Divide: 
a xo+x+ 10 by (x +2) b 2x3 - 17x +3 by (x + 3) 
¢ —3x3 + 50x - 8 by (x - 4) 
6 Divide: 
a x3 +x? - 36 by (x - 3) b 2x3 + 9x? + 25 by (x + 5) 


3x3 y2 = c=2 
© =3x) + 11x? = 20 by («= 2) { Hint ) Include 0x when you write out f(x). 
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Show that x? + 2x? - 5x — 10 = (x + 2)(x? - 5) 


Find the remainder when: 
a x3 +4x° - 3x + 2 is divided by (x + 5) b 3x — 20x7 + 10x + 5 is divided by (x - 6) 
¢ -2x5 + 3x? + 12x + 20 is divided by (x — 4) 


Show that when 3x3 — 2x? + 4 is divided by (x — 1) the remainder is 5. 
Show that when 3x4 -— 8x° + 10x? — 3x — 25 is divided by (x + 1) the remainder is -1. 


Show that (x + 4) is a factor of 5x3 — 73x + 28. 


simplity = <8 x= 8 GED divide 3x — axa by @-2. 
Divide x} - 1 by (x - 1). { Hint } Write x? - 1 as x? + 0x? + Ox - 1. 
Divide x4 - 16 by (x + 2). 


f(x) = 10x3 + 43x? - 2x - 10 
Find the remainder when f(x) is divided by (5x + 4). (2 marks) 


f(x) = 3x3 - 14x? - 47x - 14 Problem-solving 


a Find the remainder when f(x) is divided by (x-3). (2 marks) Write f(x) in the form 


b Given that (x + 2) is a factor of f(x), factorise f(x) (x + 2)(ax? + bx +c) then 
completely. (4 marks) factorise the quadratic 
factor. 


a Find the remainder when x* + 6x? + 5x — 12 is divided by 
i x-2, 
ii x+3. (3 marks) 


b Hence, or otherwise, find all the solutions to the equation x} + 6x7 + 5x-12=0. (4 marks) 


f(x) = 2x3 + 3x2-8x +3 

a Show that f(x) = (2x - 1)(ax? + bx + c) where a, b and c are constants to be found. (2 marks) 
b Hence factorise f(x) completely. (4 marks) 
¢ Write down all the real roots of the equation f(x) = 0. (2 marks) 


f(x) = 12x3 + 5x2+2x-1 
a Show that (4.x — 1) is a factor of f(x) and write f(x) in the form (4x - 1)(ax? + bx +c). 
(6 marks) 


b Hence, show that the equation 12x3 + 5x? + 2x - 1 =0 has exactly | real solution. 
(2 marks) 
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@® The factor theorem 
The factor theorem is a quick way of finding simple linear factors of a polynomial. 
= The factor theorem states that if f(x) isa 
polynomial then: | Watch out ] 


* If f(p) =0, then (x — p) is a factor of f(x). 
* If (v—-/p) is a factor of f(x), then f(p) = 0. 


These two statements are not the same. 
Here are two similar statements, only 
one of which is true: 

If x=-2 then x?=4V7 

If x*= 4 then x=-2X 


You can use the factor theorem to quickly factorise a cubic function, g(x): 


1 Substitute values into the function until you find a value p such that g(p) = 0. 


2 Divide the function by (x — p). ——————— The remainder will be 0 because (x — p) is a factor of g(x). 


3 Write g(x) = (x—-p)(ax* + bx +c) The other factor will be quadratic. 


4 Factorise the quadratic factor, if possible, to write g(x) as a product of three linear factors. 


Show that (x - 2) is a factor of x3 + x? - 4x - 4 by: 
a algebraic division b the factor theorem 
Ja x24 3x+2 Divide x? + x? - 4x — 4 by (x - 2). 


4x-4 


x= 2)x34+ 


= 
3x? - 4x 
3x? = 6x 
2x-4 
2x=-4 
ro) The remainder is 0, so (x — 2) is a factor of 
+x? -4x-4, 
So (x — 2) is a factor of x° + x? - 4x - 4 
(b f(x) = 29 + x? - 4x - 4 ———___________ Write the polynomial as a function. 
f(2) = (2) + (2)? - 4(2) - 4 ———————_—_ Substitute x = 2 into the polynomial. 
SOs =Os 4 Use the factor theorem: 
=0 If f(p) = 0, then (x — p) is a factor of f(x). 
| So (x - 2) is a factor of x° + x? — 4x -— 4. Here p = 2, so (x — 2) is a factor of x? + x? - 4x — 4. 
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a Fully factorise 2x3 + x7- 18x -9 


a f(x) = 2x3 + x? - 18x -9 


f(-1) = 2(-1) + (+1)? - 18-1) -9=6 | 
f(1) = 21)? + (IF -— 181) - 9 = -24 
(2) = 2(2)° + (2)? - 18(2)- 9 =-25 | 
{(3) = 2(3)° + (3)? - 18(3) - 9 =O 


So (x — 3) is a factor of 
2x3 + x? - 18x - 9. 


| 
2x3 + x? — 18x — 9 = (x — 3)(2x2 + 7x + 3) | 
= (x — 3)(2x + 1)(x + 3) 


2x2 + 7x +3 - ry 
xX — 3)2x7 + x7 = 18x -9 | 
2x3 = 6x? 
7x? — 18x = 
7x? — 21x 
3x-9 
3x-9 
°O 


So the curve crosses the x-axis at (3, O), 
(-4, 0) and (-3, 0). 


When x = O, y = (-3)(1)(3) = -2 


The curve crosses the y-axis at (O, -9). 
X > 00, py 4 00 


x — =00, y > —00 


b O= (x ~ 3)(2x + I(x + 3) ——_—__ 


b Hence sketch the graph of y = 2x3 + x2 - 18x -9 


Write the polynomial as a function. 


Try values of x, e.g. -1, 1, 2, 3, ... until you find 
f(p) =0. 


f(p) =0. 
Use statement 1 from the factor theorem: 
If f(p) = 0, then (x — p) is a factor of f(x). 


Here p = 3. 


Use long division to find the quotient when 
dividing by (x - 3). 


You can check your division here: 
(x — 3) is a factor of 2x? + x? - 18x — 9, so the 
remainder must be 0. 


2x? + 7x +3 can also be factorised. 


Set » =0 to find the points where the curve 
crosses the x-axis. 


Set x = 0 to find the y-intercept. 


This is a cubic graph with a positive coefficient of 
2»? and three distinct roots. You should be familiar 
with its general shape. € Section 4.1 
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Algebraic methods 


ven that (x + 1) is a factor of 4x4 — 3x? + a, find the value of a. 


| f 


(x) = 4x4 - 3x° + a ——________________ Write the polynomial as a function. 


KYO Use statement 2 from the factor theorem. 
4-14 - 3-12 +a =O \_ (x—p) isa factor of f(x), so f(p) =0 

Here p =-1. 
4-3+a=0 

Substitute x = —1 and solve the equation for a. 


ja=-t 


Remember (-1)*=1. 


Exercise 


1 


Use the factor theorem to show that: 
a (x—1) isa factor of 4x3 — 3x?-1 b (x +3) isa factor of 5x4 — 45x? —- 6x — 18 
e¢ (x —4) isa factor of —3x3 + 13x? — 6x + 8. 


Show that (x - 1) is a factor of x3 + 6x? + 5x — 12 and hence factorise the expression completely. 
Show that (x + 1) is a factor of x° + 3x? — 33x — 35 and hence factorise the expression completely. 
Show that (x — 5) is a factor of x° — 7x? + 2x + 40 and hence factorise the expression completely. 
Show that (x - 2) is a factor of 2x3 + 3x? - 18x + 8 and hence factorise the expression completely. 


Each of these expressions has a factor (x + p). Find a value of p and hence factorise the 
expression completely. 


a x3 - 10x? + 19x + 30 b 8 +2x°-4x-4 e¢ 8-4? - 11x +30 

i Fully factorise the right-hand side of each equation. 

ii Sketch the graph of each equation. 

a y=2x3+5x?-4x-3 b y=2x3 - 17x? + 38x - 15 © p=3x3+ 8x2 + 3x-2 
d y=6x) + 11x? -3x-2 e y=4x) - 12x? - 7x + 30 


Given that (x — 1) is a factor of 5x3 — 9x? + 2x + a, find the value of a. 


Given that (x + 3) is a factor of 6x3 — bx? + 18, find the value of b. 


Given that (x — 1) and (x + 1) are factors of px? + gx? - 3x -7, Problem-solving 


find the values of p and q. Use the factor theorem 
to form simultaneous 


Given that (x + 1) and (x — 2) are factors of cx} + dx? - 9x - 10, equations. 


find the values of ¢ and d. 


Given that (x + 2) and (x — 3) are factors of gx} + hx? - 14x + 24, find the values of g and h. 
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® 13. f(x) = 3x3 - 12x? + 6x — 24 
a Use the factor theorem to show that (x — 4) is a factor of f(x). (2 marks) 
b Hence, show that 4 is the only real root of the equation f(x) = 0. (4 marks) 


© 14 f(x) = 4x3 + 4x2 - 11x -6 


a Use the factor theorem to show that (x + 2) is a factor of f(x). (2 marks) 
b Factorise f(x) completely. (4 marks) 
¢ Write down all the solutions of the equation 4x° + 4.° - lx -6=0. (1 mark) 
(C) 15 a Show that (x — 2) is a factor of 9x4 -— 18x3 — x? + 2x. (2 marks) 
b Hence, find four real solutions to the equation 9x* — 18x3 — x? + 2x =0. (5 marks) 


Challenge 


f(x) = 2x4 - 5x3 - 42x? - 9x + 54 
a Show that f(1) = 0 and f(-3) = 0. 
b Hence, solve f(x) = 0. 


@ Mathematical proof 


A proof is a logical and structured argument to show that a 
mathematical statement (or conjecture) is always true. t Notation ] (EAS ERITTE AINE 


A mathematical proof usually starts with previously established 
mathematical facts (or theorems) and then works through a 
series of logical steps. The final step in a proof is a statement 
of what has been proven. 


been proven is called a theorem. 


A statement that has yet to be 
proven is called a conjecture. 


A mathematical proof needs to show that something is true in every case. 


= You can prove a mathematical statement is true by deduction. This means starting from 
known facts or definitions, then using logical steps to reach the desired conclusion. 

Here is an example of proof by deduction: 

Statement: The product of two odd numbers is odd. 

This is demonstration but it is not a proof. 


Demonstration: 5 x 7 = 35, which is odd 
You have only shown one case. 


Proof: p and q are integers, so 2p + 1 and 2qg+1 oe | 


You can use 2p + 1 and 2q+1to 
are odd numbers. cf 7 


represent any odd numbers. If you can 
(2p + 1) x (2g + 1) =4pq+2pt+2q+1 show that (2p + 1) x (2g + 1) is always an 
=2(2pq+pt+q)+1 odd number then you have proved the 


“ P . statement for all cases. 
Since p and q are integers, 2pg + p + ¢ is also an integer. 


So 2(2pq + p + q) + 1 is one more than an even number. 


So the product of two odd numbers is an odd number. This is the statement of proof. 
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= Ina mathematical proof you must 
* State any information or assumptions you are using 
* Show every step of your proof clearly 
* Make sure that every step follows logically from the previous step 
* Make sure you have covered all possible cases 
* Write a statement of proof at the end of your working 


You need to be able to prove results involving [ Notation ] The symbol = means ‘is 
identities, such as (a + b)(a—b) =a? -b always equal to’. It shows that two 


= To prove an identity you should expressions are mathematically identical. 
* Start with the expression on one side 


of the identity { Watch out ) Don't try to ‘solve’ an identity 


* Manipulate that expression algebraically like an equation. Start from one side and 
until it matches the other side manipulate the expression to match the 
* Show every step of your algebraic working other side. 


Prove that (3x + 2)(x — 5)(x + 7) = 3x3 + 8x? — 101x - 70 


Start with the left-hand side and expand the 


Bx + Q(x — 5)x +7 
(Ax + 2)(x - 5)(x + 7) brackets. 


= (3x + 2)(x? + 2x — 35) 
= 3x3 + Gx? — 105x + 2x? + 4x - 70 
= 3x? + 6x*® - 101x - 70 

So 


(Bx + 2)(x — 5)(x + 7) = 3x3 + 6x? — 101x - 70 +-__ teft-hand side = right-hand side. 


Example 


Prove that if (x — p) is a factor of f(x) then f(p) = 0. 


In proof questions you need to show all your 
working. 


If (x — p) is a factor of f(x) then 


F(x) = (x — p) x g(x) g(x) is a polynomial expression. 


So fp) = (p — p) x g(p) 
ie. f(p) =O x g(p) 


‘— Substitute x = p. 


So f(p) = O as required. L ey 


(__ Remember 0 x anything =0 
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Prove that A(1, 1), B(3, 3) and C(4, 2) are the vertices of a right-angled triangle. 


The gradient of line AC = 


The gradients are different so the three 
points are not collinear. 


Hence ABC is a triangle. 

=-! 
So AB is perpendicular to BC, 
and the triangle is a right-angled triangle. 


Gradient of AB x gradient of BC = 1 x (-1) 


Problem-solving 


If you need to prove a geometrical 
result, it can sometimes help to sketch 
a diagram as part of your working. 


Vemma 


The gradient of a line = CSET 


If the product of two gradients is -1 then the two 
-— lines are perpendicular. 


Gradient of line AB x gradient of line BC = -1 


— Remember to state what you have proved. 


The equation kx? + 3kx + 2 = 0, where k is a constant, has no real roots. 


Prove that k satisfies the inequality 0 < k 


8 
<9 


kx? + 3kx + 2 =O has no real roots, 
s0,b® - 4ac <O 


oes 


State which assumption or information you are 
using at each stage of your proof. 


(3k)? - 4k(2) < O 
9k? - 8k <O 


‘— Use the discriminant. € Section 2.5 


k(9k - 8)<O 


|__ Solve this quadratic inequality by sketching the 
graph of y=k(9k-8) € Section 3.5 


The graph shows that when k(9k — 8) <0, 
O<k<é 
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l- 8 
O<k<3s Be really careful to consider all the possible 
When k = O: situations. You can’t use the discriminant if k = 0 
so look at this case separately. 


(O)x? + 3(0)x +2 =O 
2=0 
Which is impossible, so no real roots ~___—_____ Write out all of your conclusions clearly. 


So combining these: 


O<k <2 as required 0<k <$together with k=0, givesO<k<$ 


Exercise (70) 


1 Prove that n* — nis an even number for all values of n. 
{ Hint ) The proofs in this 
x _ exercise are all proofs by 
2 Prove that ——== xV2 - x. deduction. 
1+v2 


3 Prove that (x + Vy )(x- yy 


Prove that (2x — 1)(x + 6)(x — 5) = 2x3 + x7 - 61x + 30. 


5 Prove that x? + bx = (x + ay - (3) 


© @e0000 00 


A 
Fat 


Use completing the square to prove that 3n? - 4n + 10 is Problem-solving 


positive for all values of 7. . . 
Any expression that is 


squared must be >0. 


© 


® 10 Use completing the square to prove that —n? — 2n — 3 is 
negative for all values of n. 


11 Prove that x? + 8x + 20 = 4 for all values of x. (3 marks) 
12 The equation kx? + 5kx + 3 = 0, where k is a constant, has no real roots. Prove that k satisfies 
the inequality 0 <k< 2 (4 marks) 
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@P) 13 


® 14 
@® 15 
@® 16 
® 
EP) 18 


@P) 19 
@®) 20 


The equation px? — 5x — 6 = 0, where p is a constant, has two distinct real roots. Prove that p 


satisfies the inequality p > 25 (4 marks) 


2. 

24 

Prove that A(3, 1), B(1, 2) and C(2, 4) are the vertices of a right-angled triangle. 
Prove that quadrilateral A(1, 1), B(2, 4), C(6, 5) and D(5, 2) is a parallelogram. 
Prove that quadrilateral A(2, 1), B(5, 2), C(4, -1) and D(1, -2) is a rhombus. 


Prove that A(—S, 2), B(-3, -4) and C(3, —2) are the vertices of an isosceles right-angled triangle. 


A circle has equation (x — 1)? +? =k, where k > 0. 
The straight line L with equation y = ax cuts the circle at two distinct points. 


a 


l+a 


Prove that k > (6 marks) 


Prove that the line 4y — 3x + 26 = 0 is a tangent to the circle (x + 4)? + (y - 3) = 100. (5 marks) 


Problem-solving 


Find an expression for the 
area of the large square in 
terms of a and b. 


The diagram shows a square and four 
congruent right-angled triangles. 


Use the diagram to prove that a? + b? = c. 


Challenge 


1 
2 


Prove that A(7, 8), B(-1, 8), C(6, 1) and D(O, 9) are points on the same circle. 


Prove that any odd prime number can be written as the difference of two squares. 


Methods of proof 


A mathematical statement can be proved by exhaustion. For example, you can prove that the sum 
of two consecutive square numbers between 100 and 200 is an odd number. The square numbers 
between 100 and 200 are 121, 144, 169, 196. 


121 + 144 = 265 which is odd 144 + 169 = 313 which is odd 169 + 196 = 365 which is odd 


So the sum of two consecutive square numbers between 100 and 200 is an odd number. 


= You can prove a mathematical statement is true by exhaustion. This means breaking the 
statement into smaller cases and proving each case separately. 


This method is better suited to a small number of results. You cannot use one example to prove a 
statement is true, as one example is only one case. 
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Prove that all square numbers are either a multiple of 4 or 1 more than a multiple of 4. 


ea Problem-solving 
For odd numbers: i 
‘or odd num er Consider the two cases, odd 
(| (2n+ IP = 4n? + 4n+1=4nin+1) +1 and even numbers, separately. 


An(n + 1) is a multiple of 4, so 4n(n + 1) + 1is 
| 1 more than a multiple of 4. 


|__ You can write any odd number in the form 2n + 1 
| where nis a positive integer. 
| For even numbers: 
| (2n)? = 4n2 

You can write any even number in the form 2n 
| 4n? is a multiple of 4. where 1 is a positive integer. 


| All integers are either odd or even, So all 
| square numbers are either a multiple of 4 or 1 
| more than a multiple of 4. 


A mathematical statement can be disproved using a counter-example. For example, to prove that 
the statement ‘3n + 3 is a multiple of 6 for all values of n’ is not true you can use the counter-example 
when n= 2, as 3 x 2+3=9 and 9 is not a multiple of 6. 


= You can prove a mathematical statement is not true by a counter-example. A counter- 


example is one example that does not work for the statement. You do not need to give more 
than one example, as one is sufficient to disprove a statement. 


Prove that the following statement is not true: 


‘The sum of two consecutive prime numbers is always even.’ 


| 2 and 3 are both prime 
}24+3=5 
5 isada You only need one counter-example to show that 


the statement is false. 


| So the statement is not true. 
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a Prove that for all positive values of x and y: 


Be 
yty>? 


b Use a counter-example to show that this is not true when 


x and y are not both positive. 


a Jottings: 


x? + y? - 2xy =O 
(x- y)? =O 
Proof: 

Consider (x — y)? 
(x-y)? =O 

x? + y? - 2xy =O 


This step is valid because x and y are 
both positive so xp > O. 


x 


y 
x 
y 
x 


b Tryx=-3 and y=6 
=3: , 16 5 


16 Bh a Syn 


G = 2 2 


true. 


Exercise 


This is not = 2 so the statement is not 


[ Watch out ) You must always 


start a proof from known facts. 
Never start your proof with the 
statement you are trying to prove. 


Problem-solving 


Use jottings to get some ideas for a good starting 
point. These don’t form part of your proof, but 
can give you a clue as to what expression you can 
consider to begin your proof. 


Now you are ready to start your proof. You know 
that any expression squared is > 0. This is a known 
fact so this is a valid way to begin your proof. 


State how you have used the fact that x and y 
are positive in your proof. If xy = 0 you couldn't 
divide the RHS by xy, and if xy <0, then the 
direction of the inequality would be reversed. 


This was what you wanted to prove so you have 
finished. 


Your working for part a tells you that the proof 
fails when xy <0, so try one positive and one 
negative value. 


® 1 Prove that when n is an integer and 1 <n < 6, then m=n +2 is cp 
You can try each integer 


not divisible by 10. 


forl<n<6. 


® 2 Prove that every odd integer between 2 and 26 is either prime or the product of two primes. 


® 3 Prove that the sum of two consecutive square numbers between 1? to 8? is an odd number. 


4 Prove that all cube numbers are either a multiple of 9 or 1 more or 1 less than a multiple of 9. 
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® 5 Find a counter-example to disprove each of the following statements: 
a If nis a positive integer then n* — n is divisible by 4. 
b Integers always have an even number of factors. 
¢ 2n? - 6n + 1 is positive for all values of n. 
d 2n* - 2n-4 isa multiple of 3 for all integer values of n. 


6 A student is trying to prove that x3 + 3 < (x+y). Problem-solving 


The student writes: For part b you need to write 


= down suitable values of x 
(x + yP = x9 + 3x2y + Bxy? + yP and y and show that they do 
which is less than x3 + y? since not satisfy the inequality. 
3x?y + 3xy? > O 


a Identify the error made in the proof. (1 mark) 
b Provide a counter-example to show that the statement is not true. (2 marks) 


(E/P) 7 Prove that for all real values of x 


(x + 6)? = 2x4+11 (3 marks) 
(E/P) 8 Given that ais a positive real number, prove that: 
P ? t Watch out ) Remember to state how 
at L >2 you use the condition that a is positive. 
a ~ 
(2 marks) 
9 a Prove that for any positive numbers p and q: 
p+q>\4pq (3 marks) 
b Show, by means of a counter-example, that this Problem-solving 
inequality does not hold when p and g are both - 
negative. (2 marks) Use jottings and work backwards to 


work out what expression to consider. 


10 It is claimed that the following inequality is true for all negative numbers x and y: 


xtySyrry 


The following proof is offered by a student: 


x+y Sx? + y? 

(x + y)? & x? + y? 

x? + y? + Qxy B x? + y? 

2xy > O which is true because x and 
y are both negative, so xy is positive. 


a Explain the error made by the student. (2 marks) 
b By use of a counter-example, verify that the inequality is not satisfied if both 

x and y are negative. (1 mark) 
c Prove that this inequality is true if x and y are both positive. (2 marks) 


3THSEC 153 


Chapter 7 


Mixed exercise (7) 


1 


154 


Simplify these fractions as far as possible: 


Divide 3x3 + 12x? + 5x + 20 by (x + 4). 


2x3 + 3x +5 
x+l 


Simplify 


a Show that (x — 3) is a factor of 2x3 — 2x? - 17x + 15. (2 marks) 


b Hence express 2x3 — 2x? - 17x + 15 in the form (x — 3)(Ax* + Bx + C), where the values 
A, Band C are to be found. (3 marks) 


a Show that (x — 2) is a factor of x3 + 4x? — 3x - 18. (2 marks) 


b Hence express x* + 4x? — 3x — 18 in the form (x — 2)(px + q)°, where the values p and q 


are to be found. (4 marks) 
Factorise completely 2x3 + 3x? — 18x + 8. (6 marks) 
Find the value of k if (x — 2) is a factor of x3 — 3x2 + kx - 10. (4 marks) 
f(x) = 2x? + px + q. Given that f(-3) = 0, and f(4) = 21: 
a find the value of p and qg (6 marks) 
b factorise f(x). (3 marks) 


h(x) = 23 + 4x2 + rx +s. Given h(-1) = 0, and h(2) = 30: 
a find the values of r and s (6 marks) 
b factorise h(x). (3 marks) 


g(x) = 2x3 + 9x? - 6x - 5. 
a Factorise g(x). (6 marks) 
b Solve g(x) =0. (2 marks) 
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12 


13 


14 


15 


16 


17 


18 


19 


20 


21 


22 


23 
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a Show that (x — 2) is a factor of f(x) = x3 +? - Sx -2. (2 marks) 
b Hence, or otherwise, find the exact solutions of the equation f(x) = 0. (4 marks) 


Given that -1 is a root of the equation 2x3 — 5x? — 4x + 3, find the two positive roots. (4 marks) 


f(x) = x3 - 2x? - 19x + 20 
a Show that (x + 4) is a factor of f(x). (3 marks) 


b Hence, or otherwise, find all the solutions to the equation 
x38 -2x?- 19x + 20=0. (4 marks) 


f(x) = 6x3 + 17x? - Sx -6 

a Show that f(x) = (3x - 2)(ax* + bx +c), where a, b and c are constants to be found. (2 marks) 
b Hence factorise f(x.) completely. (4 marks) 
¢ Write down all the real roots of the equation f(x) = 0. (2 marks) 


Prove that 


Use completing the square to prove that 1? — 8n + 20 is positive for all values of n. 
Prove that the quadrilateral A(1, 1), B(3, 2), C(4, 0) and D(2, -1) is a square. 


Prove that the sum of two consecutive positive odd numbers less than ten gives an even 
number, 


Prove that the statement ‘n? - n + 3 is a prime number for all values of 7’ is untrue. 


Prove that (x 


Prove that 2x3 + x? — 43x — 60 = (x + 4)(x — 5)(2x + 3). 


The equation x? - kx + k = 0, where k is a positive constant, has two equal roots. 
Prove that k = 4. (3 marks) 


Prove that the distance between opposite edges of a regular hexagon of side length V3 is a 
rational value. 
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® 24 a Prove that the difference of the squares of two consecutive even numbers is always divisible 
by 4. 
b_ Is this statement true for odd numbers? Give a reason for your answer. 


25 A student is trying to prove that 1 + x? <(1 +x). 
The student writes: 


(14x)? =14 2x + x7, 
So1+ x2 <14 2x + x, 


a Identify the error made in the proof. (1 mark) 
b Provide a counter-example to show that the statement is not true. (2 marks) 


Challenge 


1 The diagram shows two squares and a circle. 


YN 
NG 


a Given that zis defined as the circumference of a circle of diameter 1 unit, 
prove that 2/2 <1<4. 

b By similarly constructing regular hexagons inside and outside a circle, 
prove that 3 < 7 <2V3. 


2 Prove that if f(x) = ax? + bx? + cx + dand f(p) = 0, then (x — p) is a factor of f(x). 


156 3THSEC 


Algebraic methods 


immary of key points 


1 When simplifying an algebraic fraction, factorise the numerator and denominator where 
possible and then cancel common factors. 


2 You can use long division to divide a polynomial by (x + p), where p is a constant. 


3 The factor theorem states that if f(x) is a polynomial then: 
+ If f(p) =0, then (x —p) is a factor of F(x) 
+ If (v—-p) is a factor of f(x), then f(p) =0 


4 You can prove a mathematical statement is true by deduction. This means starting from 
known factors or definitions, then using logical steps to reach the desired conclusion. 


5 Inamathematical proof you must 
+ State any information or assumptions you are using 
+ Show every step of your proof clearly 
+ Make sure that every step follows logically from the previous step 
+ Make sure you have covered all possible cases 
+ Write a statement of proof at the end of your working 


6 To prove an identity you should 
+ Start with the expression on one side of the identity 
+ Manipulate that expression algebraically until it matches the other side 
+ Show every step of your algebraic working 


7 You can prove a mathematical statement is true by exhaustion. This means breaking the 
statement into smaller cases and proving each case separately. 


8 You can prove a mathematical statement is not true by a counter-example. A counter- 


example is one example that does not work for the statement. You do not need to give more 
than one example, as one is sufficient to disprove a statement. 
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expansion 


After completing this chapter you should be able to: 
@ Use Pascal's triangle to identify binomial coefficients and use them 


to expand simple binomial expressions — pages 159-161 
@ Use combinations and factorial notation ~ pages 161-163 
@ Use the binomial expansion to expand brackets + pages 163-165 


@ Find individual coefficients in a binomial expansion -> pages 165-167 


@ Make approximations using the binomial expansion > pages 167-169 


Y Prior knowledge check 


1 Expand and simplify where possible: 
a (2x-3y)? b (x-y)? c (2+x)3 
Section 1.2 


2. Simplify 
a (-2x)3 b (3x)4 


e(B) 4) 


3 Simplify 


The binomial expansion can be used to 
expand brackets raised to large powers. 
It can be used to simplify probability models 


| 
Sections 1.1, 1.4 = 


a (25x): b (64x)5 » witha large number of trials, such as those 
i 4 z A 
z ( 9 al (2x) Seat used by manufacturers to predict faultss 
27 — Exercise 8E Q9 
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@ Pascal's triangle 


You can use Pascal’s triangle to quickly expand expressions such as (x + 2y)*. 


Consider the expansions of (a + b)" for n = 0, 1, 2,3 and 4: 


(a+ b)= 1 

(a+b)'= la + Wb 

(a+bP= la + 2ah + 1 Each coefficient is the sum of the two 
(a+ bp = le + 32, a ee) coefficients immediately above it. 
(a+bs= lat + bab + 60h? + 4ab> + 1b 


Every term in the expansion of (a + 6)" has total index n: 
In the 6a*b* term the total index is 2 +2 = 4. 
In the 4ab? term the total index is 1+ 3 =4. 


The coefficients in the expansions form a pattern that is known as Pascal's triangle. 


= Pascal's triangle is formed by adding adjacent pairs of numbers to find the numbers on the 
next row. 


Here are the first 7 rows of Pascal's triangle: 
1 


1 1 
ie ed 4 The third row of Pascal's triangle gives the 
SS 4 coefficients in the expansion of (a + b)2, 
3. + 2 
NZ 
6 
1 5 10 10 5 1 
1 6 15 20 15 6 1 


= The (7 + 1)th row of Pascal's triangle gives the coefficients in the expansion of (a + 5)". 


Use Pascal's triangle to find the expansions of: 
a (x+2y) b (2x-5)* 


a (x + 2y)3 
The coefficients are 1, 3, 3, 1 so: 
(x + 2y)3 = 1x3 + 3x2(2y) + 3x(2yP? + 1(2y)? —— 
34 6x2p + 12xy? + By? 
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ib (2x=/5)* 
The coefficients are 1, 4, 6, 4, 1 so: 


(2x ng 5)? = 1(2x)4 + 4(2x)3(-5)' L_ 
+ 6(2x)?°(-5)? + 4(2x)\(-5)> 
aa 


+ '1(65)4 
= 16x4 — 160x3 + 600x? 
— 1000x + 625 


Problem-solving 
Example @ If there is an unknown in the original 
expression, you might be able to form 
an equation involving that unknown. 


The coefficient of x? in the expansion of (2 — cx) is 294, 
Find the possible value(s) of the constant c. 


The term in x? is 3 x 2(-cx)? = 6c?x? 


So Ge? = 294- 
49 


Exel 


1 State the row of Pascal's triangle that would give the coefficients of each expansion: 


a (x+y) b (3x-7)'5 e (2x+3)" d (y—2xy""4 
2 Write down the expansion of: 

a (x+y)* b (p+q)> ¢ (a-b) d (x +4) 

e (2x -3)4 f (a+2)° g (x-4)* h (2x - 3y)4 
3 Find the coefficient of x} in the expansion of: 

a (4+x)* b(d- » e (3+2x d (44 2x)5 

e (2+.x)§ f (4-4)* g (x +2) h (3-2x)* 


® 4 Fully expand the expression (1 + 3x)(1 + 2x)’. Problem-solving 


Expand (1 + 2x), then multiply each 
term by 1 and by 3x. 


® 5 Expand (2 +»). Hence or otherwise, write down the expansion of (2 + x — x?)' in ascending 
powers of x. 


® 6 The coefficient of x? in the expansion of (2 + ax) is 54. Find the possible values of the constant a. 


160 3THSEC 


The binomial expansion 


® 7 The coefficient of x* in the expansion of (2 — x)(3 + bx)’ is 45. Find possible values of the 
constant b. 


® 8 Work out the coefficient of x? in the expansion of (p — 2x)’. Give your answer in terms of p. 
® 9 After 5 years, the value of an investment of £500 at an interest rate of X% per annum is given by: 


s00(1+54°)° 


Find an approximation for this expression in the form A + BY + CX, where A, Band C are 
constants to be found. You can ignore higher powers of Y. 


Challenge 
1 3 


Find the constant term in the expansion of (x - 3) 5 


@® Factorial notation 


You can use combinations and factorial notation to help you expand binomial expressions. For larger 


indices, it is quicker than using Pascal's triangle. 1 
q . : You say ‘n factorial’. 


Using factorial notation 3 x 2 x 1 = 3! By definition, 0! = 1. 


® You can use factorial notation and your calculator to find entries in Pascal's triangle quickly. 
* The number of ways of choosing r items from a group of 
nitems is written as "C, or (71): 


‘c=()- You can say 


r(n-r)t ‘nchoose r’ for"C,. It is sometimes 
* The rth entry in the nth beg of Pascal’s triangle is written without superscripts and 
i =1 (= subscripts as nCr. 
given by” coz Gs) pt 
Calculate: 
a 5! b 5C, ¢ the 6th entry in the 10th row of Pascal’s triangle 
a 5l=5x4x3x2x1=120 t Ontine ) Use the "C, and ! functions on Fa 
we 5! 120 your calculator to answer this question. 
Bee ia 2 


© Cs = 126 
t 


ry in the nth 
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1 Work out: 

a 4! b 9! e d zt 
2 Without using a calculator, work out: 

a (3) re eG) ema (3) 
3 Use a calculator to work out: 

a 


4 Write each value a to d from 1 
Pascal's triangle using 1 I 
"C, notation: 


1 @ 6 4 1 
1 5 @ 10 5 1 
1 6 © @ 15 6 1 


5 Work out the Sth number on the 12th row from Pascal’s triangle. 


6 The 11th row of Pascal’s triangle is shown below. 
1 10 45 ay ee 
a Find the next two values in the row. 
b Hence find the coefficient of x in the expansion of (1 + 2x)!°. 


7 The 14th row of Pascal’s triangle is shown below. 
1 13. 78 ae Ss, 
a Find the next two values in the row. 
b Hence find the coefficient of x4 in the expansion of (1 + 3x)". 
8 The probability of throwing exactly 10 heads when a fair coin is tossed 20 times is given by 
(7p)0.5®. Calculate the probability and describe the likelihood of this occurring. 


® 9 Show that: 


fy n(n-1) 
a"Cj=n b "C,= 
2 
! 
® 10 Given that (3) = ot write down the value of a. (1 mark) 
! 
® 11 Given that @) = aa write down the value of p. (1 mark) 
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Challenge 


a Work out °C; and °C, 

b Work out *C, and *C, 

What do you notice about your answers to parts a and b? 
d Prove that"C,="C,_, 


@® The binomial expansion 


The binomial expansion is a rule that allows you to expand brackets. You can use (1) to work out the 
coefficients in the binomial expansion. For example, 


in the expansion of (a + b)° = (a + b)(a + b)(a + b)(a + b)(a + b), to find the b? term you can choose 


>) ways so the 53 term is (3) a6. 


multiples of b from 3 different brackets. You can do this in G 


® The binomial expansion is: 
(a+ by"=a"+ (jan + (3 )a"-2b? tet (Mathes .+b" WEN) 


where (7) nt 


= ri(n-r)! néN means that 7 must be a 


member of the natural numbers. This is all 
the positive integers. 


Example 


Use the binomial theorem to find the expansion of (3 - 2x)>. 


@- 2x? = 3 + (9) 3*-2n + (3)3%-2x" 


+ (3)3%-2u + (3) 31-20 
+ (2x98 


= 243 — 10x + 1080x? 
— 720x5 + 240x4 = 32x5 


t Online ) Work out each coefficient quickly Fs 


using the ”C, and power functions on your 
calculator. 


Example 


Find the first four terms in the binomial expansion of: 


a (142x)0 b (10-4x)° 
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a (1+ 2x)? 
= 14 (P) ren +(‘2) ewe 
+ (2) ren? +... 
sl Or OO ee oes { Notation This is sometimes called the 
b (10-4x) ba expansion in ascending powers of x. 
= 106 + (©)109(~3x) + (§)104(-4x)° 
(4 3 
+ (§)10%(-3)" +... 


= 1000000 - 300000x + 37 500x? 
— 2500x? +... 


Exe 


1 Write down the expansion of the following: 
a (l+x)' b G+x)' — e (4-x)4 d (x+2)© ee (1+2x)! f (1-4x)* 


2 Use the binomial theorem to find the first four terms in the expansion of: 
a (1+x) b (1-2x)) ¢ (1+3x)8 — d (2-x)8 ~—e (2-4x)" of B- x 


3. Use the binomial theorem to find the first four terms in the expansion of: 
a (2x+y)® b (2x+3y))  ¢ (p-g)8 d (3x-y)®  e (x+2y)8 f (2x-3y) 


4 Use the binomial expansion to find the first four terms, in ascending powers of x, of: 


8 9x6 x10 . 
ae ieee) . (1+3) WF Your answers should be 
d (1 = 3x) e (2+x)’ f (3-2x)3 in the form a+ bx + ex? + dx? 
g (2-3x)° h (44x)! i Q+5x) where a, b, c and d are numbers. 


() 5 Find the first 3 terms, in ascending powers of x, of the binomial expansion of (2 — x)° 
and simplify each term. (4 marks) 


() 6 Find the first 3 terms, in ascending powers of x, of the binomial expansion of (3 — 2x)> 
giving each term in its simplest form. (4 marks) 


5 
(E/P) 7 Find the binomial expansion of (x + 1) giving each term in its simplest form. (4 marks) 


Challenge 


a Show that (a + b)* — (a — b)* = 8ab(a? + b?). 
b Given that 82896 = 17 — 5*, write 82896 as a product of its prime factors. 
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[8.4 ] Solving binomial problems 


You can use the general term of the binomial expansion to find individual coefficients in a binomial 
expansion. 


= In the expansion of (a + 5)" the general term is given by (Man —b. 


a Find the coefficient of x* in the binomial expansion of (2 + 3x)!°. 
b Find the coefficient of x} in the binomial expansion of (2 + x)(3 — 2x)’. 


. Po eree 
| a x4 term = (1) 2534 
= 210 x 64 x BI 


= 1088 640x* 
The coefficient of x* in the binomial expansion 
of (2 + 3x)" is 1088640. 


b (3 - 2x)’ 


=37+ G 


+ (J)3%-2x) +. 


= 2187 - 10206x + 20412x? 
— 22660x? + ... 


(2 + x(2187 - 10206x + 20412x* 
- 226805 + ...) 


x3 term = 2 x (-22 G8Ox)? + x x 20412x2 


= -24948x° 
The coefficient of x3 in the binomial 
expansion of (2 + x)(3 — 2x)’ is -24946. 


g(x) = (1 + kx)!°, where & is a constant. 


36(-2x) + (7)3%-2x? 
2 


Given that the coefficient of x} in the binomial expansion of g(x) is 15, find the value of k. 


38 term = (‘D) raw = 15x3 


12OkPx? = 15x 


2 
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Example 


a Write down the first three terms, in ascending powers of x, of the binomial expansion of 
(1 + qx), where g is a non-zero constant. 

b Given that, in the expansion of (1 + gx)’, the coefficient of x is —r and the coefficient of x? is 7r, 
find the value of g and the value of r. 


a (1+ qx)? Problem-solving 


There are two unknowns in this expression. Your 
expansion will be in terms of g and x. 


= 1+ (S)i7qx'+ (8) (qx? +... 


= 1+ 89x + 28q°x? +... 


b 8q = —r and 28q? = 7r 


8g = —4q? 

4g? + 8g =O 
4q(q + 2)=0 
q=-2,r=16 


Exercise (30) 


1 Find the coefficient of x? in the binomial expansion of: 


a (34x) b (1 + 2x) ce (1-x)6 d (3x +2) 

e (1+x)! f (32x) g (1+x)? h (4— 3x) 

i (1-4x)° i (3+4x)’ k (2-4x)" 1 (544x)° 
® 2 The coefficient of x? in the expansion of 

(2 + ax)’ is 60. Find two possible values a= 2,b=ax,n=6. Use brackets when you 

of the constant a. substitute ax. 


® 3 The coefficient of x3 in the expansion of (3 + bx) is -720. Find the value of the constant b. 


® 4 The coefficient of x° in the expansion of (2 + x)(3 - ax)‘ is 30. Find two possible values of the 
constant a. 


5 When (1 - 2x)’ is expanded, the coefficient of x is 40. Given that p > 0, use this information 
to find: 


a the value of the constant p (6 marks) ExoblemsOaing, 


You will need to use the definition of () to find 


b the coefficient of x (1 mark) Dp 
an expression for ©: 


¢ the coefficient of x3 (2 marks) 


6 a Find the first three terms, in ascending powers of x, of the binomial expansion 
of (5 + px)*°, where p is a non-zero constant. (2 marks) 


b Given that in this expansion the coefficient of x? is 29 times the coefficient of x 
work out the value of p. (4 marks) 
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7 a Find the first four terms, in ascending powers of x, of the binomial expansion 
of (1 + qx)!°, where q is a non-zero constant. (2 marks) 


b Given that in the expansion of (1 + gx)!” the coefficient of x is 108 times the 
coefficient of x, work out the value of q. (4 marks) 


8 a Find the first three terms, in ascending powers of x of the binomial expansion 


of (1 + px)!!, where p is a constant. (2 marks) 
b The first 3 terms in the same expansion are 1, 77x and gx, where g is a constant. 
Find the value of p and the value of q. (4 marks) 
9 a Write down the first three terms, in ascending powers of x, of the binomial 
expansion of (1 + px)'>, where p is a non-zero constant. (2 marks) 
b Given that, in the expansion of (1 + px)!*, the coefficient of x is (-g) and the 
coefficient of x? is 5q, find the value of p and the value of g. (4 marks) 


10 In the binomial expansion of (1 + x)*°, the coefficients of x? and x" are p and q respectively. 
q 
Find the value of Z (4 marks) 


Challenge 


8 
Find the coefficient of x‘ in the binomial expansion of: a (3-2x*)? b ( + x?) 


@® Binomial estimation 


In engineering and science, it is often useful to find simple approximations for complicated 
functions. If the value of x is less than 1, then x” gets smaller as n gets larger. If x is small you can 
sometimes ignore large powers of x to approximate a function or estimate a value. 


P 3 


10 
a Find the first four terms of the binomial expansion, in ascending powers of x, of (1 aa 4) > 


b Use your expansion to estimate the value of 0.975!°, giving your answer to 4 decimal places. 


“(9s 


=1- 2.5x + 2.8125x? — 1.875x5 + ... 
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b We want (1 - a, = 0.975 { online ) Use GeoGebra to find the values 
¥ of x for which the first four terms of this 
47 Oe expansion give a good approximation to the 
x=01 value of the function. 


Substitute x = O.1 into the expansion 


for (1 -x)° from part a: 


0.975'° = 1 - 0.25 + 0.028125 
- 0.001875 
= 0.77625 
0.975'° = 0.7763 to 4 dp. 


Exercise (se) 


Kr \o 
1 a Find the first four terms of the binomial expansion, in ascending powers of x, of (1 7 io) : 
b By substituting an appropriate value for x, find an approximate value for 0.999. 


ry 10 
2 a Write down the first four terms of the binomial expansion of (2 + 3) 7 
b By substituting an appropriate value for x, find an approximate value for 2.1'°. 


® 3 If xis so small that terms of x? and higher Start by using the binomial expansion to 


can be ignored, show that: expand (1 — 3.x)*. You can ignore terms of x? and 
(2+ x)(1 — 3x)5 = 2- 29x + 1652? higher so you only need to expand up to and 
including the x term. 


® 4 If xis so small that terms of x4 and higher 


can be ignored, and Problem-solving 


(2-x)(3 + x)= a+ bx + cx? Find the first 3 terms in the expansion of 


find the values of the constants a, b and c. (2 - x) + x)*, compare with a + bx + ex* and 
write down the values of a, b and c. 


5 a Write down the first four terms in the expansion of (1 + 2x)°. 


b By substituting an appropriate value of x (which should be stated), find an approximate value 
of 1.028. 


6 f(x) =(1- 5x)” 
a Find the first four terms, in ascending powers of x, in the binomial expansion of f(x). 
b Use your answer to part a to estimate the value of (0.995), giving your answer to 6 decimal places. 
¢ Use your calculator to evaluate 0.995* and calculate the percentage error in your answer to 


part b. 
cy 10 
7 a Find the first 3 terms, in ascending powers of x, of the binomial expansion of (3 - 3) i 


giving each term in its simplest form. (4 marks) 
b Explain how you would use your expansion to give an estimate for the value of 2.98!°. (1 mark) 
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® 8 a Find the first 4 terms, in ascending powers of x, of the binomial expansion of (1 — 3x). 
Give each term in its simplest form. (4 marks) 


b If x is small, so that x? and higher powers can be ignored, show that 

(1 + x)(1 -3x)> = 1 - 14x. (2 marks) 

9 A microchip company models the probability of having no faulty chips on a single production 
run as: 
P(no fault) = (1 — p)", p< 0.001 

where p is the probability of a single chip being faulty, and n being the total number of chips 
produced. 
a State why the model is restricted to small values of p. (1 mark) 


b Given that n = 200, find an approximate expression for P(no fault) in the form 
atbp+cp. (2 marks) 
¢ The company wants to achieve a 92% likelihood of having no faulty chips on a production 
run of 200 chips. Use your answer to part b to suggest a maximum value of p for this to 
be the case. (4 marks) 


Mixed exercise 


® 1 The 16th row of Pascal’s triangle is shown below. 
1 15 105 on res 
a Find the next two values in the row. 
b Hence find the coefficient of x° in the expansion of (1 + 2x)!>. 


! 
(G) 2 Given that (3) = &. write down the value of a. (1 mark) 


3 20 people play a game at a school fete. 
The probability that exactly n people win a prize is modelled as (79) prc ~ p)*>-", where p is the 
probability of any one person winning. 
Calculate the probability of: 
a_ 5 people winning when p = } 
b nobody winning when p = 0.7 
¢ 13 people winning when p = 0.6 


Give your answers to 3 significant figures. 


4 When (1 - 3x)’ is expanded in ascending powers of x, the coefficient of x is —24. 


a Find the value of p. (2 marks) 
b Find the coefficient of x? in the expansion. (3 marks) 
c Find the coefficient of x in the expansion. (1 mark) 


5 Given that: 


(2-x)8B=A+Bxt+ C+... 
find the values of the integers A, B and C. (4 marks) 
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@P) 12 
@P) 13 


170 


a Expand (1 — 2x)! in ascending powers of x up to and including the term in x°, 
simplifying each coefficient in the expansion. (4 marks) 


b Use your expansion to find an approximation of 0.98", stating clearly the 
substitution which you have used for x. (3 marks) 


a Use the binomial series to expand (2 — 3x)!° in ascending powers of x up to and 
including the term in x°, giving each coefficient as an integer. (4 marks) 


b Use your series expansion, with a suitable value for x, to obtain an estimate for 1.97!°, 
giving your answer to 2 decimal places. (3 marks) 


a Expand (3 + 2x)‘ in ascending powers of x, giving each coefficient as an integer. (4 marks) 
b Hence, or otherwise, write down the expansion of (3 — 2x)* in ascending 


powers of x. (2 marks) 
¢ Hence by choosing a suitable value for x show that (3 + 2/2)* + (3 - 2V2) is an 
integer and state its value. (2 marks) 


c r Hote ° xy" ‘| os 
The coefficient of x* in the binomial expansion of (1 + 5) , where 1 is a positive 


integer, is 7. 2 
a Find the value of n. (2 marks) 
b Using the value of n found in part a, find the coefficient of x4. (4 marks) 


a Use the binomial theorem to expand (3 + 10x)‘ giving each coefficient as 
an integer. (4 marks) 


b Use your expansion, with an appropriate value for x, to find the exact value of 
10034. State the value of x which you have used. (3 marks) 


a Expand (1 + 2x)! in ascending powers of x up to and including the term in x3, 


simplifying each coefficient. (4 marks) 
b By substituting a suitable value for x, which must be stated, into your answer to 

part a, calculate an approximate value of 1.02'. (3 marks) 
¢ Use your calculator, writing down all the digits in your display, to find a more exact 

value of 1.02!?. (1 mark) 
d Calculate, to 3 significant figures, the percentage error of the approximation found 

in part b. (1 mark) 

TNS} eee ‘ 

Expand (x - =) , simplifying the coefficients. (4 marks) 


In the binomial expansion of (24 + x)", where k is a constant and n is a positive integer, the 
coefficient of x? is equal to the coefficient of x°. 


a Prove that n = 6k + 2. (3 marks) 


b Given also that k = si expand (2k + x)" in ascending powers of x up to and including 
the term in x, giving each coefficient as an exact fraction in its simplest form. (4 marks) 
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a Expand (2 + x)° as a binomial series in ascending powers of x, giving each coefficient 
as an integer. (4 marks) 


b By making suitable substitutions for x in your answer to part a, show that 
(2 + 3)® -— (2 - V3)§ can be simplified to the form ky3, stating the value of the 
integer k. (3 marks) 


The coefficient of x? in the binomial expansion of (2 + kx)’, where k is a positive constant, 
is 2800. 


a Use algebra to calculate the value of k. (2 marks) 
b Use your value of k to find the coefficient of x° in the expansion. (4 marks) 


a Given that 
(24+ x) +(2-xPS =A+ B+ Cr, 


find the value of the constants A, Band C. (4 marks) 
b Using the substitution y = x? and your answers to part a, solve 
(2+ x) + (2 — x) = 349. (3 marks) 


In the binomial expansion of (2 + px)°, where p is a constant, the coefficient of x° is 135. 
Calculate: 


a the value of p, (4 marks) 

b the value of the coefficient of »4 in the expansion. (2 marks) 
- r , x2 2)° 

Find the constant term in the expansion of (= =a 


a Find the first three terms, in ascending powers of x of the binomial expansion of 


(2 + px)’, where p is a constant. (2 marks) 
The first 3 terms are 128, 2240x and qx, where g is a constant. 
b Find the value of p and the value of g. (4 marks) 


a Write down the first three terms, in ascending powers of x, of the binomial expansion 
of (1 - px)'?, where p is a non-zero constant. (2 marks) 


b Given that, in the expansion of (1 - px)!”, the coefficient of x is g and the coefficient 
of x? is 6q, find the value of p and the value of g. (4 marks) 
a Find the first 3 terms, in ascending powers of x, of the binomial expansion 
7 
of (2 + 3) , giving each term in its simplest form. (4 marks) 
b Explain how you would use your expansion to give an estimate for the value of 2.05’. (1 mark) 
g(x) = (4 + kx), where k is a constant. 


Given that the coefficient of x? in the binomial expansion of g(x) is 20, 
find the value of k. (3 marks) 
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Challenge 


1. f(x) = (2 — px)(3 + x) where p is a constant. 
There is no x? term in the expansion of f(x). 
Show that p = + 


2 Find the coefficient of x? in the expansion of (1 + 2x)8(2 — 5x)’. 


Summary of key points 


1 Pascal's triangle is formed by adding adjacent pairs of numbers to find the numbers on the 
next row. 


2 The (n + 1)th row of Pascal's triangle gives the coefficients in the expansion of (a + b)". 
3 nlt=nx(n-1)x(n-2)x...x3x2x1. 
4 You can use factorial notation and your calculator to find entries in Pascal's triangle quickly. 
+ The number of ways of choosing r items from a group of items is 
e N).no — (ny ___n 
written as "C, or (""):"C, = (7) = ar 
+ The rth entry in the nth row of Pascal's triangle is given by"~!C,_, = (& x a) 


5 The binomial expansion is: 
(a+b)"=a"+ (jan + (p)an-*? + wot (Manto +... +b" NEN) 
n! 

rin-r)! 

6 Inthe expansion of (a + 5)" the general term is given by (Ma"-"B. 


where (2) ="C,= 


7 The first few terms in the binomial expansion can be used to find an approximate value for a 
complicated expression. 
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After completing this unit you should be able to: 
@ Use the cosine rule to find a missing side or angle 
@ Use the sine rule to find a missing side or angle 


@ Find the area of a triangle using an appropriate 
formula 


@ Solve problems involving triangles 


@ Sketch the graphs of the sine, cosine and tangent 
functions 


@ Sketch simple transformations of these graphs 


~ pages 174-179 


~ pages 179-185 


~ pages 185-187 


> pages 187-192 


~ pages 192-194 


— pages 194-198 


Prior knowledge check 


Trigonometry in both two and three 
dimensions is used by surveyors to work out 
distances and areas when planning building 
projects. You will also use trigonometry when 
working with vector quantities in mechanics. 
= Exercise 9B Q12 and Mixed exercise Q10, Q11 


Use trigonometry to find the lengths of 
the marked sides. 


«GCSE Mathematics 


Find the sizes of the angles marked. 


i) 27 5 Ln 5cm 
62cm cea Oo 
22cm 


+ GCSE Mathematics 
f(x) = x? + 3x. Sketch the graphs of 
a y=f(x) b y=f(x +2) 
¢ y=f(x)-3 d y=fGx) 
+ Sections 4.5, 4.6 
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@ The cosine rule 


The cosine rule can be used to work out missing sides or angles in triangles. 


= This version of the cosine rule is used to find a missing side if you know two sides and the 
angle between them: 


a =b? +c —2becosA 


2 ‘ EMS ICTT You can exchange the letters depending 
on which side you want to find, as long as each side 
sd has the same letter as the opposite angle. 
a 
c 


You can use the standard trigonometric ratios for right-angled triangles to prove the cosine rule: 


e ULL For a right-angled triangle 


opposite 
ky 3 aN hypotenuse 


y " we & adjacent 


La a cs cos @ rgactentce 
A - on — 2 Adjacent ene opposite 
adjacent 
h? + x? = b? 

and = h? + (¢ - x)? = a? ——________ 
So b? - a? 
So c? = b? - a? 

a?=b? +c? -2cx (1) 
but x=bcosA (2)—+ 
So a? = b? +c? - 2he cos A 


If you are given all three sides and asked to find an angle, the cosine rule can be rearranged. 
a + 2be cos A = b? + c® 
2be cos A = b? +c? — a? 
be+ce-a 
2be 
You can exchange the letters depending on which angle you want to find. 


Hence cos A= 


= This version of the cosine rule is used to find an angle if you know all three sides: 
B+e-a 


2be { Online } Explore the cosine rule using a? 


GeoGebra. 


cos A = 
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Calculate the length of the side AB of the triangle ABC in which AC = 6.5cm, BC = 8.7cm and 


ZACB = 100°. 


a=87cm 


B 
ae enh ——___ eee | 
| c? = 87? + 6.5% - 2 x 87 X 65 Xx cos 100° 


5.69 + 42.25 - (-19.639...) 
=18757.:: 

|S0 c= 11728... 
| So AB = 117 em (3 5.) 


Find the size of the smallest angle in a triangle whose sides have lengths 3cm, 5cm and 6cm. 


Cc 


6cm 
Scm 


3cm 


a? + b? — c? 
C= 
= eae wetnirtecosco ae 


| sian a eee See 
2x5xe Use your calculator to work this Fa 


= 0.8666... out efficiently. 
C= 29,9° (3 sf) 
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Coastguard station B is 8 km, on a bearing of 060°, from coastguard station A. A ship C is 4.8 km, 
on a bearing of 018°, away from A. Calculate how far C is from B. 


Problem-solving 


If no diagram is given with a question you 

should draw one carefully. Double-check that the 
information given in the question matches your 
sketch. 


| a? = b? +c? — 2be cos A 

a? = 4.8? + 8? - 2 x 4.8 x & X cos 42 
= 29.966... 

a= 5.47 (3 sf) 

| Cis 5.47 km away from coastguard B. 


In AABC, AB = xem, BC = (x + 2)cm, AC = S5cmand ZABC = 60°. 
Find the value of x. 


(x + 2)cm 


| b? =a? + c? - 2ac cos B 


5? = (x + 2)? + x2 — 2x(x + 2) cos GO° 
- ssa a0ts4r+4-x-2r- | [rrr 
| So x? + 2x — 21 = OQ —___________ 


| y = 72 #86 
= 2 
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Exercise 


Give answers to 3 significant figures, where appropriate. 


1 In each of the following triangles calculate the length of the missing side. 


a B b B ce oA 
65 2cm 
Sei 4.5em 
oS -<& \"\ 
G 
1 B 

A 84cm = c 5.5em c 

d B e B f B 
Sem 10cm, 10cm Sen 
ye 
A A 
om c 2 3.6em 


2 In the following triangles calculate the size of the angle marked x: 


a B b B ic B 
2.5cm 
4m 8cm Tem a5 
25cm A on 
A c c 
10cm dens 
24cm Cc 
A 
d B eA f 3.8cm 
a B 
14cm 
8cm 7em 6cm 
62cm) 6.2m 
oS Sem B 
A 
10cm ¢ 
Cc 
3 A plane flies from airport A on a bearing of 040° for 120km N 


and then on a bearing of 130° for 150 km. Calculate the 
distance of the plane from the airport. 


» js) 
W 120km 150km 


A 
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178 


From a point A a boat sails due north for 7km to B. The boat leaves B and moves on a bearing 
of 100° for 10km until it reaches C. Calculate the distance of C from A. 


A helicopter flies on a bearing of 080° from A to B, where AB = 50km. 
It then flies for 60 km to a point C. 
Given that C is 80 km from A, calculate the bearing of C from A. 


The distance from the tee, 7, to the flag, F, on a particular hole on a golf course is 494 yards. 
A golfer’s tee shot travels 220 yards and lands at the point S, where ZSTF = 22°. 
Calculate how far the ball is from the flag. 


Show that cos A =} A 
4cm Sem 
B 6cm c 
Show that cos P = -} Q _2cm_P 
3cm 
4com 


In AABC, AB=5cm, BC = 6cm and AC = 10cm. 
Calculate the size of the smallest angle. 


In AABC, AB=9.3cm, BC = 6.2cm and AC = 12.7cm. 
Calculate the size of the largest angle. 


The lengths of the sides of a triangle are in the ratio 2:3: 4. 
Calculate the size of the largest angle. 


In AABC, AB = (x - 3)cm, BC =(x + 3)cm, AC= 8cm and BAC = 60°. 
Use the cosine rule to find the value of x. 


In AABC, AB= xem, BC =(x — 4)cm, AC= 10cm and ZBAC = 60°. 
Calculate the value of x. 


In AABC, AB =(5 — x)cm, BC = (4+ x)cm, ZABC = 120° and AC= yem. 
a Show that)? =.?-x+ 61. 


b Use the method of completing the square to find the minimum value of y?, and give the 
value of x for which this occurs. 
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® 15 In AABC, AB=xcm, BC = 5em, AC =(10- x)cm. 


a Show that cos ABC = 4-18 


b Given that cos ZABC= +, work out the value of x. 


® 16 A farmer has a field in the shape of a quadrilateral as shown. 


D ; 
135m Cc Problem-solving 


You will have to use the cosine rule twice. 
60m Copy the diagram and write any angles 
or lengths you work out on your copy. 


75m 


A 120m B 
The angle between fences AB and AD is 74°. Find the angle between fences BC and CD. 


17 The diagram shows three cargo ships, A, B and C, which are in N c 
the same horizontal plane. Ship B is 50 km due north of ship A 
and ship Cis 70km from ship A. The bearing of C from A is 020°. 


a Calculate the distance between ships B and C, in kilometres B 
to 3s.f. (3 marks) si 70km 
b Calculate the bearing of ship C from ship B. (4 marks) = ? 
A 


[9.2 ) The sine rule 


The sine rule can be used to work out missing sides or angles in triangles. 


= This version of the sine rule is used to find the length 


A 
of a missing side: é d 
a b c B 
a 
c 


sind sinB sinC 


You can use the standard trigonometric ratios for right-angled triangles to prove the sine rule: 


4 
b, a 


4 p 
a 2 
- h 7 t Online ) Explore the sine rule using e? 
sin B= a =>h=asinB SF GeoGebra, 
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| 
jand sin A= # =h=bsinA Use the sine ratio in triangle CAX. 


|So asin B=b sin A 


a b 
|9° sin d= sin B 


Divide throughout by sin A sin B. 


| In a similar way, by drawing the perpendicular 
| from B to the side AC, you can show that: 
| a = c 
| sin A sinc 

a b c 
(Osna” ane ame 


This is the sine rule and is true for all triangles. 


®™ This version of the sine rule is used to find a missing angle: 
sinA _sinB_ sinC 


(I 
sin A sin B 
Be = 
sin 30° sin 40° 
& sin 30 
ee sin 40° 


In AABC, AB = 3.8cm, BC = 5.2cm and ZABC = 35°. Find ZABC. 
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sinC _ sinA 
oe 


sin C__ sin 35° 
38. 52 
3.8 sin 35° 


So sin C= 5.2 


C= 24781... 


[50 B= 120°(3 sf) 


Give answers to 3 significant figures, where appropriate. 
1 Ineach of parts a to d, the given values refer to the general triangle. B 
a Given that a= 8cm, A = 30°, B= 72°, find b. a 
b Given that a= 24cm, A = 110°, C= 22°, find ¢. ¢ 
¢ Given that b = 14.7cm, A = 30°, C = 95°, find a. 
d Given that c = 9.8cm, B = 68.4°, C = 83.7°, find a. 


Q 


2 In each of the following triangles calculate the values of x and y. 


d 
VX gen 
{ Hint ) In parts ¢ and d, 


ty, start by finding the 
size of the third angle. 
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3 Ineach of the following sets of data for a triangle ABC, B 
find the value of x. a 


a AB=6cm, BC=9cm, ZBAC= 117°, ZACB=x 
b AC= 11cm, BC= 10cm, ZABC= 40°, ZCAB=x 
e AB=6cm, BC=8cm, ZBAC = 60°, ZACB=x b 


d AB=8.7cm, AC= 10.80m, ZABC = 28°, ZBAC=x A 
4 Ineach of the diagrams shown below, work out the size of angle x. 
a B b B c B 


A 
d B e B f B 
oe iss 12.4cm 
A<) a 7.9em { » A 
c A AX 
e [> 10.4cem 9.70m 04 


A 
5 In APOR, OR = V3 cm, ZPOR = 45° and ZOPR = 60°. Find a PR and b PQ. 
6 In APOR, PQ = 15cm, QR = 12cm and ZPRQ = 75°. Find the two remaining angles. 


7 Ineach of the following diagrams work out the values of x and y. 


q 10° ; 


om 


2 fp 


A D Sem C 


® 8 Town Bis 6km, ona bearing of 020°, from town A. Problem-solving 


Town Cis located on a bearing of 055° from town A 
and on a bearing of 120° from town B. Work out the 
distance of town C from: 

a town A b town B 


Draw a sketch to show the information. 
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9 Inthe diagram AD = DB =5cm, ZABC = 43° a 
and ZACB = 72°. 
Calculate: 
a AB 
b CD Jer 
G D Scm 2 


10 A zookeeper is building an enclosure for some llamas. A B 
The enclosure is in the shape of a quadrilateral as shown. \/ 
If the length of the diagonal BD is 136m 6m 
a find the angle between the fences AB and BC 
b find the length of fence AB D 98°, 
80m C 


11 In AABC, AB= xem, BC=(4-xJ)om, GRE 


ZBAC=y and ZBCA = 30°. 
You can use the value of sin y directly in your 


Given that sin y = = show that calculation. You don’t need to work out the value of ». 


x =4(/2 -1) (5 marks) 


12 A surveyor wants to determine the height of a 


building. She measures the angle of elevation 
of the top of the building at two points 15m 
apart on the ground. 


a Use this information to determine the height 


of the building. (4 marks) 4 /a\ 


b State one assumption made by the surveyor ——— 
in using this mathematical model. (1 mark) 15ta 


For given side lengths b and c and given angle B, you can draw the triangle in two different ways. 


You can confirm this relationship by 
considering the graph of y = sin x. 


You can draw b 
such that the 
angle at Cis 
obtuse (C,). 


Alternatively you 
can draw b such 
that the angle at 
Cis acute (C,). 


B 


Since AC, C; is an isosceles triangle, it follows that the 
angles AC,B and AC,B add together to make 180°. 


= The sine rule sometimes produces two possible 
solutions for a missing angle: 


+ sin 0= sin (180° — 6) 


> Section 9.5 and Chapter 10 
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Example 


In AABC, AB =4cm, AC = 3cmand ZABC = 44°. Work out the two possible values of ZACB. 


Problem-solving 


Think about which lengths and angles are fixed, 
and which ones can vary. The length AC is fixed. 
If you drew a circle with radius 3 cm and centre 
A it would intersect the horizontal side of the 
triangle at two points, C, and C,. 


sinC_ sinB 
c-"$ 


So C= 67.651... = 67.9° (3 sf) 


or C= 180 - 67.651... 


12.14... 
N2° (3 sf) 


Exercise (9c) 


Give answers to 3 significant figures, where appropriate. 

1 In AABC, BC =6cm, AC =4.5cm and ZABC = 45°. 
a Calculate the two possible values of 7BAC. 
b Draw a diagram to illustrate your answers. 


2 In each of the diagrams shown below, calculate the possible values of x and the corresponding 
values of y. 


a A b B c B 
42cm 
LS 8cm | a Sem 
12cm A <6 | 
B yom Z| Cc A (wo 
jo» yom c 
c 


3 In each of the following cases AABC has ZABC = 30° and AB = 10cm. 
a Calculate the least possible length that AC could be. 
b Given that AC = 12cm, calculate ACB. 
¢ Given instead that AC = 7cm, calculate the two possible values of ZACB. 
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4 Triangle ABC is such that AB = 4cm, BC = 6cm and ZACB = 36°. Show that one of the possible 
values of ZABC is 25.8° (to 3 s.f.). Using this value, calculate the length of AC. 


5 Two triangles ABC are such that AB = 4.5cm, BC = 6.8cm and ZACB = 30°. Work out the value 
of the largest angle in each of the triangles. 


6 a Acrane arm AB of length 80 m is anchored at 
point B at an angle of 40° to the horizontal. 
A wrecking ball is suspended on a cable of 
length 60m from A. Find the angle x through 
which the wrecking ball rotates as it passes the 
two points level with the base of the crane arm 


at B. (6 marks) 
b Write down one modelling assumption you 
have made. (1 mark) 


@® Areas of triangles 


You need to be able to use the formula for finding the area of any triangle when you know two sides 
and the angle between them. 


® Area = 4ab sin C 


A ; { Hint ) As with the cosine rule, the letters are 
b < interchangeable. For example, if you know angle B 
B and sides a and c, the formula becomes Area = 3ac sin B. 
a 


B 


Area of AABC = Sah (1) 
But h=bsinC (2) 
So 
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Work out the area of the triangle shown below. 


B 
{ online ) Explore the area of a triangle 
4.2cm using GeoGebra. 
LZ F 
6.9em 
| Area = be sin A ? 
| Area of AABC =} x 6.9 x 4.2 x sin 75° cm? 


= 14.0 cm? (3 sf) 


0 


In AABC, AB =5cm, BC =6cm and ZABC = x. Given that the area of AABC is 12cm? and that 
AC is the longest side, find the value of x. 


B 
/ ; Gem 
A c 


oe 
| Area = 5ac sinB + 


Area AABC=4 x 6 x 5 X sin xem? 
| So 12=35X 66 Xx 5 X sin xcm? 
: (a 


|So sinx=08 


x= 126.86... . 
= 127° (3 sf) Problem-solving 


There are two values of x for which sin x = 0.8, 
53.13...° and 126.86...°, but here you know Bis 


the largest angle because AC is the largest side. 


1 Calculate the area of each triangle. 
a B ba 


Trigonometric ratios 


2 Work out the possible sizes of x in the following triangles. 


3 A fenced triangular plot of ground has area 1200 m2. The fences along the two smaller sides are 
60m and 80 m respectively and the angle between them is @. Show that @ = 150°, and work out 
the total length of fencing. 


® 4 In triangle ABC, BC =(x + 2)cm, 8 
AC=xcmand ZBCA = 150°. 
Given that the area of the triangle cai 
is Scm?, work out the value of x, (150°> 
giving your answer to 3 significant figures. B (x+2)em CC 


5 In APOR, PQ =(x + 2)cm, PR =(5—x)cmand ZOPR = 30°. 


The area of the triangle is A cm’. 


a Show that 4 = $0 + 3x - x). (3 marks) 
b Use the method of completing the square, or otherwise, to find the maximum 
value of A, and give the corresponding value of x. (4 marks) 


6 In AABC, AB= xem, AC=(5+x)em 


and ZBAC = 150°. Given that the area of the 
triangle is 33cm? 

a Show that x satisfies the equation x? + 5x - 15=0. (3 marks) 
b Calculate the value of x, giving your answer to 3 significant figures. (3 marks) 


x represents a length so it must be positive. 


[9.4 ] Solving triangle problems 


You can solve problems involving triangles by using the sine and cosine rules along with Pythagoras’ 
theorem and standard right-angled triangle trigonometry. 


If some of the triangles are right-angled, try to use basic trigonometry and Pythagoras’ theorem first 
to work out other information. 


If you encounter a triangle which is not right-angled, { Watch out } 
f Watch out i 
you will need to decide whether to use the sine rule 5 uhelsine ule often 
easier to use than the cosine rule. If you 


or the cosine rule. Generally, use the sine rule when knewonesideandantepposteencle 
you are considering two angles and two sides and ina triangle, try to use the sine rule to 
the cosine rule when you are considering three sides find other missing sides and angles. 
and one angle. 
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For questions involving area, check first whether you can use Area = $ x base x height, before using 
the formula involving sine. 


* to find an unknown angle given two sides and one opposite angle, use the sine rule 

* to find an unknown side given two angles and one opposite side, use the sine rule 

* to find an unknown angle given all three sides, use the cosine rule 

* to find an unknown side given two sides and the angle between them, use the cosine rule 
* to find the area given two sides and the angle between them, use Area = jab sin C 


The diagram below shows the locations of four mobile B 
phone masts in a field. BC = 75 m, 
CD = 80m, angle BCD = 55° and angle ADC = 140°. 75m 


In order that the masts do not interfere with each 


other, they must be at least 70 m apart. 7 (ss 


Given that A is the minimum distance from D, find: 


a the distance A is from B C40) 80m 
b the angle BAD D 


c the area enclosed by the four masts 


Problem-solving 


75m Split the diagram into two triangles. Use the 
information in triangle BCD to work out the 
A (3s length BD. You are using three sides and 
C. ‘one angle so use the cosine rule. 


a BD? = BC? + CD? — 2(BC\(CD)cos (ZBCD) 
BD? = 752 + 80? — 2(75)(80)cos 55° 
BD? = 5142.08... 
BD = V5142.08... = 71.708. 
sin(ZBDC) _ sin(ZBCD) 


BC BD 
- sin(55°) X 75 _ 
sin(<BDO) = "272 = 0.85675... 


ZBDC = 58.954... 
ZBDA = 140 — 58.954... = 81.045... 
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= = —— 
oa et Gaul 
AB? = 70? + 71.708...” 


— 2(70)(71.708...)cos (61.045...) 
AB? = 8479.55... 


sin(ZBAD) _ sin(ZBDA) 

| BD” AB 

sin(81,045...) x 71.708 
92.084 


AB = (8479.55... = 92.084... 
= 92.1m (3 sf) 


sin(ZBAD) = 


c Area ABCD = area BCD + area BDA 


Area ABCD = 4(BC)(CD)sin(ZBCD) 
+ 5(AB)(AD)sin (ZBAD) 
Area ABCD = 3(75)(60)sin (55°) 


+ $(92.084...)(70)sin (50.26...°) 


Area ABCD = 24574... + 2479.0... 
Area ABCD = 4936.4... = 4940 m2 (3 sf) 


Exercise 


Try to use the most efficient method, and give answers to 3 significant figures. 


Q 


{ Online } Explore the solution step-by-step 
using GeoGebra. 


1 In each triangle below find the values of x, y and z. 


b B ic B 
yem <f 
sen, 20cm 
: [=> Cc or 
a (inf 
A 14.6cm yem © 
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® 5 


® 6 


190 


& 


15.6cm 


Cc 


In AABC, calculate the size of the remaining angles, the lengths of the third side and the area 
of the triangle given that 

a ABAC=40°, AB=8.Scm and BC = 10.2cm 

b AACB = 110°, AC=4.9cem and BC=6.8cm 


A hiker walks due north from A and after 8 km reaches B. She then walks a further 8 km on a 
bearing of 120° to C. Work out a the distance from A to C and b the bearing of C from A. 


A helicopter flies on a bearing of 200° from A to B, where AB = 70 km. It then flies on a 
bearing of 150° from B to C, where C is due south of A. Work out the distance of C from A. 


Two radar stations A and B are 16 km apart and 4 is due north of B. A ship is known to be on 
a bearing of 150° from A and 10 km from B. Show that this information gives two positions for 
the ship, and calculate the distance between these two positions. 


Find x in each of the following diagrams: 


a c ee B 
yi 
A Dy 
24cm’ 
A c 3.8cem C 
10cm 
In AABC, AB=4cm, BC=(x + 2)cmand AC=7cm. 
a Explain how you know that 1 <x <9. B 
“ (x + 2)em 
b Work out the value of x and the area of the triangle 4cm 
for the cases when Cc 
i ZABC=60° and A cm 
ii ZABC = 45°, giving your answers to 3 significant figures. 
5 3 Cc 
In the triangle, cos ABC = % 
a Calculate the value of x. Sem (c+ Vem 
b Find the area of triangle ABC. B 
2cm 
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In AABC, AB =\V2 cm, BC = V3 cm and ZBAC = 60°. Show that ZACB = 45° and find AC. 


In AABC, AB = (2- x)em, BC=(x+1)cm 
and ZABC = 120°. 

as Complete the square for the expression 
a Show that AC? = x?— x +7. x? — x +7 to find the minimum value of 
b Find the value of x for which AC has a AC* and the value of x where it occurs. 


minimum value. 


Triangle ABC is such that BC = 5V2 cm, ABC = 30° and ZBAC = 0, where sin @ = 3 


Work out the length of AC, giving your answer in the form aVb, where a and b are integers. 


The perimeter of AABC = 15cm. Given that AB = 7cm and /BAC = 60°, find the lengths of 
AC and BC and the area of the triangle. 


In the triangle ABC, AB = 14cm, BC = 12cm and CA = 15cm. 
a Find the size of angle C, giving your answer to 3 s.f. (3 marks) 
b Find the area of triangle ABC, giving your answer in cm? to 3 sf. (3 marks) 


A flower bed is in the shape of a 
quadrilateral as shown in the diagram. 


a Find the sizes of angles DAB and BCD. 

(4 marks) 
b Find the total area of the flower bed. 

(3 marks) 


¢ Find the length of the diagonal AC. 
(4 marks) 


ABCD isa square. Angle CED is obtuse. 
Find the area of the shaded triangle. (7 marks) 
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9.5 ] Graphs of sine, cosine and tangent 


= The graphs of sine, cosine and tangent are periodic. They repeat themselves after a certain 
interval. 


You need to be able to draw the graphs for a given range of angles. 


= The graph of y = sin 0: 
* repeats every 360° and crosses the x-axis at ..., -180°, 0, 180°, 360°, ... 
+ has a maximum value of 1 and a minimum value of -1. 


sin @ = 1 when @ = 90°, 450°, etc. 


sin @=0 when 
4 =-180°, 0°, 
180°, 360°, 
540°, etc. 


y=sind 


sin @ = -1 when 6 = -90°, 270°, etc. 


= The graph of y = cos @: 
* repeats every 360° and crosses the x-axis at ..., -90°, 90°, 270°, 450°, ... 
* has a maximum value of 1 and a minimum value of -1. 


cos @ = 1 when @ = 0°, 360°, etc. 


cos # = 0 when 
= -90°, 90°, 
270°, 450, etc. 


cos # = —1 when @ = -180°, 180°, 540°, etc. 


192 3THSEC 


Trigonometric ratios 


= The graph of y = tan 0: 
* repeats every 180° and crosses the x-axis at ... -180°, 0°, 180°, 360°, ... 
+ has no maximum or minimum value 
+ has vertical asymptotes at x = —-90°, x = 90°, x = 270°, ... 


tan @ does not have maximum and minimum points but approaches negative or positive 
infinity as the curve approaches the asymptotes at —90°, 90°, 270°, etc. tan @ is undefined 
for these values of @. 


=180°-150° -120°-  -60° -307 30° 60° 9° 120° 1507 


: > 
° 210° 240° 270° 300° 330°560° 4 


tan 0 =0 when @ = 0°, 180°, 360°, etc. 


a Sketch the graph of y = cos @ in the interval -360° < @ <= 360°. 


b i Sketch the graph of y = sin x in the interval -180° < x < 270° 
ii sin (—30°) = -0.5. Use your graph to determine two further values of x for which sin x = -0.5. 


Ja " 
y=cos0 
2 y 160° dror 3cor 9 


3THSEC 193 


Chapter 9 


ii Using the symmetry of the graph: 
sin (-150°) = -0.5 
sin 210° = -0.5 
x = -150° or 210° 


1 Sketch the graph of y = cos @ in the interval —-180° < @ < 180°. 


2 Sketch the graph of y = tan 0 in the interval -180° < @ < 180°. 
3 Sketch the graph of y = sin 0 in the interval -90° < @ < 270°. 


4 a cos30°= 8 Use your graph in question 1 to find another value of @ for which cos 0 = 3 
b tan 60° = V3. Use your graph in question 2 to find other values of @ for which: 
i tand=/3 ii tan =-/3 
e sin45° = a Use your graph in question 3 to find other values of @ for which: 
: 1 . 1 
i sin@=— ii sind = -— 
v2 v2 
@® Transforming trigonometric graphs 
You can use your knowledge of transforming graphs to Wetneede becceteepen, 
transform the graphs of trigonometric functions. translations and stretches to graphs 
of trigonometric functions. 
€ Chapter 4 


Sketch on separate sets of axes the graphs of: 
a y=3sinx,0<x < 360° 
b y=-tan0, -180° < @ < 180° 
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Sketch on separate sets of axes the graphs of: 


a p=-1+sinx,0 <x < 360° b y=4+cosx,0 <x < 360° 
lat « a 
y=-t+sinx [+ 
of - 
180° 270° 360° * 
pe 51 SN sents 2 
| 2] 
| 
c Ei alll 
ee ee 
| 
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Sketch on separate sets of axes the graphs of: 
a y=tan(@+45°),0 <0 < 360° b y=cos(@— 90°), -360° < @ < 360° 


{ y=tan(@+ 459 


Sketch on separate sets of axes the graphs of: 


a p=sin2x,0<x=<360° b y=eos 8, -s40° <0 < 540° e¢ y=tan(-x), -360° < x < 360° 
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y= cos5 


; > 
180° ‘geo? 540° 4 


e vA 


—1 OR 


ON | 1a: 3co* 


t Online ) Plot transformations of 


trigonometric graphs using GeoGebra. 


Exercise 


1 Write down i the maximum value, and ii the minimum value, of the following expressions, 
and in each case give the smallest positive (or zero) value of x for which it occurs. 


a cosx b 4sinx ¢€ cos(—x) 
d 3+4sinx e -sinx f sin3x 


2 Sketch, on the same set of axes, in the interval 0 < @ < 360°, the graphs of cos @ and cos 30. 


3 Sketch, on separate sets of axes, the graphs of the following, in the interval 0 < @ < 360°. 
Give the coordinates of points of intersection with the axes, and of maximum and minimum 
points where appropriate. 


a y= -cosé b y=tsind c y=sinto d y=tan(@- 45°) 


4 Sketch, on separate sets of axes, the graphs of the following, in the interval —180° < @ < 180°. 
Give the coordinates of points of intersection with the axes, and of maximum and minimum 
points where appropriate. 


a y=-2sin0 b y=tan(6 + 180°) ¢ y=cos46 d y=sin(-0) 


5 Sketch, on separate sets of axes, the graphs of the following in the interval -360° < @ < 360°. 
In each case give the periodicity of the function. 


a y=sin40 b y=-tc0s e y=tan(6-90°) d y=tan20 
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® 6 a By considering the graphs of the functions, or otherwise, verify that: 
i cos@=cos(-0) 
ii sin@ =-sin(-0) 
iii sin (0 — 90°) = -cos 0. 
b Use the results in a ii and iii to show that sin (90° — 0) = cos 0. 
c¢ In Example 14 you saw that cos (@ — 90°) = sin 6. 
Use this result with part a i to show that cos (90° — @) = sin 0. 


(CG) 7 The graph shows the curve y, 
y = cos (x + 30°), -360° = x < 360°. 
a Write down the coordinates of 
the points where the curve 360° 870° 270° 
crosses the x-axis. (2 marks) 
b Find the coordinates of the 
point where the curve crosses the y-axis. (1 mark) 


>» 
360° 8 


8 The graph shows the curve with equation 

y=sin(x + k), -360° < x < 360°, 

where k is a constant. 

a Find one possible value 
fork. (2 marks) 

b Is there more than one possible 
answer to part a? Give a reason 
for your answer. (2 marks) 


ss 


9 The variation in the depth of water in a rock pool can be modelled using the function 
y = sin (307°, where ¢ is the time in hours and 0 = + < 6. 


a Sketch the function for the given interval. (2 marks) 
b If ¢=0 represents midday, during what times will the rock pool be at least half full? (3 marks) 


Mixed Exercise (9) 


Give non-exact answers to 3 significant figures. 


1 Triangle ABC has area 10cm?. AB= 6 cm, BC= 8 cm and ZABC is obtuse. Find: 
a the size of ZABC 
b the length of AC 


2 In each triangle below, find the size of x and the area of the ar 


198 3THsEC [fq 


Trigonometric ratios 


3. The sides of a triangle are 3cm, 5cm and 7cm respectively. Show that the largest angle is 120°, 
and find the area of the triangle. 


4 Ineach of the figures below calculate the total area. 


10.4cm ic b B 
es 
wa 3.9em 
A /s\ Cc 


4 D D=— 24cem—> 


5 In AABC, AB = 10cm, BC = ay3 cm, AC = 5V 13 cm and ZABC = 150°. Calculate: 
a the value of a 
b the exact area of AABC. 


6 Ina triangle, the largest side has length 2cm and one of the other sides has length 2 cm. 
Given that the area of the triangle is 1 cm?, show that the triangle is right-angled and isosceles. 


7 The three points A, Band C, with coordinates A(0, 1), B(3, 4) and C(1, 3) respectively, are 
joined to form a triangle. 
a Show that cos ACB = -t (5 marks) 
b Calculate the area of AABC. (2 marks) 


8 The longest side of a triangle has length (2x — 1) cm. The other sides have lengths (x — 1)cm 
and (x + 1)cm. Given that the largest angle is 120°, work out 


a the value of x (5 marks) 
b the area of the triangle. (3 marks) 
9 A park is in the shape of a triangle ABC as shown. N 
A park keeper walks due north from his hut at 4 until he 
reaches point B. He then walks on a bearing of 110° to point C. 5 0) 
a Find how far he is from his hut when at point C. idee 
Give your answer in km to 3 s.f. (3 marks) 
b Work out the bearing of the hut from point C. 1.2km Cc 
Give your answer to the nearest degree. (3 marks) 
¢ Work out the area of the park. (3 marks) 
A 


10 A windmill has four identical triangular sails made from wood. If each triangle has sides of 


length 12m, 15m and 20m, work out the total area of wood needed. (5 marks) 


11 Two points, A and B are on level ground. A church tower at point C has an angle of elevation 


from A of 15° and an angle of elevation from B of 32°. A and Bare both on the same side of 
C, and A, Band C lie on the same straight line. The distance AB = 75m. 
Find the height of the church tower. (4 marks) 
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16 


17 
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Describe geometrically the transformations which map: 

a the graph of » = tan x onto the graph of tan tx 

b the graph of y= tan x onto the graph of 3 + tan $x 

¢ the graph of y =cos.x onto the graph of —cos x 

d_ the graph of y = sin(x — 10) onto the graph of sin (x + 10). 


a Sketch on the same set of axes, in the interval 0 < x < 180°, the graphs of y = tan (x — 45°) 
and y = -2 cos .x, showing the coordinates of points of intersection with the axes. (6 marks) 

b Deduce the number of solutions of the equation tan (x — 45°) + 2cos x = 0, in the interval 
0<x<180°. (2 marks) 


The diagram shows part of the graph of y = f(x). 
It crosses the x-axis at A(120°, 0) and B(p, 0). 

It crosses the y-axis at C(0, g) and has a maximum 
value at D, as shown. 


Given that f(x) = sin(x + k), where k > 0, write down 


a the value of p (1 mark) 
b the coordinates of D (1 mark) 
¢ the smallest value of k (1 mark) 
d the value of g. (1 mark) 


Consider the function f(x) = sinpx, p € R, 0 < x < 360°. 
The closest point to the origin that the graph of f(x) crosses the x-axis has x-coordinate 36°. 


a Determine the value of p and sketch the graph of y = f(x). (5 marks) 
b Write down the period of f(x). (1 mark) 
The graph below shows y = sin @, 0 <= @ < 360°, with one 


value of #(@ = a) marked on the axis. 
a Copy the graph and mark on the 6-axis the positions 
of 180° — a, 180° + a, and 360° - a. 
b Verify that: 
sin a = sin (180° - a) = -sin (180° + a) = -sin (360° - a). 


a Sketch on separate sets of axes the graphs of y = cos @(0 < 0 < 360°) and 

y= tan 0(0 <0 < 360°), and on each 6-axis mark the point (a, 0) as in question 16. 
b Verify that: 

i cos a= -—cos (180° — a) = —cos (180° + a) = cos (360° - a) 

ii tana = —tan (180° — a) = tan(180° + a) = -tan (360° - a) 


A series of sand dunes has a cross-section which can be modelled using a sine curve of the form 
y = sin (60x)° where x is the length of the series of dunes in metres. 


a Draw the graph of y = sin (60x)° for 0 = x =< 24°. (3 marks) 

b Write down the number of sand dunes in this model. (1 mark) 

¢ Give one reason why this may not be a realistic model. (1 mark) 
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Challenge 


In this diagram AB = BC = CD = DE=1m. Try drawing triangles ADB and 
y AEB back to back. 
A A 
ee | SS ail 
Bim Cim Dim E B DE B 


Prove that ZAEB + ZADB = ZACB. 


Summary of key points 


1 This version of the cosine rule is used to find a missing A 


side if you know two sides and the angle between them: b C 
a’ =b? +c? -2becos A 2 B 


2 This version of the cosine rule is used to find an angle if 
you know all three sides: 
B+e-a 


cos A= Phe 


3. This version of the sine rule is used to find the length of a missing side: 
a b ¢c 


4 This version of the sine rule is used to find a missing angle: 
sinA _ sinB_sinC 
a b i 


5 The sine rule sometimes produces two possible solutions for a 
missing angle: 
sin @ = sin (180° — @) 


6 Area of a triangle = Sab sin C. 


7 The graphs of sine, cosine and tangent are periodic. They repeat themselves after a certain 
interval. 


+ The graph of » = sin @: repeats every 360° and crosses the x-axis at ..., 180°, 0, 180°, 360°, ... 
+ has a maximum value of 1 and a minimum value of —1. 

+ The graph of » = cos @: repeats every 360° and crosses the x-axis at ..., 90°, 90°, 270°, 450°, ... 
+ has a maximum value of 1 and a minimum value of —-1 

+ The graph of » = tan @: repeats every 180° and crosses the x-axis at ... -180°, 0°, 180°, 360°, ... 
+ has no maximum or minimum value 

+ has vertical asymptotes at x = —90°, x = 90°, x = 270°, ... 


3THSEC 201 


Trigonometric 10 
identities and 
equations 


After completing this chapter you should be able to: 


e Calculate the sine, cosine and tangent of any angle — pages 203-208 
@ Know the exact trigonometric ratios for 30°, 45° and 60° pages 208-209 
@ Know and use the relationships tan 0 = sing, 

and sin? 7+ cos*0=1 cos? — pages 209-213 
@ Solve simple trigonometric equations of the forms sin @=k, 

cos @=k and tand=k — pages 213-217 


@ Solve more complicated trigonometric equations of the 
forms sinn@=k and sin (A+ a) = k and equivalent equations 
involving cos and tan — pages 217-219 


@ Solve trigonometric equations that produce quadratics -> pages 219-222 


Prior knowledge check 


Sketch the graph of » = sin x for 0 =< x < 540°. 

b How many solutions are there to the equation 
sin x = 0.6 in the range 0 < x < 540°? 

¢ Given that sin-!(0.6) = 36.9° (to 3 s.f.), write 
down three other solutions to the equation 

sinx = 0.6. # Section 9.5 


2 Work out the marked angles in these triangles. 
a b 


87cm 61cm 


20cm 


«© GCSE Mathematics 


3 Solve the following equations. 
a éx-7=15 b 3x+5=7x-4 
¢ sinx=-0.7 € GCSE Mathematics 


Trigonometric equations can be used 
to model many real-life situations 
such as the rise and fall of the tides 
or the angle of elevation of the sun 
at different times of the day. 


4 Solve the following equations. 
a x*-4x+3=0 b x°+8x-9=0 
¢ 2x*-3x-7=0 


€ Section 2.1 
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You can use a unit circle with its centre at the origin vA 
to help you understand the trigonometric ratios. 


= For a point P(x, y) on a unit circle such that 
OP makes an angle 6 with the positive x-axis: : 
ia Notation OTT 
circle is a circle with 
a radius of 1 unit. 


* cos @= x = x-coordinate of P 
¢ sin @=y = y-coordinate of P 


* tand= 2 = gradient of OP 


Trigonometric identities and equations 


You can use these definitions to find the values of sine, cosine and tangent for any angle @ You always 


measure positive angles 7anticlockwise from the positive x-axis. 


When @is obtuse, 
cos @is negative 


because the 

x-coordinate of P is t Online ) Use GeoGebra to explore the e? 

negative. values of sin 4 cos #and tan / for any 
angle @in a unit circle. 


You can also use these definitions to generate the graphs of y = sin @and y = cos 
a 


To plot y = sin 4, read off 
the y-coordinates as P 
moves around the circle. 


The point P corresponding to an angle 7 
is the same as the point P corresponding to an 
angle 4+ 360°. This shows you that the graphs 
of y = sin Zand y = cos Aare periodic with period 


lL To plot y = cos 4 read off the 
x-coordinates as P moves 
ov around the circle. 


360°. + Section 9.5 
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‘ample 


Write down the values of: 


a sin 90° b sin 180° ¢ sin270° 

d cos 180° e cos(—90)° f cos 450° 
a sin90°=1 | 
b sint80° =O 
¢ sin270° = -1 


d cos180° = -1 


f cos450°=0 


Write down the values of: 


e cos(-90°) =O dit 


a tan45° b tan 135° e tan 225° 
d_ tan (-45°) e tan 180° f tan 90° 
a tan45°= - 
b tan135° = -1 
© tan225°= 


d tan(-45°) = tan 315° = -1 


e tan160° =O 


f tan90° = undefined 


tan @is undefined when @= 270° or any 
other odd multiple of 90°. These values of 7 
correspond to the asymptotes on the graph of 
yp=tand Section 9.5 
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The y-coordinate is 1 when @= 90°. 
= 


out 
905 
oO x 
rip 
(0,-1) 


If @is negative, then measure clockwise from the 
positive x-axis. 

An angle of —90° is equivalent to a positive angle 
of 270°. The x-coordinate is O when #= —90° or 
270°. 


When @= 45°, the coordinates of OP are 
( 4) so the gradient of OP is 1. 


v2 v 


When @=-45° the gradient of OP is -1. 


When @= 180°, P has coordinates (-1, 0) so the 
gradient of OP= ¢ =I 0h 


When @= 90°, P has coordinates (0, 1) so the 
gradient of OP = x. This is undefined since you 
cannot divide by zero. 
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The x-y plane is divided into quadrants: 


Second 
quadrant Angles may lie outside the range 0-360°, but they 
will always lie in one of the four quadrants. 
For example, an angle of 600° would be equivalent 
Third to 600° — 360° = 240°, so it would lie in the third 
quadrant quadrant. 


—180°+180° 


Find the signs of sin & cos @and tan @in the second quadrant. 


In the second quadrant, @is obtuse, 
or 90° < #< 180°. 


Draw a circle, centre O and radius 1, with P(x, y) 
on the circle in the second quadrant. 


| As xis -ve and y is +ve in this quadrant 


sind = +ve 
| cos 0= -ve 
+ve 
| tand= xe = ~ve 


| So only sin Bis positive. 


= You can use the quadrants to determine whether each of the trigonometric ratios is positive 


or negative. 90° For an angle (in the first quadrant, 
4 


For an angle @in the [sin @, cos #and tan Aare all positive. 


second quadrant, only —___. sin All 


ind i itive. 
sin @ is positive. For an angle @in the fourth 


| quadrant, only cos Gis positive. 


[ Notation ) This diagram is often referred to as 


270° a CAST diagram since the word is spelled out 
from the bottom right going anti-clockwise. 


180° - 0, 360° 


x 


For an angle @in the 
third quadrant, only tan @———- Tan 
is positive. 


Cos 
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= You can use these rules to find sin, cos or tan of any 
positive or negative angle using the corresponding 


acute angle made with the x-axis, 0. 


sin (180° — #) =sin@ ———-180°-0 
sin (180° + A) =-sin@ 
sin (360° — #) =-sind 
tan (180° — #) =-tan@ 
tan (180° + 0) = tang 
tan (360° — #) =-tan@ 


180° +0 


cos (180° - @) 


360°-4 
es (180° + #) =-cos 4 


cos (360° — #) =cosd 


Express in terms of trigonometric ratios of acute angles: 


a sin(—100°) b cos 330° 


The acute angle made with the x-axis is 60°. 


In the third quadrant only tan is +ve, 
so sin is -ve. 


So sin(—100)° = -sin 80° 


The acute angle made with the x-axis is 30°. 
In the fourth quadrant only cos is +ve. 
So cos 330° = +cos 30° 
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e tan 500° 


For each part, draw diagrams showing the 
position of OP for the given angle and insert the 
acute angle that OP makes with the x-axis. 
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The acute angle made with the x-axis is 40° 
In the second quadrant only sin is +ve. 
So tan 500° = -tan 40° 


Exercise 


1 Draw diagrams to show the following angles. Mark in the acute angle that OP makes with the 
x-axis, 
a -80° b 100° e 200° d 165° e -145° 
f 225° g 280° h 330° i -160° j -280° 


2 State the quadrant that OP lies in when the angle that OP makes with the positive x-axis is: 
a 400° b 115° ¢ -210° d 255° e -100° 


3 Without using a calculator, write down the values of: 
a sin(-—90°) b sin 450° e sin 540° d_ sin (-450°) e cos(—180°) 
f cos(—270°) g cos 270° h cos 810° i tan 360° j tan(-180°) 


4 Express the following in terms of trigonometric ratios of acute angles: 


a sin 240° b sin (-80°) ¢ sin(—200°) d_ sin 300° e sin460° 
f cos110° g cos 260° h cos(—50°) i cos(—200°) j cos 545° 
k tan 100° 1 tan 325° m tan (30°) n tan(-—175°) o tan 600° 
5 Given that @is an acute angle, express in terms of sin 4 ap hereeulte 
a sin(-@) b sin(180° + A) ¢ sin (360° - 4) obtained in questions 
d sin (—(180° + @)) e sin(-180°+ 4) f sin(-360°+ 4) 5 and 6 are true for all 
values of 4 


g sin(540°+ 4) h sin (720° - A) i sin(@+ 720°) 


6 Given that @is an acute angle, express in terms of cos 7 or tan 7 
a cos(180° - 4) b cos (180° + 4) ¢ cos(-A) d_ cos (—(180° - @)) 
e cos(#— 360°) f cos(@- 540°) g tan(-@) h tan(180°- 4) 
i tan(180°+@)  j tan(-180°+4) k tan(540°-4) 1 tan(@- 360°) 


3THSEC 207 


Chapter 10 


Challenge Problem-solving 


a Prove that sin (180° — 4) =sind Draw a diagram showing the positions of @and 
b Prove that cos (4) = cos 180° — on the unit circle. 
¢ Prove that tan (180° — @) = -tan@ 


t 10.2 ] Exact values of trigonometrical ratios 
You can find sin, cos and tan of 30°, 45° and 60° exactly using triangles. 
Consider an equilateral triangle ABC of side 2 units. 


Draw a perpendicular from A to meet BC at D. 


Apply the trigonometric ratios in the right-angled triangle ABD. A 
= sin30° =} cos30° = "> tan30° = AD=V2-1 =\3 
sin 60° = 3 cos 60° = 3 tan 60° = 3 


BD=1 unit 


Consider an isosceles right-angled triangle POR with 
PQ= RO=1 unit. ess a 
PR=VP +2 =V2 
@ sin 45° = 


Find the exact value of sin (—210°). 


tan45°=1 


150° 

| x 

| sin (-210°) = sin (150°) 
210%, 

| sin (-210°) = sin (150°) = sin (30°) ————_ Use sin (180°- 4) =sind 
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Exercise (108) 


1 Express the following as trigonometric ratios of either 30°, 45° or 60°, and hence find their 
exact values, 


a sin 135° b sin (-—60°) e sin 330° d sin 420° e sin (—300°) 
f cos 120° g cos 300° h cos 225° i cos(-210°) j cos 495° 
k tan 135° 1 tan (-225°) m tan 210° n tan 300° o tan(—120°) 


Challenge 


The diagram shows an isosceles right-angled triangle ABC. 
AE = DE = 1 unit. Angle ACD = 30°. 


a Calculate the exact lengths of 
iCcE iiDC iii BC iw DB 
b State the size of angle BCD. 
Hence find exact values for 
i sin15° ii cos 15° 


10.3 } Trigonometric identities 


You can use the definitions of sin, cos and tan, together with 
Pythagoras’ theorem, to find two useful identities. 


The unit circle has equation x* + y* = 1. 


The equation of a circle with radius r and 
centre at the origin is x*+)2=r2. © Section 6.2 


; oe ea Shh isa 
Since cos = x and sin @= y, it follows that cos*#+ sin?#= 1. Ca Aheceeeultearoenled 


= For all values of 6, sin?@ + cos?@= 1. trigonometric identities. You use the 
= symbol instead of = to show that 

they are always true for all values of 
@ (subject to any conditions given). 


i y, i] 
Since tan 7= =< it follows that tan 0= ind 
* cos@ 


= For all values of 6 such that cos 9+ 0, tan = sin@ 

cos 0 
You can use these two identities to simplify t Watch out } tan @is undefined when 
trigonometrical expressions and complete proofs. the denominator = 0. This occurs 


when cos @= 0, so when #=... -90°, 
90°, 270°, 450°, ... 


3THSEC 209 


=>  @ @ 8} —| 


Example 


Simplify the following expressions: 


sin2@ 


a sin?30+cos*3d b 5—Ssin?@ 


b 5 - 5sin?@= 5(1 — sin? ————————___ 
= 5c0s? 


_sin20 sin 20 
Vi-sin?20 cos? 20 


60520 
= es 


cos! @—sintd Problem-solving 


Prove that cos? = 1-tan’d When you have to prove an identity like this you 


may quote the basic identities like ‘sin? + cos? = 


, 


cos*@—- sint@ 


LHS = 
cos? 


_ (cos® @ + sin? A(cos* 4 — sin? #) 
_ l cos? @ 
__ (cos? @— sin? #) 

cos*@ 


cos*@ sin? A 
cos*@ cos? @ 


= 1 - tan?@= RHS 


a Given that cos = 2 and that @ is reflex, find the value of sin @ 


2 
b Given that sina = 5 and that a is obtuse, find the exact value of cos a. 
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a Since sin? @+ cos? @=1, t Watch out If you use your calculator to find 


3)\2 cos~(—3), then the sine of the result, you will get 
ine=1-(-2) 5 oH 
- ie 5 an incorrect answer. This is because the cos“? 
9 function on your calculator gives results between 
=1=oe Oand 180°. 

-1é6 
~ 25 
So sind=-2 


b Using sin? a + costa = 1, 


etastottee: 
25° 25 
As ais obtuse, cosa is negative 
vai 
50 cosa =~" 1 tion asks for th ict valu 


Given that p = 3 cos @, and that g = 2 sin @ show that 4p? + 9q? = 36. 


As p = 3cos@ and q = 2sing Problem-solving 


cos0=" and sing = 4 You need to eliminate #from the equations. 
3 2 As you can find sin @and cos Gin terms of p 
Using sin? 0+ cos? @= 1, and q, use the identity sin? 0+ cos? @= 1. 


1 Simplify each of the following expressions: 


al - cos?40 b Ssin?34+ Scos?30 e sin? A-1 
sin@ 2 V1 =co: 
tan — VI = sin?3A 


g (1 +sinx) + (1 -sinx)? + 2cos?x h sin? + sin? @cos? 4 


i sint@+2sin? Ocos? 7+ cost @ 
2 Given that 2 sin @= 3 cos @, find the value of tan 8. 


3 Given that sin x cos y = 3 cos x sin y, express tan x in terms of tan y. 
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Express in terms of sin # only: 


a cos*d b tan’? 9 e¢ cos#tand 

cos @ r fs 
d ane e (cos @— sin A)(cos 7+ sin A) 

ee 5 sin A 
Using the identities sin? A + cos? A = 1 and/or tan A = eae (cos A # 0), prove that: 

. > e 1 - 
a (sin@+cos#*=1+2sin@cos# b Gos 97 008 9= sin Atan 7 
¢ tanx+ ! a d cos? A — sin? A = 2cos?A-1 —2sin? A 
tanx ~ sin x cos.x 

e (2sin @-cos 0) + (sin@+ 2cos # = 5 f 2-(sin@-cos 4)? = (sin #+ cos #)* 
g sin?.x cos? y — cos*x sin? y = sin? x — sin? y 
Find, without using your calculator, the values of: 
a sin @and cos @, given that tan 0= 4 and @is acute. 
b sin and cos @, given that cos = —3 and Gis obtuse. 
¢ cos @and tan 4, given that sin d= -$ and 270° < #< 360°. 
Given that sin = and that Zis obtuse, find the exact value of: acos?  btan@ 


Given that tan @= -y3 and that @is reflex, find the exact value of: asin? — bcos@ 
Given that cos @= 3 and that @is reflex, find the exact value of: asin? btan@ 


In each of the following, eliminate / to give an equation relating x and y: 


a x=sind, y=cosé b x=sin@ y=2cosd Problem-solving 


e x=sing y=cos'd d x=sing, y=tand In part e find expressions for x + y and x — y. 
e x=sind+cos@ y=cos@-sind 


The diagram shows the triangle ABC with AB = 12cm, c 

BC =8cmand AC= 10cm. 8cm 10cm 

a Show that cos B= 4 (3 marks) 

b Hence find the exact value of sin B. (2 marks) om 4 


t Hint ) Use the cosine rule: a? = b? + c?-2becosA + Section 9.1 


The diagram shows triangle POR with PR = 8cm, Q 
QR =6cm and angle OPR = 30°. 
, 2 6cm 
a Show that sin Q = 3 (3 marks) ; é 
b Given that Q is obtuse, find the exact value 8cm R 
of cosQ (2 marks) 
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10.4 ) Simple trigonometric equations 


You need to be able to solve simple trigonometric equations of the form sin =k and cos d=k 
(where -1 <k < 1) and tan @= p (where p € R) for given intervals of @ 


a ; in 0= = is 
icone aa Hand cos 0 = Konlylextct The graphs of y = sin #and y= cos @ 
have a maximum value of 1 and a minimum 
™ Solutions to tan 0 = p exist for all values of p. value of -1. 
The graph of y = tan @has no maximum or 
minimum value. Section 9.5 


Example 


Find the solutions of the equation sin #= + in the interval 0 < @ < 360°. 


Method 1 
sind = 5 
So @= 30° 
| 150° © @® _— Putting 30° in the four positions shown gives the 
30 Zor ‘ angles 30°, 150°, 210° and 330° but sine is only 
> positive in the 1st and 2nd quadrants. 
T c 
30 al ae , . You can check this by putting sin 150° in your 
or x =160° — 30° = 150' calculator. 
Method 2 


Draw the graph of » = sin @ for the given interval. 


Use the symmetry properties of the 
y=sin@ graph. Sections 9.5 


3 cuts the curve. 


sin = 4 where the line y 
Hence @ = 30° or 150° 


= When you use the inverse trigonometric functions on your calculator, the angle you get is 
called the principal value. 


Your calculator will give principal values in the following ranges: The inverse 
cos~! in the range 0 < 7 180° trigonometric functions 


are also called arccos, 


sin-! in the range -90° = 7= 90° ‘ 
arcsin and arctan. 


tan-! in the range -90° <= = 90° 
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Solve, in the interval 0 < x < 360°, Ssin x = -2. 


Method 1 
5 sinx =-2 
sinx = -O0.4 
Principal value is x = -23.6° (3 s.f) { watch out ) The principal value will not always 


be a solution to the equation. 


x = 203.6° (204° to 3 sf) 
or xX = 336.4° (336° to 3 sf) 


Method 2 


sin“(-O0.4) = -23.578...° 
xX = 203,576...° (204° to 3 sf) 
or x = 336.421...° (336° to 3 sf) 


Solve, in the interval 0 < x < 360°, cosx = ie Problem-solvin: 


In your exam you might have to analyse student 

working and identify errors. One strategy is to 
V3 solve the problem yourself, then compare your 

cos('3) = 30° working with the incorrect working that has been 


So x = 30° or x = 180° — 30° = 150° (hub 


A student writes down the following working: 


a Identify the error made by the student. 
b Write down the correct answer. 


a The principal solution is correct but the 
student has found a second solution in the 


second quadrant where cos is negative. 
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= = 
b x = 30° from the calculator 


x = 30° or 330° 


You can use the identity tan = sing to solve equations. 


cos @ 


Find the values of @in the interval 0 <  < 360° that satisfy the equation sin #= 3 cos @. 


sind=V3 cos@ 
So tand=Vv3 
tan“\(V3) = GO° 


ae © 


| 4 = GO? or 240° 


Exercise 


1 The diagram shows a sketch of y = tan.x. 


a Use your calculator to find t Hint } The principal solution is 
the principal solution to faethediontheierant 


the equation tan x = -2. 

b Use the graph and your answer 
to part a to find solutions to the 
equation tan x = —2 in the range 0 < x < 360°. 


2. The diagram shows a sketch of y = cos x. 
a Use your calculator to find the principal solution 
to the equation cos x = 0.4. 
b Use the graph and your answer to part a to find 
solutions to the equation cos x = +0.4 in the range 
0<x < 360°. 
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Solve the following equations for @, in the interval 0 < 7< 360°: t Hint ) Give your answers 
a sind=-1 b tan@=V3 © cosd=45 exactly where possible, 
d sin @= sin 15° e cos = -cos 40° f tand=-1 or round to 3 significant 
g cos#=0 h sin @= 0.766 figures, 

Solve the following equations for 4, in the interval 0 < =< 360°: 

a 7sind=5 b 2cos@=-V2 © 3cos@=-2 d 4sin@=-3 

e 7tand=1 f 8tand=15 g 3tand=-ll h 3cos@=V5 
Solve the following equations for @, in the interval 0 < #< 360°: 

a V3sin@=cosd b sin#+cosd=0 e 3sind=4cosd 

d 2sind-3cos#=0 e \2sin@=2cosd f VSsind+\V2cosd=0 


Solve the following equations for x, giving your answers to 3 significant figures where 
appropriate, in the intervals indicated: 


a sinx= aS -180° = x = 540° b 2sin x =—0.3, -180° < x < 180° 
¢€ cosx= ~0,808, -180° = x = 180° d cos.x = 0.84, -360° < x < 0° 

e tanx= 2 0<x<720° f tanx = 2.90, 80° < x < 440° 

A teacher asks two students Student A: Student B: 

to solve the equation ans’ 4cos?x =9 sin2x 


2cos x = 3sinx x) = 9 sin2x 
for -180° < x < 180°. 3637 ORY e123 7" d 


The attempts are shown: 


) X = £33,7° or x= +146,3° 


a Identify the mistake made by Student A. (1 mark) 
b Identify the mistake made by Student B and explain the effect it has on their 

solution. (2 marks) 
¢ Write down the correct answers to the question. (1 mark) 


a Sketch the graphs of y =2sin x and y = cos x on the same set of axes (0 < x < 360°). 
b Write down how many solutions there are in the given range for the equation 2 sin x = cos.x. 
¢ Solve the equation 2 sin x = cos x algebraically, giving your answers in exact form. 


Find all the values of 4, to Problem-solving 


I.decimal place; in.the When you take square roots of both sides of an equation you 


A a 
interval 0 = 9 < 360° for need to consider both the positive and the negative square roots. 
which tan? 7= 9. (5 marks) 


a Show that 4 sin? x — 3 cos? x = 2 can be written as 7 sin? x = 5. (2 marks) 


b Hence solve, for 0 < x < 360°, the equation 4 sin? x — 3 cos? x = 2. 
Give your answers to | decimal place. (7 marks) 


a Show that the equation 2 sin?x + 5cos?x = | can be written as 3 sin?x = 4. (2 marks) 


b Use your result in part a to explain why the equation 
2 sin? x + 5cos?x = | has no solutions. (1 marks) 
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10.5 } Harder trigonometric equations 


You need to be able to solve equations of the form sinn@=k, cosnf=k and tannd= p. 


a Solve the equation cos 34 = 0.766, in the interval 0 < @< 360°. 
b Solve the equation 2 sin 24= cos 22, in the interval 0 < @< 360°. 


a let ¥=30 
s | @ 
So cos X° = 0.766 
As X= 34 


then as O < 0 < 360° Loe) 
© 


[ Watch out } If the range of values 


for dis O = @=< 360° then the range 
of values for 37is 0 = 3-< 1080°, 


5S03x0<X¥<3x 360° 


So the interval for X is EY 
O< X < 1060° 


X = 40.0", 320°, 400°, 680°, 760°, 1040° 
ie. 34= 40.0°, 320°, 400°, 680°, 760°, 1040° 
So @=13,3°, 107°, 133°, 227°, 253°, 347° 
sin20 _ 1 
cos20° 2 
let Y= 20 


So tanX = 4 


As X = 2@ then as O = 8 = 360° 
The interval for ¥ is O = ¥ = 720° 


1 
joe 
+ 50 tan 2: > 


The principal solution for X¥ is 26.565...° 

Add multiples of 160°: 

X = 26.565...°, 206.565...°, 386.565...°, 566.565...° 
= 13.3°, 103°, 193°, 283° 
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You need to be able to solve equations of the form sin (9+ a) =k, cos (9+ a) =k and tan (9+ a) =p. 


Example 


Solve the equation sin (x + 60°) = 0.3 in the interval 0 = x < 360°. 


Let ¥ =x + 60° 

So sinX = 0.3 

The interval for Y is ~—— Adjust the interval by adding 60° to both values. 
O° + 60° = ¥ = 360° + 60° 

So 60° = ¥ = 420° 


Draw a sketch of the sin graph for the given 
interval. 


a i 2 This is not in the given interval so it does not 
The prinelpal valuefor Xs: 1745... + correspond to a solution of the equation. Use the 
X = 162.54...°, 37745..2 symmetry of the sin graph to find other solutions. 


Subtract GO° from each value: 


= ° ° 
x = 102.54...°, SITAS EF , You could also use a CAST diagram to solve this 
Hence x = 102.5° or 317.5 problem. 


Exercise 


1 Find the values of @ in the interval 0 < @ < 360°, for which: 


a sin4dd=0 b cos3@=-1 e tan20=1 
d cos 20=4 e tantg= al if sin(s=2- 
7 . v3 v2 
2 Solve the following equations in the interval given: 
a tan(45°- #) =-1,0 < @< 360° b 2sin(@- 20°) = 1,0 = @< 360° 
¢ tan(@+ 75°) = 3,0 <0@< 360° d sin(@- 10°) = 3 0 =< 4 360° 


e cos(70° — x) = 0.6, 0 = @< 180° 


3 Solve the following equations in the interval given: 
a 3sin3@=2cos 34,0 < @< 180° 
b 4sin(@+ 45°) = Scos(@+ 45°), 0 < = 450° 
¢ 2sin2x-7cos2x =0,0 <x < 180° 
d_ 3 sin(x — 60°) + cos(x — 60°) = 0, -180° < x < 180° 
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® 4 Solve for 0 < x < 180° the equations: 


a sin(x + 20°) (4 marks) 
b cos 2x = -0.8, giving your answers to | decimal place. (4 marks) 
® 5 a Sketch for 0 < x < 360° the graph of y = sin (x + 60°) (2 marks) 
b Write down the exact coordinates of the points where the graph meets the 
coordinate axes. (3 marks) 
¢ Solve, for 0 < x < 360°, the equation sin (x + 60°) = 0.55, giving your answers to 
1 decimal place. (5 marks) 
® 6 a Given that 4sin x = 3cos.x, write down the value of tan x. (1 mark) 


b Solve, for 0 < @< 360°, 4sin24= 3 cos 24 giving your answers to | decimal place. (5 marks) 


7 The equation tan kx = as where k is a constant and k > 0, has a solution at x = 60° 
7 3 


v 
a Find a possible value of k. (3 marks) 
b State, with justification, whether this is the only such possible value of k. (1 mark) 


Challenge 


Solve the equation sin(3x — 45°) = 3 in the interval 0 < x < 180°. 


10.6 ] Equations and identities 


You need to be able to solve quadratic equations in sin & cos or tan & This may give rise to two sets 
of solutions. 


This is a quadratic equation in the form 


5sinex + 3sinx-2=0 : 
5A? +3A-2 =O where 4 =sinx. 


(5sin.x — 2)(sin.x + 1) =0 ——————————- Factorise 
4 # S Setting each factor equal to zero produces two 
5sinx-2=0 sinx+1=0 linear equations in sin x. 


Solve for @, in the interval 0 < x < 360°, the equations 
a 2cos?@-cos@-—1=0 b sin? (A- 30°) =4 


a 2cos*@-cos@-1=0 


So (2.cos@ + 1)(cos@- 1) =O -——______— Compare with 2x? - x- 1 = (2x + 1)(x- 1) 
So cos@=—4 or cosd=1 

1 Set each factor equal to 0 to find two sets of 
cos d= —p 90 = 120° solutions. 
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Or cos = 1 50 6= 0 or 360° 
So the solutions are 
= 0%, 120°, 240°, 360° 

b sin?(0- 30°) = 4 


1 
in (0 — 30°) = — 
sin( )ee 


V 


1 
in (9 — 30%) = ——L 
or sin( » Ye 


So @— 30° = 45° or 8— 30° = -45° 


©|® 

ANAS 

Ane 
@|o© 


So from  sin(@— 30°) = 1 


v 


9— 30° = 45°, 135° 


and from sin(@— 30°) = a 
v2 


O- 30° = 225°, 315° 
So the solutions are: = 75°, 165°, 255°, 
345° 
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In some equations you may need to use the identity sin? 7+ cos? 7= 1. 


Example 


Find the values of x, in the interval -180° < x < 180°, satisfying the equation 
2cos? x + 9 sin? x = 3 sin? x. 


2cos? x + Isinx = 3sin?x 

2(1 - sin? x) + Isinx = 3sin? x 
5sin?x - 9sinx -2=0 

So (Ssinx + 1)(sinx —- 2)=0 


sinx = — Can The factor (sin x—2) does not produce 


any solutions, because sin x = 2 has no solutions. 


The solutions are -168,5° and -11.5° (1 d.p.) 


Exercise 


1 Solve for 4 in the interval 0 < @< 360°, the following equations. 
Give your answers to 3 significant figures where they are not exact. 


a 4cos?d=1 b 2sin?d-1=0 ¢ 3sin? + sind=0 

d tan? @-2tand-10=0 e 2cos?d-5cos#+2=0 f sin?@-2sind-1=0 
299 = 

e am2ee3 { Hint ) In part ¢, only one factor leads to valid solutions. 


2 Solve for @, in the interval -180° < 7 < 180°, the following equations. 
Give your answers to 3 significant figures where they are not exact. 


a sin? 20=1 b tan?@=2tand 
¢ cos A(cosd-2)=1 d 4sind=tand 


3 Solve for @, in the interval 0 < 7 < 180°, the following equations. 
Give your answers to 3 significant figures where they are not exact. 


a 4(sin?@—cos#)=3-2cos@  b 2sin?@=3(1 —cos A) e¢ 4cos?@-S5sind-5=0 


4 Solve for @ in the interval —180° < @< 180°, the following equations. 
Give your answers to 3 significant figures where they are not exact. 


a Ssin?@=4cos*d b tan@=cos@ 
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® 5 Find all the solutions, in the interval 0 < x < 360°, to the equation 8 sin? x + 6cos x -9=0 
giving each solution to one decimal place. (6 marks) 


® 6 Find, for 0 < x < 360°, all the solutions of sin? x + 1 = Fcos?x giving each solution 


to one decimal place. (6 marks) 
7 Show that the equation 2 cos? x + cos x — 6 = 0 has no solutions. (3 marks) 
8 a Show that the equation cos? x = 2 - sin x can Problem-solving 

be written as sin’? x -sinx + 1 =0. (2 marks) If you have to answer a question involving the 

b Hence show that the equation cos* x = 2 - sin.x number of solutions to a quadratic equation, 

has no solutions. (3 marks) see if you can make use of the discriminant. 

9 tan? x-2tanx-4=0 

a Show that tan x = p + /g where p and q are numbers to be found. (3 marks) 

b Hence solve the equation tan? x — 2 tan x -— 4 = 0 in the interval 0 < x < 540°. (5 marks) 


Challenge 


1 Solve the equation cos? 3/— cos 3= 2 in the interval -180° = 7= 180°. 


2 Solve the equation tan? (7— 45°) = 1 in the interval O < @< 360°. 


Mixed exercise (10) 


1 Write each of the following as a trigonometric ratio of an acute angle: 
a cos 237° b sin 312° e tan 190° 


2 Without using your calculator, work out the values of: 


a cos 270° b sin 225° ¢ cos 180° d tan 240° e tan 135° 
é é [7 -2/7 
® 3 Given that angle A is obtuse and cos A = tr show that tan A = 7 


OI 
®) 4 Given that angle B is obtuse and tan B = 2 find the exact value of: asin B bcosB 


5 Simplify the following expressions: 
a cos! d= sin? 7 b sin?3- sin? 30cos?30 


¢ cost#+ 2sin? Acos? 4+ sint 


6 a Given that 2(sin x + 2cos x) = sin x + 5cos x, find the exact value of tan x. 
b Given that sin x cos y + 3cosx sin y = 2 sin x sin y — 4cos x cos y, express tan y in terms 
of tan x. 


® 7 Prove that, for all values of @: 
a (1+sin@) + cos?@= 2(1 + sin) b cost 4+ sin? J= sin + cos?@ 
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Without attempting to solve them, state how many solutions the following equations have in 
the interval 0 < @< 360°. Give a brief reason for your answer. 


a 2sind=3 b sind=-cos? 
© 2sind+3cos0+6=0 d tang+—_=0 
tand 


a Factorise 4xy — y? + 4x — y. 
b Solve the equation 4 sin @cos @— cos? @+ 4sin @— cos A= 0, in the interval 
0 < 0 360°. 


a Express 4cos 34— sin (90° — 34) as a single trigonometric function. 


b Hence solve 4 cos 34— sin (90° — 34) = 2 in the interval 0 = 7 < 360°. 
Give your answers to 3 significant figures. 


Given that 2 sin 24= cos 24 
a Show that tan 2@= 0.5. 


b Hence find the values of & to one decimal place, in the interval 0 < @< 360° 
for which 2 sin 24= cos 20. 


Find all the values of @in the interval 0 < @< 360° for which: 
a cos(@+ 75°) = 0.5, 
b sin 2@= 0.7, giving your answers to one decimal place. 


Find the values of x in the interval 0 < x < 270° which satisfy the equation 
cos 2x +0.5 _ 
1-cos2x ~ 
Find, in degrees, the values of @in the interval 0 < @ = 360° for which 
2cos? @—cos 7-1 = sin? 4 
Give your answers to | decimal place, where appropriate. 


(2 marks) 


(5 marks) 


(1 mark) 


(3 marks) 


(1 mark) 


(4 marks) 


(6 marks) 


(6 marks) 


A teacher asks one of his students to solve the equation 2 sin 3x = 1 for -360° < x < 360°. 


The attempt is shown below: 


x=10° 
Additional solution at 180° — 10° = 170° 


a Identify two mistakes made by the student. 
b Solve the equation. 


(2 marks) 
(2 marks) 


a Sketch the graphs of y = 3 sin x and y = 2cos x on the same set of axes (0 < x < 360°). 


b Write down how many solutions there are in the given range for the equation 3 sin x = 2cos x. 


¢ Solve the equation 3 sin x = 2 cos x algebraically, giving your answers to one decimal place. 
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® 17 The diagram shows the triangle ABC with AB = 11 cm, 
BC =6cmand AC=7cm. 
a Find the exact value of cos B, giving your answer in 
simplest form. (3 marks) 
b Hence find the exact value of sin B. (2 marks) 
18 The diagram shows triangle POR with PR = 6cm, OR=Scm 
and angle OPR = 45°. 


3v2 
a Show that sin Q = > (3 marks) 
b Given that Q is obtuse, find the exact value of 
cos Q. (2 marks) 


19 a Show that the equation 3 sin? x — cos* x = 2 can be written as 4 sin? x = 3. 


b Hence solve the equation 3 sin? x — cos? x = 2 in the interval -180° < x < 180°, 


giving your answers to | decimal place. 


ic 
6cm Tem 
B 
Tem A 
Q 
Sem 
La) 
6cm R 
(2 marks) 
(7 marks) 
(6 marks) 


(e) 20 Find all the solutions to the equation 3 cos? x + 1 = 4sin x in the interval 


-360° < x < 360°, giving your answers to | decimal place. 


Challenge 


Solve the equation tan‘ x - 3 tan® x + 2 = 0 in the interval 0 < x < 360°. 


Summary of key points 


1 Fora point P(x, y) ona unit circle such that OP 
makes an angle @with the positive x-axis: 


x-coordinate of P 


+ cos d= 
+ sin@=y = y-coordinate of P 


+ tand= gradient of OP 


2 You can use the quadrants to determine whether each of the trigonometric ratios is positive or 


negative. 


For an angle @in the 
second quadrant, only —————-. sin AL 
sin @ is positive. 

180° 0, 360° 
For an angle @in the a 
third quadrant, only tan ——- Tan 


is positive. 


Cos 


270° 
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For an angle @in the first quadrant, 
sin @ cos @and tan Aare all positive. 


For an angle @in the fourth 
quadrant, only cos @is positive. 


Trigonometric identities and equations 


3 You can use these rules to find sin, cos or tan of any positive or negative angle using the 
corresponding acute angle made with the x-axis, 7 


sin (180° - #) =sin@ ——1g9°-9 
sin (180° + #) =—sin@ 
sin (360° - A) =-sind 
tan (180° — #) =—tan@ 180° +0 
tan (180° + A) ae 

tan (360° - #) =-tand 


360°-0 cos (180° — #) =-cos@ 
\ os (180° + -cosd 
cos (360° — A) = cos 


4 The trigonometric ratios of 30°, 45° and 60° have exact forms, given below: 


sin 30°=5 cos30° =" tan3o°= t= 13 
singe = L212 cos ase t= 12 tan45°=1 
sin 60° = 8 cos 60° =3 tan 60° = V3 
5 For all values of & sin? @+cos?d=1 
sing 


6 For all values of @such that cos 7+ 0, tand= 

cos 4 

7 + Solutions to sin @=k and cos @=k only exist when -1 Sk <1 
+ Solutions to tan #= p exist for all values of p. 


8 When you use the inverse trigonometric functions on your calculator, the angle you get is 
called the principal value. 


9 Your calculator will give principal values in the following ranges: 
+ cos! in the range 0 < 7< 180° 
+ sin“ in the range -90° < 7= 90° 
+ tan-! in the range -90° = 7 90° 
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Review exercise 


Find the equation of the line which passes 

through the points A(—2, 8) and B(4, 6), in 

the form ax + by + c=0. (3 marks) 
Section 5.2 


The line / passes through the point (9, —4) 
and has gradient i. Find an equation for /, 
in the form ax + by + ¢ = 0, where a, b and 
c are integers. (3 marks) 
© Section 5.2 


The points A(0, 3), B(k, 5) and C(10, 2k), 
where k is a constant, lie on the same 
straight line. Find the two possible values 
of k. (5 marks) 


© Section 5.1 


The scatter graph shows the height, cm, 
and inseam leg measurement, /cm, of six 
adults. A line of best fit has been added to 
the scatter graph. 


Inseam leg measurement (cm) 


Height (cm) 


a Use two points on the scatter graph 
to calculate the gradient of the 
line. (2 marks) 
b Use your answer to part a to write a 
linear model relating height and inseam 
in the form / = kh, where k is a constant 
to be found. (1 mark) 
¢ Comment on the validity of your model 
for small values of h. (1 mark) 
€ Section 5.5 
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The line /, has equation y = 3x — 6. 
The line /, is perpendicular to /, and passes 
through the point (6, 2). 
a Find an equation for /, in the form 
y=mx + c, where mand c are 
constants (3 marks) 
The lines /, and /, intersect at the point C. 
b Use algebra to find the coordinates of C. 
(2 marks) 
The lines /, and /, cross the x-axis at the 
points A and B respectively. 
e Calculate the exact area of triangle 
ABC. (4 marks) 
€ Sections 5.3, 5.4 


The lines y = 2x and Sy + x — 33 =0 

intersect at the point P. Find the distance 

of the point from the origin O, giving 

your answer as a surd in its simplest 

form. (4 marks) 
€ Sections 5.2, 5.4 


The perpendicular bisector of the line 
segment joining (5, 8) and (7, —4) crosses 
the x-axis at the point Q. Find the 
coordinates of Q. (4 marks) 
€ Section 6.1 


The circle C has centre (—3, 8) and passes 
through the point (0, 9). Find an equation 
for C. (4 marks) 
€ Section 6.2 
a Show that x* + 3° — 6x + 2y—- 10=0 
can be written in the form 
(x — a? + (vy — bP =r, where a, b andr 
are numbers to be found. (2 marks) 
b Hence write down the centre and 
radius of the circle with equation 
w+y-6x+2y-10=0. (2 marks) 
€ Section 6.2 
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@) 11 


GP) 13 


The line 3x + y = 14 intersects the circle 
(x — 2 + (vy — 3)? = S at the points A 
and B. 


a Find the coordinates of A and 


B. (4 marks) 
b Determine the length of the chord 
AB. (2 marks) 


Section 6.3 


The line with equation y = 3x — 2 does 
not intersect the circle with centre (0, 0) 
and radius r. Find the range of possible 
values of r. (8 marks) 


+ Section 6.3 


The circle C has centre (1, 5) and passes 
through the point P(4, -2). Find: 
a an equation for the circle C. (4 marks) 
b an equation for the tangent to the 
circle at P. (3 marks) 
€ Section 6.4 


The points A(2, 1), B(6, 5) and C(8, 3) lie 
ona circle, 


a Show that 2ABC = 90°. (2 marks) 


b Deduce a geometrical property of the 
line segment AC. 

¢ Hence find the equation of the 
circle. 


(1 mark) 


(4 marks) 
© Section 6.5 
EE 
) ~ bx(x +e) 
where a, b and ¢ are constants. Work out 
the values of a, b and c. (4 marks) 
€ Section 7.1 


224x + - 


a Show that (2x — 1) isa factor of 
253’ "Ja2 = ‘17 e+10; (2 marks) 
b Factorise 2x° — 7x? - 17x + 10 
completely. (4 marks) 
¢ Hence, or otherwise, sketch the graph 
of y = 2x3 — 7x? — 17x + 10, labelling 
any intersections with the coordinate 
axes clearly. (2 marks) 
© Section 7.3 
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E) 16 


® 


GP) 18 


GP) 20 


f(x) = 3x3 + 7° — 38x+¢ 
Given that f(3) = 0, 

a find the value of c, 

b factorise f(x) completely, 


(2 marks) 
(4 marks) 


© Section 7.3 


g(x) = x9 — 13x + 12 
a Use the factor theorem to show that 
(x — 3) is a factor of g(x). (2 marks) 


(4 marks) 
Section 7.3 


b Factorise g(x) completely. 


a It is claimed that the following 
inequality is true for all real numbers a 
and b. Use a counter-example to show 
that the claim is false: 

e+h<(a+bypP (2 marks) 

b Specify conditions on a and b that 
make this inequality true. Prove your 
result. (4 marks) 


Section 7.5 


a Use proof by exhaustion to prove that 
for all prime numbers p, 3 < p < 20, 
p’ is one greater than a multiple 
of 24. (2 marks) 
b Find a counterexample that disproves 
the statement ‘All numbers which are 
one greater than a multiple of 24 are the 
squares of prime numbers.’ (2 marks) 
© Sections 7.5 


a Show that x? +? -— 10x — 8y + 32=0 
can be written in the form 
(x — a) + (vy — bP = 7°, where a, b andr 
are numbers to be found. (2 marks) 

b Circle C has equation x* + y? — 10x - 
8y + 32 = 0 and circle D has equation 
x? + 3° = 9. Calculate the distance 
between the centre of circle C and the 
centre of circle D. (3 marks) 

¢ Using your answer to part b, or 
otherwise, prove that circles Cand D 
do not touch. (2 marks) 

+ Sections 6.4, 7.5 
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jew exercise 2 


Expand (1 — 2x)" in ascending 

powers of x up to and including the 

term in x°. (3 marks) 

Use your answer to part a to 

evaluate (0.98)'° correct to 3 decimal 

places. (1 mark) 
€ Section 8.5 


If x is so small that terms of x* and 
higher can be ignored, 

(2-—x)(1 + 2x)) = at bx + ex’. 
Find the values of the constants 
a, band c. (5 marks) 


© Section 8.4 


The coefficient of x in the binomial 
expansion of (2 — 4.x)", where q is a 
positive integer, is -32q. Find the value 
of g. (4 marks) 


+ Section 8.4 


The diagram shows triangle ABC, 

with AB = 5 cm, ZABC = 45° and 
ZBCA = 30°. Find the exact length 

of AC. (3 marks) 


Not to scale 


€ Section 9,2 


The diagram shows triangle ABC, with 
AB=5cm, BC = (2x — 3)cm, 
CA = (x + 1)cmand ZABC = 60°. 


(2x-3)cm 


A (x+ lem c Not to scale 


Show that x satisfies the equation 

x= 8x + 16=0. (3 marks) 
Find the value of x. (1 mark) 
Calculate the area of the triangle, 
giving your answer to 3 significant 


figures. (2 marks) 
€ Section 9.4 


26 Ship Bis 8km, ona bearing of 030°, 
Ip ig 


from ship A. 

Ship Cis 12km, on a bearing of 140°, 

from ship B. 

a Calculate the distance of ship C from 
ship A. (4 marks) 

b Calculate the bearing of ship C from 
ship A. (3 marks) 


+ Section 9.4 
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The triangle ABC has vertices A(—2, 4), 
B(6, 10) and C(16, 10). 
a Prove that ABC is an isosceles 

triangle. (2 marks) 
b Calculate the size of 2ABC. (3 marks) 

# Sections 5.4, 9.4 

The diagram shows AABC. 
Calculate the area of AABC. 


EP) 28 


(6 marks) 


D. 


<—— 8.6cm——> 


C 


© Section 9.4 


29 


The circle C has centre (5, 2) and radius 
5. The points ¥ (1, 1), Y (10, 2) and 

Z (8, k) lie on the circle, where k is a 
positive integer. 

a Write down the equation of the circle. 


(2 marks) 
b Calculate the value of k. (1 mark) 
¢ Show that cos zYYZ = 12 (5 marks) 


Sections 6.2, 9.4 


a On the same set of axes, in the interval 

0 < x < 360°, sketch the graphs of 

y = tan(x — 90°) and y = sin. x. Label 

clearly any points at which the graphs 

cross the coordinate axes. (5 marks) 

Hence write down the number of 

solutions of the equation 

tan (x — 90°) = sin x in the interval 

0<x =< 360°. (1 mark) 
€ Section 9.6 
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The graph shows the curve 
y =sin (x + 45°), -360° < x < 360°. 
y. 


y=sin(x + 45°) 


a Write down the coordinates of each 
point where the curve crosses the 
X-axis. 

b Write down the coordinates of the 
point where the curve crosses the 
y-axis. (1 mark) 

€ Section 9.6 


A pyramid has four triangular faces and a 

square base. All the edges of the pyramid 

are the same length, s cm. Show that the 

total surface area of the pyramid is 

(V3 + 1)s?cm?. (3 marks) 
Sections 9.4, 10.2 


a Given that sin @ = cos 9, find the value 
of tan @. (1 mark) 
b Find the values of @ in the interval 
0 <0 < 360° for which 
sin 0 = cos 0. (2 marks) 


Sections 10.3, 10.4 


Find all the values of x in the interval 
0 < x < 360° for which 3 tan*x = 1. 
(4 marks) 


Section 10.4 


Find all the values of in the 
interval 0 < @ < 360° for which 
2sin (0 — 30°) = v3. (4 marks) 


Section 10.5 


a Show that the equation 
4 — 5sin.x may be written 
x-Ssinx+2=0. (2 marks) 
b Hence solve, for 0 < x < 360°, the 
equation 2 cos*x = 4 — Ssinx. 
(4 marks) 


® 37 Find all of the solutions in the interval 


0 < x < 360° of 2 tan?x — 4 = Stanx 

giving each solution, in degrees, to one 

decimal place. (6 marks) 
€ Section 10.6 


© 38 Find all of the solutions in the interval 


0 < x < 360° of S sin? x = 6(1 — cos x) 

giving each solution, in degrees, to one 

decimal place. (7 marks) 
€ Section 10.6 


(2 marks) 39 Prove that cos” x (tan? x + 1) = 1 for all 


values of x where cos x and tan x are 
defined. (4 marks) 
€ Sections 7.4, 10.3 


Challenge 


1 The diagram shows 


a square ABCD on 
a set of coordinate 
axes. The square 
intersects the x-axis 
at the points B and 
S, and the equation 
of the line which 
passes through B 
and Cis y=3x- 12. 
a Calculate the area of the square. 
b Find the coordinates of S. 

Sections 5.2, 5.4 


Prove that the circle (x + 4)? + (y — 5)? = 8? 
lies completely inside the circle 
x? + y? + 8x - 10 = 59. 
Sections 1.5, 6.2 


Prove that for all positive integers n and k, 
(e)*(ea)~(e2) 
kK) Nk +d) \k+1)" 


Solve for 0° < x < 360° the equation 
2sin? x -sinx + 1=cos? x. 


€ Sections 7.4, 8.2 


Section 10.6 
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After completing this chapter you should be able to: 


@ Use vectors in two dimensions > pages 231-235 
@ Use column vectors and carry out arithmetic operations 

on vectors ~ pages 235-238 
e Calculate the magnitude and direction of avector > pages 239-242 
@ Understand and use position vectors + pages 242-244 
@ Use vectors to solve geometric problems > pages 244-247 
@ Understand vector magnitude and use vectors in speed 

and distance calculations + pages 248-251 
@ Use vectors to solve problems in context + pages 248-251 


| 1 Write the column vector for 


| the translation of shape N iN 


a AtoB 
b AtoC NX IN 


c AtoD + GCSE Mathematics 


P divides the line AB in the ratio AP: PB=7:2. 
A 


P 


Find: 


AP PB AP 
ele ists “nee Hemath 
DF b A © oR GCSE Mathematics 
3 Find x to one decimal place. 


b 


Pilots use vector addition to work 
out the resultant vector for their 
speed and heading when a plane 
encounters a strong cross-wind. 
Engineers also use vectors to work 
out the resultant forces acting on 
structures in construction. 


Sections 9.1, 9.2 
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11.1) Vectors 


A vector has both magnitude and direction. 
You can represent a vector using a directed line segment. 


Q Q 


on — end 
This is vector PQ. It starts This is vector OP. It starts 
at P and finishes at Q. at Q and finishes at P. 


The direction of the arrow shows the direction of the vector. Small (lower case) 
letters are also used to represent vectors. In print, the small letter will be in bold ae 
type. In writing, you should underline the small letter to show it is a vector: a or a 


— = P 
= If PQ = RS then the line segments PO and RS are equalinlength 
and are parallel. 


=> = B B 
= AB =-BA asthe line segment AB is equal ai 1) 
in length, parallel and in the opposite DS Ss 

direction to BA. A A 


You can add two vectors together using the triangle law for vector addition. 


= Triangle law for B The resultant is the vector sum of 
vector addition: woe two or more vectors. 
c 


=> => Cc 
AB + BC =AC 


—- ooo B. 
A G AB+BC+CD=AD 
— = = 
If AB =a, BC=band AC =¢, thena+b=c A 


The diagram shows vectors a, b and c. 


: F 3 b 
Draw a diagram to illustrate the vector addition i ~< £ 
at+bte. | 


{ Online ) Explore vector addition using i) 


GeoGebra. 
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negative vector’: 


= Subtracting a vector is Gp To subtract b, you reverse 
equivalent to ‘adding a y : the direction of b a add 
i . 
a-b 


a-b=a+(-b) 


If you travel from P to Q, then back from @ to P, you are back where you started, so your 
displacement is zero. 


—> — 
= Adding the vectors PO and OP gives 
—>_— 
the zero vector 0: PO + OP =0 


Q 
GD oF - 70. 


eG 
So PO + OP = PO - PO =0. 


P 


You can multiply a vector by a scalar (or number). 


If the number is 
positive (#1) the 


If the number is 
negative (# -1) 
the new vector 


F 
| 


new vector has a 3a -2b has a different 
different length > ¢ length and 
but the same Oe ja -ib ra the opposite 
direction. => — direction. 


= Any vector parallel to the vector a may be React 


written as a, where \ is a non-zero scalar. 


scalars. They have magnitude but no direction. 


Example (2) 

In the diagram, OP =a, OR =b, os =eand RT =4. a 

Find in terms of a, b, c and d: P. y 
= = 

a PS b RP 
= = 

ce PT d 7S 


= oO 
c PT=PR+RT=(b-ajt+d T 


—_— ) 
| 


=e-a 


apie 


=a-b 


=b+d-a 


| 


-d+(-b+e) 
=e-b-d 
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= = = 
ABCD isa parallelogram. AB =a, AD =b. Find AC. 


D 
; This s called the parallelogram law 
for vector addition. 
A a 


=—= oo 
AC = AB + BC 


c= 48 | eee 
BC =AD =b | 

aS | 
SS J eer | 
Example (4) 


Show that the vectors 6a + 8b and 9a + 12b are parallel. 


1 
oe.» = Hea roa) | ens 


., the vectors are parallel. 


— => A 
In triangle ABC, AB =a and AC =b. 
P is the midpoint of AB. P Q 
Q divides AC in the ratio 3:2. Cc 
Write in terms of a and b: 8 
= = => = 
a BC b AP c AQ d PQ 
—- — = 
—= = 
= -AB + AC 
b AP =14B =4a CREED 47 is the tine segment between A 
= 
— 3 3 and P, whereas 4P is the vector from A to P. 
© AQ = 2AC = 2b 
= = 
47-7 ee ee 
— = 
=-AP + AO 
- Lid = ia woo | 


w 
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Exe 


1 The diagram shows the vectors a, b, ¢ and d. 


Draw a diagram to illustrate these vectors: 


aate b -b a by 
ce c-d d b+ce+d 
e a-2b f 2c+3d 


g a+bt+e+d 


2 ACGTis a square, B is the midpoint of AC, F is the midpoint 
of CG, H is the midpoint of G/, D is the midpoint of AJ. 


— — 
AB =band AD =d. Find, in terms of b and d: 


= — — — 
a AC b BE ce HG d DF 
= — — — 
e AE f DH g HB h FE 
— => => = 
i AH j BI k EI 1 FB 


3 OACB isa parallelogram. M, Q, N and P are 
the midpoints of OA, AC, BC and OB 
respectively. 

= =— 

Vectors p and m are equal to OP and OM 
respectively. Express in terms of p and m. 

— — — => 

a OA b OB c BN d DQ 

eOD {MO g00 hdaAD 


> > 


i CD j 4P kBM  1NO 


4 In the diagram, PO =a, Os =b, SR =cand PT =d. 
Find in terms of a, b, ¢ and d: 


paaiey —> 
a OT b PR 

=— —> 
e TS a 7R 


~ 


5 In the triangle POR, PQ = 2a and QR = 2b. 
The midpoint of PR is M. Find, in terms of a and b: 
> 


a PR b PM © OM 


® 6 ABCD isa trapezium with AB parallel to DC and DC = 3AB. 


— = 
M divides DC such that DM: MC = 2:1. AB =aand BC =b. 


Find, in terms of a and b: 
a AM b BD c MB 


234 3THSEC 


A Q ¢ 
a ae 
° P B 


> 


Problem-solving 


Draw a sketch to show the 
information given in the 
question. 


Vectors 


— — 
7 OABCisa parallelogram. OA = a and OC =b. A = 
The point P divides OB in the ratio 5:3. 
Find, in terms of a and b: 
= 


— — 
a OB b OP cA ———, 


8 State with a reason whether each of these vectors is parallel to the vector a — 3b: 
a 2a-6b b 4a-12b  ¢ a+3b d 3b-a e 9b-3a f ja—3b 


; — — 
® 9 In triangle ABC, AB =aand AC =b. A 
P is the midpoint of AB and Q is the midpoint of AC. Q 
a Write in terms of a and b: 
= — = — 
i BC ii AP iii AQ iv PO B c 
b Show that PQ is parallel to BC. 


; —> = = 
@®) 10 OABCisa quadrilateral. OA = a, OC = 3b and OB =a + 2b. A B 
a Find, in terms of a and b: 
= = 
i AB ii CB 
b Show that 4B is parallel to OC. @ c 


® 11 The vectors 2a + kb and Sa + 3b are parallel. Find the value of k. 


Representing vectors 


A vector can be described by its change in position or displacement relative to the x- and y-axes. 


_(3 ‘ ; sdivacst 
a= (?) where 3 is the change in the x-direction { Notation } Retonnenten 


a and 4is the change in the y-direction. is the x-component and 
a b This is called col tor f the bottom number is the 
is is called column vector form. y-component: 


3 


d)=(x) 


= To add two column vectors, add the x-components and the y-components: (4) + (5) = ia : : 


Find a ja b a+b ¢ 2a—3b 


= To multiply a column vector by a scalar, multiply each component by the scalar: a(t) = ( 
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= (ia) - (3) = (243) = (5) 


You can use unit vectors to represent vectors in two dimensions. 


= Aunit vector is a vector of length 1. The unit vectors vA 
along the x- and y-axes are usually denoted by 1) H 
iandj respectively. j 
1 (0) 
*is = 
() , () alderman oa 9) 


= You can write any two-dimensional vector in the form pi + qj. 


By the triangle law of addition: c 
oS aon 5i+ Qj 
AC = AB + BC 2 
= 51+ 2j 
sean . 5 4 B 
You can also write this as a column vector: 5i + 2j = (3) Si 


= For any two-dimensional vector: () =pi+gqj 


a=3i-4j, b= 21+ 7j 
Find a 4a ba+b ¢ 3a-2b 


b at+b=3i-4j+ 2i+7j 


© 3a- 2b = 3(3i- 4j) - 2(21 + 7) 
= 4 — 125 — (Ai + 14j) 
= (9 - Ali + (-12 - 14) 
= 5i- 26j 
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a Draw a diagram to represent the vector —3i + j 
b Write this as a column vector. 


Given that a = 2i + 5j, b = 12i— 10j and ¢ = —3i + 9j, find a + b + ¢, using column vector notation in 
your working. 


se (:(2)-6)-0 eee 


Given a = Si + 2j and b = 3i - 4j, f Online ) Explore this solution as a vector 
find 2a — b in terms of iand j. diagram on a coordinate grid using GeoGebra. 
2a = a( 
2a-b=( 
2a-b=7i+8j 
1 These vectors are drawn on a grid of unit squares. ‘1 
‘ jt 
Express the vectors vj, V2. V3. V4, Vs and V6 in: 
(i) i, j notation (ii) column vector form 


Ys 7 
Vs 
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Given that a = 2i + 3j and b = 4i — j, find these vectors in terms of i and j. 

a 4a b a ¢ -b d 2b+a 

e 3a-2b f b-3a g 4b-a h 2a-3b 
Given that a = (?). b= (4) and = (") find: 

a Sa b —4e ca+bte d 2a-b+e 
e 2b+2c-3a f ja+4b 


Given that a = 2i + 5j and b = 3i — j, find: 
a Aif a+ Ab is parallel to the vector i b wif ya + bis parallel to the vector j 


Given that ¢ = 3i+ 4j and d =i — 2j, find: 


a Aif e+ Adis parallel toi+j b wif ec + dis parallel to i+ 3j 
e sif ¢—sdis parallel to 2i+j d ¢if d—‘¢cis parallel to —2i + 3j 
= — B 
In triangle ABC, AB = 4i + 3j and AC = Si + 2j. 
Find BC. Cc 
(2 marks) 
A 


OABC isa parallelogram. 5 _ A B 
P divides AC in the ratio 3:2. OA = 2i+ 4j, OC = 7i. 


Find in i, j format and column vector format: 
a AC b OP © AP 


oO Cc 


a=().b=(?).¢=(5) 


3 
7 . You can consider b - 2a = ¢ as two linear 
Given that b — 2a = ¢, find the values of j and k. equations. One for the x-components 


(2 marks) and one for the y-components. 
a=(Z).»=(7),¢=(2) 


Given that a + 2b = ¢, find the values of p and g. (2 marks) 


The resultant of the vectors a = 3i — 2j and b = pi — 2pj is parallel to the vector ¢ = 2i — 3}. 

Find: 

a the value of p (4 marks) 
b the resultant of vectors a and b. (1 mark) 
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Vectors 


You can use Pythagoras’ theorem to calculate the magnitude of a vector. 


You use straight lines on either side of 


= For the vector a= xi+yj= (5). 
the magnitude of the vector is given by: 
lal =x? +)? 


You need to be able to find a unit vector 
in the direction of a given vector. 


= Aunit vector in the direction of ais > 


lal 
If |a| = 5 then a unit vector in the direction 


ia 
of ais. 


Given that a = 3i + 4j and b = -2i - 4j: 

a find [al 

b find a unit vector in the direction of a 
¢ find the exact value of |2a + b| 


the vector: 


ial=|si+il=[(3)] 


A unit vector is any vector with 
magnitude 1. 


A unit vector in the direction of a is sometimes 


written as a. 


t Online ) Explore the magnitude of a vector 
using GeoGebra. 


b a unit vector is Tal 7 2 : a 
z i + 4) or (8 
¢ 2a+b=2(3) +(-2)=(6-2) = (4) 


|2a + b| = V4? + 4? = 32 = 4V2 


Jal = 3? +4? 
lal= 25 =5 


) 


3THSEC 


6 


239 


_ ee 


You can define a vector by giving its magnitude, and the angle between the vector and one of the 
coordinate axes. This is called magnitude-direction form. 


Find the angle between the vector 4i + 5j 
and the positive x-axis. 


tan @= 5 


= tan" (2) = 51.3° (3 sf) 


Vector a has magnitude 10 and makes an angle of 30° with j. 
Find a in i, j and column vector format. 


cos 60° = - x = 10cos60°=5 
sinGO? = 7 y = 10sinGO? = 5V3 The direction of a vector can be 
given relative to either the positive x-axis (the i 
a=5i+ 5V3jora= (er) direction) or the positive y-axis (or the j direction). 
1 Find the magnitude of each of these vectors. 
a 3i+4j b 61-8] © Si+12j d 2144) 
e 3i-5j f 4i+7j g -3i+ Sj h -4i-j 
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2 a=2i + 3j, b = 3i-4j and c = Si —j. Find the exact value of the magnitude of: 
aa+b b 2a-ec ¢ 3b-2c 


3 For each of the following vectors, find the unit vector in the same direction. 

a a=4i+ 3j b b=5i- 125 © c=-7i+ 24j d d=i-3j 
4 Find the angle that each of these vectors makes with the positive x-axis. 

a 3i+4j b 61-8) ce Si+ 12) d 2i+4j 
5 Find the angle that each of these vectors makes with j. 

a 3i-5j b 4i+7j ce -3i+ 5j d -4i-j 


6 Write these vectors in i, j and column vector form. 
ay by 


7 Draw a sketch for each vector and work out the exact value of its magnitude and the angle it 
makes with the positive x-axis to one decimal place. 


a 3i+4j b 2%-j © Sit 2j 


Given that |2i — kj] = 2/10, find the exact value of k. (3 marks) 


9 Vector a = pi + gj has magnitude 10 and makes Problem-solving 


an angle / with the positive x-axis where Make ider all th ibl 
sin @= 2 Find the possible values of p and g. Saanich ct ea araceerei ae 


CRG) 


(4 marks) 
= = 
10 In triangle ABC, AB = 4i + 3), AC = 61 - 4j. B 
a Find the angle between AB and i. 
5 A 

b Find the angle between AC and i. 
¢ Hence find the size of ZBAC, in degrees, to one decimal place. e 

— —> 

11 Intriangle POR, PO =4i+j,PR=6i-Si, Q CED the area of 
a Find the size of ZQPR, in degrees, triangle is 3ab sin & 
to one decimal place. (5 marks) € Section 9.3 
b Find the area of triangle POR. (2 marks) 
R 
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Challenge 


~ 
In the diagram below AB = pi+ gj 
— 


and AD =ri+ sj. 
ABCD is a parallelogram. 


Prove that the area of ABCD is ps — 


‘h®) Position vectors 


(ci 


Problem-solving 


Draw the parallelogram 
on a coordinate grid, and 
choose a position for the 
origin that will simplify 
your calculations. 


You need to be able to use vectors to describe the position of a point in two dimensions. 
Position vectors are vectors giving the position of a point, relative to a fixed origin. 


= 
The position vector of a point A is the vector OA, where O is the origin. 


— a 
If OA =ai + bj then the position vector of A is (5): 


= In general, a point P with coordinates (p, g) has a position vector 


OP =pi+4i=(1). 


> oor — 
= AB = OB - OA, where OA and 
— 

OB are the position vectors of 


A and B respectively. 


f 


Example 


The points A and B in the diagram have coordinates (3, 4) 


and (11, 2) respectively. 
Find, in terms of i and j: 
a the position vector of A 


= 
¢ the vector AB 


b the position vector of B 


= 
a OA =3i+ 4j 


i 
b OB = 11+ 2j 


=—->- oO 
c AB=OB-OA 


= (i + 2j) - Bi+ 4p = 
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= = 
OA = Si -2jand AB = 3i + 4j. Find: 
a the position vector of B 


b the exact value of 0B in simplified surd form. 


+5 5) 07-§) $a) 


Oi 04 + TH =(2)+(2)=(2) 
. &D 


1 The points A, B and C have coordinates (3, -1), (4, 5) and (—2, 6) respectively, and O is the origin. 
Find, in terms of i and j: 
= = 
a i the position vectors of A, Band C ii AB iii AC 
— — — 
b Find, in surdform: i |OC| ii |AB| iii |AC | 


Exe 


_ — 
2 OP =4i- 3j, OO =3i+2j 
= 
a Find PQ 
b Find, in surd form: i |OP| ii |00| iii |PO| 


= = 
3 00 =4i- 3j, PQ = Sit 6 
aia 
a Find OP 
b Find, in surd form: i |OP| ii [00| iii |PO| 


4 OABCDE isa regular hexagon. The points A and B have position vectors a and b respectively, 
where O is the origin. 
Find, in terms of a and b, the position vectors of 
ac bD ce £, 
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® 5 The position vectors of 3 vertices of a parallelogram Problem-solving 


are (5). (3) and ( Use a sketch to check that you 


Find the sae osition vectors of the fourth vertex. ‘tava Gens sleratlallidte easels 
P P : positions for the fourth vertex. 


® 6 Given that the point A has position vector 4i — 5j and the point B has position vector 6i + 3j, 


— 
a find the vector AB. (2 marks) 


b find ABI | giving your answer as a simplified surd. (2 marks) 


7 The point A lies on the circle with equation x? + y* = 9. Given that OA = 2ki + ki, 
find the exact value of k. (3 marks) 


Challenge 
The point B lies on the line with equation 2y = 12 — 3x. Given that |OB| = 13, 
= 
find possible expressions for OB in the form pi + qj. 


11.5) Solving geometric problems 


You need to be able to use vectors to solve geometric problems and to find the position vector of a 
point that divides a line segment in a given ratio. 


= If the point P divides the line segment 4B in the ratio X: 1, then A 
—>-=—> yvj> 
OP =0A + AB 
A+ P 
04 + >_ (0B - OA) 
= + care FF - OA) B 
oO AP: PB= Nip 


In the diagram the points A and B have 
position vectors a and b respectively P 
(referred to the origin O). The point P divides 
AB in the ratio 1:2. 


Find the position vector of P. b 


ae ee 
OP = 0A +45AB 
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ee 


You can solve geometric problems by comparing coefficients on both sides of an equation: 
= If aand b are two non-parallel vectors and pa + gb = ra+ sb then p=rand q=s. 


! 


Example 


OABC isa parallelogram. P is the point where 4 
the diagonals OB and AC intersect. 
—> =— 
The vectors a and ¢ are equal to OA and OC 
respectively. 
Prove that the diagonals bisect each other. 
oO c 


If the diagonals bisect each other, then P 


must be the midpoint of OB and the midpoint 
t Online ) Use GeoGebra to show that 


fF AC. 
C diagonals of a parallelogram bisect each other. 
From the diagram, 


—— 
OB =OC+CB=c+a 

= ol 7 
and AC =AO+0OC. 


~~ = 
=-0A +OC=-at+e 


> 


— 
PliesonOB => OP =Xe+a) 

> CoO 
Plieson AC = OP =OA + AP 


2) | 


=> Aet+a)=at s-at+e) - 
=> Az=1-y4 and A=p 7 


=> A= /=4,50 Pis the midpoint of both | 


diagonals, so the diagonals bisect each | 
other. 


mo = - 
In triangle ABC, AB = 3i- 2jand AC =i - Sj, Problem-solving 


Work out what information you would need to 
find the angle. You could: 
find the lengths of all three sides then use the 
cosine rule 
Se Ss 
B © convert AB and AC to magnitude-direction 
form 
The working here shows the first method. 


Find the exact size of ZBAC in degrees. 
A 
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meee ae ee 
BC = AC - AB =i( 
|AB| = (32 4 C2? = Vis 
|AC| = 2+ CSP = 26 
|BC| = POP + CaP = VS. 


|AB|? + |AC |? - |BC |? 


+)-(2)-() — eae 


cos ZBAC = = = 
2x |AB| x |AC| 
_13+26-13 26 1 
2xVi3xV26 26/2 V2 
ZBAC = cos" : )= 4s 


®1 


® 3 
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= _— 
In the diagram, WX =a, WY =band 


— = 
WZ =c. Itis given that YY = YZ. 
Prove that a + ¢ = 2b. 


OAB isa triangle. P, Q and R are the midpoints 


A 
2 
P 
b Hence prove that triangle PAQ is similar to triangle OAB. 
B 
oO R 
A 

M, : . N 

oO B 


of OA, AB and OB respectively. 
OP and OR are equal to p and r respectively. 


— — 
a Find iOB ii PO 


— = 
OAB isa triangle. OA =a and OB =b. 
The point M divides OA in the ratio 2:1. 
MN is parallel to OB. 

— 
a Express the vector ON in terms of a and b. 
b Show that AN: NB=1:2 


{ online } Check your answer by entering the 


ea eee 


vectors directly into your calculator. 
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® 4 OABCisa square. M is the midpoint of OA, and Q divides BC A B 
in the ratio 1:3. \ 
AC and MQ meet at P. 


a If OA = aand oc = ¢, express oP in terms of a and ec. 
b Show that P divides AC in the ratio 2: 3. 


oO IC 


5 In triangle ABC the position vectors of the vertices A, B and C are @) (4) and ( Find: 
— —, —, 
a |AB| b |AC| ¢ |BC| 
d_ the size of BAC, ZABC and ZACB to the nearest degree. 


® 6 OPQisa triangle. Ss 
—> = — = 

2PR = RQ and 30R = OS To show that 7; P and S lie 
OP = 00 = P ‘on the same straight line 
Onewend o¢= b. R you need to show that any 
a Show that OS = 2a +b. a two of the vectors TP, Ts 
b Point 7 is added to the diagram such é or PS are parallel. 

that OF =-b. : 

Prove that points 7, P and S lie on a straight line. 

Challenge 
OPOR isa parallelogram. 13 N Q 
a 
M 
oO D R 


Mis the migpoiny of PQ and M is the midpoint of OR. 


OP = =aand OR = =b. The lines ON and OM intersect the diagonal PR at points 
Xand Y respectively. 
— 


a Explain why PX =—ja +b, where /is a constant. 

b Show that Px= (k-lat+ Skb, where k is a constant. 

¢ Explain why the values of j and k must satisfy these simultaneous equations: 
k-1=-j 
ak=j 

d Hence find the values of j and k. 

e Deduce that the lines ON and OM divide the diagonal PR into 3 equal parts. 
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t 11.6) Modelling with vectors 


You need to be able to use vectors to solve problems in context. 

In mechanics, vector quantities have both magnitude and direction. Here are three examples: 
@ velocity 

@ displacement 

© force 


You can also refer to the magnitude of these vectors. The magnitude of a vector is a scalar quantity 
— it has size but no direction: 

© speed is the magnitude of the velocity vector 

@ distance in a straight line between A and B is the magnitude of the displacement vector AB 
When modelling with vectors in mechanics, it is common to use the unit vector j to represent North 
and the unit vector i to represent East. 


MT 


Example 


A girl walks 2 km due east from a fixed point O to A, and then 3 km due south from A to B. Find: 
a_ the total distance travelled 
b the position vector of B relative to O 
=, 
c |OB| 
d the bearing of B from O. 


a The distance the girl has walked is 
2km + 3km=5km 


b Representing the girl's journey on a diagram: 


d tand=3 


= 56.3° 
The bearing of B from O is 
56.3° + 90° = 146.3° = 146° 
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Example 


In an orienteering exercise, a cadet leaves the starting point O and walks 15 km on a bearing of 
120° to reach A, the first checkpoint. From A he walks 9 km on a bearing of 240° to the second 
checkpoint, at B. From B he returns directly to O. 


Find: 

a the position vector of A relative to 0 
—, 

b |OB| 

¢ the bearing of B from O 

d the position vector of B relative to O. 


ka 
OA = (15cos 30% + 15 sin 30%}) km 
= (13.01 = 7.5) km 


JOB? = 152 + 92 — 2.x 15 x 9 x cos60"» 
=171 


|OB| = Vi77 = 13.1km @ sf) 
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0 = 36.6° = 37° (3 sf.) 


The bearing of B from O = 120 + 37 
= 157° 


d 


13.1. cos 67° 


= 
OB = (5.1 - 12.4)) km 


1 Find the speed of a particle moving with these velocities: 


: Ses { Hint ) Speed is the magnitude of 
a (3i+4j)ms"! b (24i-7j) kmh" the velocity vector. 


e (5i+2j)ms" d (-7i+ 4j)cms" 


2 Find the distance moved by a particle which travels for: { Hint ) Rraricevecaiteschicne 
a 5 hours at velocity (8i + 6j) kmh! then use: 
b 10 seconds at velocity (Si-j)ms- Distance travelled = speed x time 
¢ 45 minutes at velocity (6i + 2j) kmh-! 
d 2 minutes at velocity (—4i- 7j)cms"'. 


3 Find the speed and the distance travelled by a particle moving in a straight line with: 


a_ velocity (—3i + 4j) ms"! for 15 seconds b velocity (2i + 5j) ms"! for 3 seconds 
¢ velocity (Si-2j) kmh"! for 3 hours d_ velocity (12i — 5j) km h~! for 30 minutes. 
4 i = ane ate ae Spee { Hint ) The units of acceleration 
en ¢ = 0, P has velocity u = (2i + 3j)ms will be m/s2.or ms~, 


and at time f= 5s, P has velocity vy = (16i — 5j)ms"!. 
-u 
t 


The acceleration vector of the particle is given by the formula: a = - 


Find the acceleration of P in terms of i and j. 


250 3THSEC 


Vectors 


® 5 A particle P of mass m= 0.3 kg moves under the action of a single constant force F newtons. 
The acceleration of P is a = (5i+7j)ms~. 


a Find the angle between the acceleration and i. (2 marks) 
Force, mass and acceleration are related by the formula F = ma. 
b Find the magnitude of F. (3 marks) 


6 Two forces, F; and F, are given by the vectors F, = (3i — 4j) N and F, = (pi+ qj) N. 
The resultant force, R = F; + F, acts in a direction which is parallel to the vector (2i — j). 


a Find the angle between R and the vector i. (2 marks) 
b Show that p + 2g = 5. (3 marks) 
¢ Given that p = 1, find the magnitude of R. (3 marks) 
7 The diagram shows a sketch of a field in the shape of a triangle ABC. B 
— — 
Given AB = 30i + 40j metres and AC = 40i — 60j metres, 
a find BC (2 marks) P 
b find the size of ZBAC, in degrees, to one decimal place (4 marks) 
¢ find the area of the field in square metres. (3 marks) 
¢ 


® 8 A boat has a position vector of (2i + j) km and a buoy has a position vector of (6i — 4j) km, 
relative to a fixed origin O. 


a Find the distance of the boat from the buoy. 


b Find the bearing of the boat from the buoy. Problem-solving 


The boat travels with constant velocity (8i — 10j) km/h. Draw a sketch showing the 
¢ Verify that the boat is travelling directly towards the buoy initial positions of the boat, 
d Find the speed of the boat. the buoy and the origin. 


e Work out how long it will take the boat to reach the buoy. 


Mixed exercise 


® 1 Two forces F; and F, act on a particle. 
F, = -3i+ 7j newtons 
F, =i-j newtons 
The resultant force R acting on the particle is given by R = F, + Fy. 
a Calculate the magnitude of R in newtons. (3 marks) 


b Calculate, to the nearest degree, the angle between the line of action of R and the 
vector j. (2 marks) 
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® 2 
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A small boat S, drifting in the sea, is modelled as a particle moving in a straight line at constant 
speed. When first sighted at 09:00, S is at a point with position vector (—2i — 4j) km relative to a 
fixed origin O, where i and j are unit vectors due east and due north respectively. At 09:40, S is 
at the point with position vector (4i — 6j) km. 


a Calculate the bearing on which S is drifting. 
b Find the speed of S. 


A football player kicks a ball from point A on a flat football field. The motion of the ball is 
modelled as that of a particle travelling with constant velocity (4i + 9j)ms7!. 


a Find the speed of the ball. 
b Find the distance of the ball from A after 6 seconds. 
¢ Comment on the validity of this model for large values of 1. 


ABCD isa trapezium with AB parallel to DC and DC = 4AB. 
M divides DC such that DM: MC = 3:2, AB =a and BC =b. 
Find, in terms of a and b: 


— — — — 
a AM b BD c MB d DA 
The vectors 5a + kb and 8a + 2b are parallel. Find the value of k. (3 marks) 
Given that a = (i). b= (19) ande =( =) find: 
aa+bt+e b a-2b+e e¢ 2a+2b-3e 

— = 
In triangle ABC, AB = 3i + Sj and AC = 6i + 3j, find: B 
a BC (2 marks) 
b ZBAC (4 marks) ¢ 
¢ the area of the triangle. (2 marks) 

A 


The resultant of the vectors a = 4i — 3j and b = 2pi — pj is parallel to the vector 


¢ = 2i - 3). Find: 
a the value of p (3 marks) 
b the resultant of vectors a and b. (1 mark) 
For each of the following vectors, find 
i a unit vector in the same direction ii the angle the vector makes with i 
a a=8i+15j b b=24i-7j © ¢=-91+40j d d=3i-2j 
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® 10 The vector a = pi + gj, where p and g are positive constants, is such that |a| = 15. 
Given that a makes an angle of 55° with i, find the values of p and g. 


11 Given that |3i - kjl = 3V5, find the value of k. (3 marks) 


12 OABisa triangle. OA = aand OB =b. The point M divides OA in the ratio 3:2. 
MN is parallel to OB. 


a Express the vector ON in terms of aandb. (4 marks) A 
b Find vector MN , (2 marks) M N 
e Show that AN: NB=2:3. (2 marks) 
oO B 


13 Two forces, F, and F,, are given by the vectors F, = (4i — Sj) N and F, = (pi + gj) N. 
The resultant force, R = F, + F, acts in a direction which is parallel to the vector (3i - j) 


a Find the angle between R and the vector i. (3 marks) 
b Show that p + 3g =11. (4 marks) 
¢ Given that p = 2, find the magnitude of R. (2 marks) 


® 14 A particle P is accelerating at a constant speed. When 1 = 0, P has velocity u = (3i + 4j) ms"! 
and at time ¢ = 2s, P has velocity v = (15i — 3j)ms"!. 
y-u 


The acceleration vector of the particle is given by the formula: a = 7 


Find the magnitude of the acceleration of P. (3 marks) 


Challenge 


The point B lies on the line with equation 3y = 15 — 5x. 


Given that |OB| = nt find two possible expressions for OB In the form pi + gj. 
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Summary of key points 


Dif PO = RS then the line segments PQ and RS are equal in length and are parallel. 


2 AB = -BA as the line segment AB is equal in length, parallel and in the opposite direction 
to BA. 


a 
3 Triangle law for vector addition: AB + BC = AC 
=> = — 
If AB =a, BC =band AC =¢, thena+b=c 
4 Subtracting a vector is equivalent to ‘adding a negative vector’: a— b =a + (—b) 
=> = = = 
5 Adding the vectors PO and OP gives the zero vector 0: PO + OP =0. 


6 Any vector parallel to the vector a may be written as Aa, where Ais a non-zero scalar. 


A 
7 To multiply a column vector by a scalar, multiply each component by the scalar: ath) = (7) 


rs 
8 To add two column vectors, add the x-components and the y-components () + (;) = ( + ) 
9 Aunit vector is a vector of length 1. The unit vectors along the x- and y-axes are usually 
, th a 10) 
denoted by i and j respectively. i = (3) j= ( ) 


10 For any two-dimensional vector: () =pit+gj 


11 For the vector a = xi+ yj = (Gi) the magnitude of the vector is given by: |a| = x? + y* 


12 Aunit vector in the direction of ais 2- 


lal 
13 In general, a point P with coordinates (p, g) has position vector: 


On +a-() 


> > 
14 AB=OB- OA, where OA and OB are the position vectors of A and B respectively. 


15 If the point P divides the line segment AB in the ratio \: ,, then A 

a os 

OP = OA +———AB 
A+ bE P 

—> joao oa 
= OA +-——(OB - OA) B 
A+ p 
o AP: PB=X:p 


16 If aand b are two non-parallel vectors and pa + gb = ra + sb then p=randg=s 
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After completing this chapter you should be able to: 


d " 
@ Find the derivative, f’(x) or = of asimple function - pages 259-268 
ix 
@ Use the derivative to solve problems involving gradients, tangents 


and normals ~ pages 268-270 


@ Identify increasing and decreasing functions ~ pages 270-271 
d’y 
@ Find the second order derivative, f"(x) or de’ ofa 
x" 
simple function — pages 271-272 


@ Find stationary points of functions and determine their 


nature > pages 273-276 
@ Sketch the gradient function of a given function ~ pages 277-278 
®@ Model real-life situations with differentiation pages 279-281 


1 Find the gradients of these lines. 
b 


© Section 5.1 


2 Write each of these expressions in the 
form x” where nis a positive or negative 


real number. 


repre 
oorKen 

aloe xin —S 
as 


<2 
d Wes € Sections 1.1, 1.4 
Vx 


Find the equation of the straight line that 


asses through: 
§ Differentiation is part of calculus, one of P e 


the most powerful tools in mathematics. a (0,2) and (6,1) b (3,7) and (9, 4) 
You will use differentiation in mechanics to © (10, 5) and (-2, 8) © Section '5.2 
model rates of change, such as speed and Find the equation of the perpendicular to 
acceleration. the line y = 2x — 5 at the point (2, 1). 

— Exercise 12K Q5 € Section 5.3 
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(iz) Gradients of curves 


The gradient of a curve is constantly changing. You can use a tangent to find the gradient of a curve 
at any point on the curve. The tangent to a curve at a point 4 is the straight line that just touches the 


curve at A. 


= The gradient of a curve at a given point is defined as the gradient of the tangent to the 


curve at that point. 


BLY 
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pexeaxed 


a 


The diagram shows the curve with equation y = x. 
The tangent, 7, to the curve at the point A(1, 1) is shown. 


Point A is joined to point P by the chord AP. 

a Calculate the gradient of the tangent, 7. 

b Calculate the gradient of the chord AP when P 
has coordinates: 
i (2,4) 

ii (1.5, 2.25) 

iii (1.1, 1.21) 

iv (1.01, 1.0201) 

vy (1+h,(1 +h) 


¢ Comment on the relationship between your 
answers to parts a and b. 
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The tangent to the curve at (1, 0) has gradient 1, so 


"——————~_ the gradient of the curve at the point (1, 0) is equal 


tol. 


The tangent just touches the curve at (1, 0). 
It does not cut the curve at this point, although it 
may cut the curve at another point. 
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a Gradient of tangent 


b i Gradient of chord joining (1,1) to (2, 4) 
=1 
"2-1 
=s t ontine ) Explore the gradient of the chord 
AP using GeoGebra. 


Q 


ii Gradient of the chord joining (1,1) to 
(1.5, 2.25) 
_ 2.25 -1 
~ 145-1 
= 125 
05 
=25 


iti. Gradient of the chord joining (1, 1) to 
(1.4, 1.21) 
= 121-1 
wW=1 
= 0.21 
O1 
= 2.4 


iv Gradient of the chord joining (1, 1) to 
(1.01, 1.0201) 
_ 1.0201 - 1 
1.01 -1 
_ 0.0201 
~ 0.01 
= 2.01 


| 


v Gradient of the chord joining (1,1) to 
(1 +h, (1 + hy?) 
_(+he-t 
~ (1+hy=1 
14+ 2h+h?-1 
tT +h=4 
_ 2h +h? 


h 
=2+h 


i! 


c As P gets closer to A, the gradient of the 
chord AP gets closer to the gradient of 
the tangent at A. 


al 
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Exercise 


1 The diagram shows the curve with equation y = x? — 2x. 


a Copy and complete this table showing estimates for 
the gradient of the curve. 


i) 
we 


x-coordinate -1} 0/1 
Estimate for gradient of curve 


b Write a hypothesis about the gradient of the curve at 
the point where x = p. 

¢ Test your hypothesis by estimating the gradient of 
the graph at the point (1.5, -0.75). 


54 


[ Hint ) Place a ruler on the graph 


to approximate each tangent. 


2 The diagram shows the curve with equation y = 1 
The point A has coordinates (0.6, 0.8). 
The points B, C and D lie on the curve with x-coordinates 0.7, 0.8 and 0.9 respectively. 


feat > 
=1.0-=0-8 =0.6-=0.4 =0.2 0.20.4 0.60.8 10° * 
=0.2 


a Verify that point A lies on the curve. 
b Use a ruler to estimate the gradient of the curve at point A. 


¢ Find the gradient of the line segments: 


i AD 
ii AC Use algebra for part ¢. 
iii AB 


d Comment on the relationship between your answers to parts b and ec. 
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3 Fis the point with coordinates (3, 9) on the curve with equation y = x. 
a Find the gradients of the chords joining the point F to the points with coordinates: 


i (4, 16) ii (3.5, 12.25) iii (3.1, 9.61) 
iv (3.01, 9.0601) v (3+h,(3+h)) 


b What do you deduce about the gradient of the tangent at the point (3, 9)? 


x 


4 Gis the point with coordinates (4, 16) on the curve with equation y 
a Find the gradients of the chords joining the point G to the points with coordinates: 


i (5,25) ii (4.5, 20.25) iii (4.1, 16.81) 
iv (4.01, 16.0801) v (44+, (4+hy) 


b What do you deduce about the gradient of the tangent at the point (4, 16)? 


r 12.2) Finding the derivative 


You can use algebra to find the exact gradient of a curve at a given point. This diagram shows two 
points, A and B, that lie on the curve with equation y = f(x). 


y=f) 


| As point B moves closer to point A the gradient of chord AB 


gets closer to the gradient of the tangent to the curve at A. 


You can formalise this approach by letting the x-coordinate of A be x, and the x-coordinate of B be 
No +h. Consider what happens to the gradient of AB as / gets smaller. 


Point B has coordinates (xq + A, (xo + A). 


Point A has coordinates (xo, f(x). h represents a 
small change in the value 


of x. You can also use Sx to 
represent this small change. It 
is pronounced ‘delta x’. 
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The vertical distance from A to Bis f(xq +h) — (xp). B 
The horizontal distance is x9 +h — Xp =h. i 
: F(xq +h) - F(x0) 


f(xy + A) — f(x) 


So the gradient of AB is i | << Sarr 


As h gets smaller, the gradient of AB gets closer to the gradient of the tangent to the curve at 4. 
This means that the gradient of the curve at A is the limit of this expression as the value of h 
tends to 0. 


You can use this to define the gradient function. 


= The gradient function, or derivative, of the curve y = f(x) " 
dy lim means ‘the 
is written as f’(x) or —. h—0 


dx limit as h tends to 0’. You can't 
evaluate the expression when 
f(x) = lim F(x +h) - F) h=0, but as h gets smaller 
a0 h the expression gets closer toa 
The gradient function can be used to find the gradient of fixed (or limiting) value. 


the curve for any value of x. 
Using this rule to find the derivative is called differentiating from first principles. 


The point A with coordinates (4, 16) lies on the curve with equation y = x°. 
At point A the curve has gradient g. 


a Show that g = jim(s +h). 
A 
b Deduce the value of g. 


2c ———— 


aso h 
(4 +h? - 42 


= lim 
hao h 


. 16 + 6h +h? -16 
= lim ————_—— 


=o h 
Ch er ae al 
= lim 
hao oh 


= lim (6 +h) 
hao 


b g=8 
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Prove, from first principles, that the derivative of x3 is 3x7. 


f(x) = x3 
, + he - &P 
lim 
hao h 


h 
3x°h + 3xh? + he 


hao h 
_ h(3x? + 3xh + h?) 
= lim 
ho h 


f \ 
= FS 
3 
+f 
= 
» 
he 
+ 
» 
DS 
+ 
3 
1 
a) 


lim (3x? + 3xh + h?) 

h-+0 

As h — O, 3xh — O and h? = O. 
So f(x) = 3x? 


Exercise (128) 


1 For the function f(x) = x, use the definition of the derivative to show that: 


a f'(2)=4 b f(-3)=-6 e £'(0)=0 d £'(50) = 100 
2° f(x) =x 
a Show that f(x) = jim (2x +h). b Hence deduce that f’(x) = 2x. 
h— 


3 The point A with coordinates (—2, -8) lies on the curve with equation y = x?, 
At point A the curve has gradient g. 


a Show that g = jim(2 -6h+h?). b Deduce the value of g. 


® 4 The point A with coordinates (—1, 4) lies on the curve with 


equation y = x* — 5x. 


‘ : Draw a sketch showing. 
The point B also lies on the curve and has x-coordinate (—1 + /). pointeendibenathe 
a Show that the gradient of the line segment AB is given chord between them. 
by /? - 3h -2. 

b Deduce the gradient of the curve at point A. 
5 Prove, from first principles, that the derivative of 6x is 6. (3 marks) 
6 Prove, from first principles, that the derivative of 4.x? is 8x. (4 marks) 
7 f(x) = ax?, where a is a constant. Prove, from first principles, that f’(x) = 2ax. (4 marks) 
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Challenge 
fay =4 


a Given that f(x) = jim, ipsa) ttea) show that f(x) = fim, 


h se 


b Deduce that f(x) = — 1 


(i235) Differentiating x” 


You can use the definition of the derivative to find an expression for the derivative of x” where n is 
any number. This is called differentiation. 


® For all real values of m, and for a constant a: 


e Iff(x)=x" then f(x) =nx"-) 


If psx" then ay =nx"-1 f(x) and both represent the 
dx oan ‘You usually use = 
@ If f(x) =ax" then oe ) =anx"-* when an expression is sa i 
Ify=ax" then & anc" ARSE 
dx 
Find the derivative, f’(x), when f(x) equals: 
a x° bx © x2 dex er 


a f(x) = x® 
So f'(x) = 6x 


SX) 28 SST 1 


"(x) 2 
c f(x) = x-2 fo ee 
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Differentiation 


Find 2 hi als: 
ind |: when y equals: 


7 
a 7x3 b -4x! © 3x2 aoe e V36x5 


om 
a 227 x 3x8") = 21x? 
dx 


e y=V36 x Vx? = 6 x (x3)? = 6x? 


a asic xox =On2=9Vx 


dx 


- C Hint } Make sure that the 
functions are in the form x" 


1 Find f’(x) given that f(x) equals: Before youll ifere uate! 
ax? b x8 cx dix ext f Vx 
1 1 1 1 
3 A - 
gx hx iG i k 7 1 rd 
2 3 6 
m x? x x§ n x?x x3 Oo xxx? PG Teer mS 
ae 
2 Find | given that y equals: 
a 3x° b 6x” e 4x4 d 20x3 
4x® x 
=I ee es fi ee 
f 10x 850 h Bxs i i 
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3 Find the gradient of the curve with equation y = 3Vx at the point where: 


ax=4 bx=9 
1 9 
Cx=q d x= 
* d Problem-solving 
7 iy 
4 Given that 2y? - x3 = 0 and y > 0, find bh (2 marks) Try rearranging unfamiliar equations 


into a form you recognise. 


t 12.4 ) Differentiating quadratics 


You can differentiate a function with more than one term by differentiating the terms one-at-a-time. 
The highest power of x in a quadratic function is x2, so the highest power of x in its derivative will 
be x. 


= For the quadratic curve with equation The derivative is a straight line with 
y sax? + bx +c, the derivative is given by gradient 2a. It crosses the x-axis once, at the 
dy 2 b point where the quadratic curve has zero 
ac" AX + gradient. This is the turning point of the 
quadratic curve. © Section 5.1 
F ; dy. ‘cei ‘ 
You can find this expression for as by differentiating each of the terms one-at-a-time: 
x 
oo) Oi erentite Sa a ereiioto A BF iferernate a 
The quadratic term tells An x term differentiates Constant terms 
you the slope of the to give a constant. disappear when 
gradient function. you differentiate. 
Example 6) 
9 De 
Find ay eiven that y equals: 
a xvr+3x b 8x-7 ¢ 4x7-3x4+5 


co y=4x?- 3x45 


50% = 8x—3 
Cae 
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Example 


Let f(x) = 4x? - 8x + 3. 

a Find the gradient of y = f(x) at the point ¢ 0). 

b Find the coordinates of the point on the graph of y = f(x) where the gradient is 8. 
¢ Find the gradient of y = f(x) at the points where the curve meets the line y = 4x - 5. 


a Asy=4x? -8x+3 


® _ iy) = Ox -8+0 
ae (x) = 6x - B+ 
So (3) =-4 
dy 
b —=f"(x)=6x-68=58 
dx 
Sox=2 
Soy=f(2)=3 
The point where the gradient is 6 is (2, 3). 
c 4x? - 6x4+3=4x-5 
4x? -12x+8=0 
x?-3x+2=0 
(x - 2)(x- 1) =O 


Sox=lorx=2 
x= 1, the gradient is O. 
At x = 2, the gradient is 8, as in part » fH 
{ online ) Use your calculator to check Fa 
solutions to quadratic equations quickly. 


dy 
1 Find =~ when y equals: 


dx 
a 2x?- 6x +3 b $x? + 12x c 4x°-6 
d 8x? + 7x + 12 e 5+4x- 5x? 


2 Find the gradient of the curve with equation: 
a y = 3x? at the point (2, 12) b y =x? + 4xat the point (1, 5) 
= tx? + dy at the point (1, 2) 


¢ y= 2x? - x — 1 at the point (2, 5) 
e y=3- x? at the point (1, 2) f y=4- 2x? at the point (-1, 2) 


3 Find the y-coordinate and the value of the gradient at the point P with x-coordinate | on the 
curve with equation y = 3 + 2x — x7. 


4 Find the coordinates of the point on the curve with equation y = x? + 5x — 4 where the 
gradient is 3. 
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® 5 Find the gradients of the curve y = x7 — 5x + 10 at the points A and B where the curve meets 
the line y = 4. 


® 6 Find the gradients of the curve y = 2x? at the points C and D where the curve meets the line 
yoxt3. 


® 7 f(x)=x2-2x-8 
a Sketch the graph of y = f(x). 
b On the same set of axes, sketch the graph of y = f"(x). 


¢ Explain why the x-coordinate of the turning point of y = f(x) is the same as the x-coordinate 
of the point where the graph of y = f’(x) crosses the x-axis. 


{12.5} Differentiating functions with two or more terms 


You can use the rule for differentiating ax” to differentiate functions with two or more terms. 
You need to be able to rearrange each term into the form ax”, where a is a constant and nis a real 
number. Then you can differentiate the terms one-at-a-time. 


ae f(x) g(x). 


= ify = f(x) # g(x), then 7 = 


Find 2 given that y equa! 
ind | given that y equals: 
a 4x3 4 2x bxe4x2-x3 ¢ fx144x? 
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Differentiate: 


b Let y = x3(3x +1) 
= 3x* + x3 


Exercise 


1 Differentiate: 
axt+ xt b 2x9 + 3x7? © 6xI42N 744 


2 Find the gradient of the curve with equation y = f(x) at the point A where: 


a f(x) =x - 3x + 2 and A is at (-1, 4) b f(x) = 3x? + 2x7! and 4 is at (2, 13) 
3 Find the point or points on the curve with equation y = f(x), where the gradient is zero: 
a f(x) =x? - 5x b f(x) = x3 — 9x? + 24x - 20 
¢ f(x) =x3-6x41 d f(x) =x + 4x 
4 Differentiate: 
3: 1 
a 2x Liners eos d 4x(x - 2) 
2 
e 7 +x fied g zea meal 
x 2x *¥ x 
3 
= j x0? -x +2) k 3x7(x? + 2x) 1 GBx- 2)(4x + *) 
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5 Find the gradient of the curve with equation y = f(x) at the point A where: 
2x -6 


a f(x) = x(x + 1) and 4 is at (0, 0) b f(x) = and A is at (3, 0) 
1 " 1 4 x 
‘== + = _ 2 
¢ f(x) 7 and A is at ( 2) d f(x) = 3x z and A is at (2, 5) 


12 ‘ 
6 f(x) =—=+ x, where p isa real constant and x > 0. 
pvx 


Given that f"(2) = 3, find p, giving your answer in the form aV2 where ais a 
rational number. (4 marks) 


® 7 f(x) =(2-x)° 


a Find the first 3 terms, in ascending powers of x, of the 


binomial expansion of f(x), giving each term in its LITT Use the binomial 
simplest form. expansion with a = 2, b =-x 
b If xis small, so that x? and higher powers can be ignored, andn=9. + Section 8.3 


show that f’(x) ~ 9216x — 2304. 


€D Gradients, tangents and normals 


You can use the derivative to find the equation of the tangent to a curve at a given point. On the 
curve with equation y = f(x), the gradient of the tangent at a point A with x-coordinate a will be f’ (a). 


= The tangent to the curve y = f(x) at the 
point with coordinates (a, f(a)) has 
equation 


Y - F(a) =F (a)(x - a) 


The equation of a straight line with 
gradient m that passes through the point (x, 91) 
is y—y, =m(x - x). © Section 5.2 


The normal to a curve at point 4 is the straight line through A which is perpendicular to the tangent 
to the curve at A. The gradient of the normal will be — ah 


Fla) 


= The normal to the curve y = f(x) at the point with z 
coordinates (a, f(a)) has equation 
1 


y-f(a) =F) 


Tangent 
ata 


~ 
x 
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Find the equation of the tangent to the curve _____ First differentiate to determine the gradient 
y= x5 — 3x? + 2x — 1 at the point (3, 5). function. 
y=x3- 3x2 + 2x-1 Then substitute for x to calculate the value of the 


dy gradient of the curve and of the tangent when 
= = 3x? -6x+2 es 

dx € 

When x = 3, the gradient is 11. 


;— You can now use the line equation and simplify. 
So the equation of the tangent at (3, 5) is 


y- 5 = "(x - 3) 
ye ttx- 28 


Write each term in the form ax" and differentiate 


to obtain the gradient function, which you can use 


Find the equation of the normal to the curve with to find the gradient at any point. 


equation y = 8 — 3Vx at the point where x = 4. 


Find the y-coordinate when x = 4 by substituting 


y=6-3yx into the equation of the curve and calculating 
; 4 8-3/4 =8-6=2. 
=6-3x 
dy 3 Find the gradient of the curve, by calculating 
orate d 
ax 2 = 34 =-3x 3-2 
When x = 4, y = 2 and gradient of curve 1 


Gradient of normal = — 


and of tangent = 3 
i ie 4 

So gradient of normal is 4. 7 ‘ 

Equation of normal is —- 2) est 


y-2=Hx-4) impli iplyi r 
Simplify by multiplying both sides by 3 and 
3y-6G=4x-16 : 
collecting terms. 
3y-4x+10=0 


t Online ) Explore the tangent and normal to e? 


gradient of curve 
dees. 


the curve using GeoGebra. 


iL 


Find the equation of the tangent to the curve: 

a y= x?-7x + 10 at the point (2, 0) by=x+ i at the point (2, 24) 

© y =4Vx at the point (9, 12) dy= — ! at the point (1, 1) 

e y= 2x) + 6x + 10 at the point (-1, 2) f y=xr- = at the point (1, -6) 

Find the equation of the normal to the curve: 

a y= x? — 5xat the point (6, 6) b y=x- i at the point (4, 12) 
x 


Find the coordinates of the point where the tangent to the curve y = x? + | at the point (2, 5) 
meets the normal to the same curve at the point (1, 2). 
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® 4 Find the equations of the normals to the curve y = x + x? at the points (0, 0) and (1, 2), and 
find the coordinates of the point where these normals meet. 

® 5 For f(x) = 12 - 4x + 2x”, find the equations of the tangent and the normal at the point 
where x = —1 on the curve with equation y = f(x). 


6 The point P with x-coordinate $ lies on the blem-solving 


curve with equation y = 2x. 

The normal to the curve at P intersects the 
curve at points P and Q. 

Find the coordinates of Q. (6 marks) 


Challenge t Hint } Use the discriminant to find the value of m 


The line Z is a tangent to the curve with equation when the line just touches the curve. ¢ Section 2.5 
y= 4x? + 1. L cuts the y-axis at (0, -8) and has a 

positive gradient. Find the equation of L in the 

form y=mx +e. 


Draw a sketch showing the curve, the point P and 
the normal. This will help you check that your 
answer makes sense. 


Increasing and decreasing functions 
You can use the derivative to determine whether a function is increasing or decreasing on a 
given interval. 
= The function f(x) is increasing on the interval [a, 4] if f'(x) = 0 for all values of x such that 
a<x<bh. 
= The function f(x) is decreasing on the interval [a, 4] if f’ (x) <0 for all values of x such that 
a<x<b. 


+x yex-2% 


» 


The interval [a, /] 


is the set of all real numbers, 
x, that satisfya <x <b. 


(1,-1) (1,-1) 


The function f(x) = x3 + xis The function f(x) = x4 — 2x2 is 
increasing for all real values of x. _ increasing on the interval [—1, 0] 


and decreasing on the interval (0, 1]. 
Example (12) 


Show that the function f(x) = x3 + 24x + 3 is 
increasing for all real values of x. 


f(x) = x3 + 24x43 
f(x) = 3x? + 24 


x® > O for all real values of x 
So 3x? + 24 = 0 for all real values of x. ——__ 


So f(x) is increasing for all real values of x. 
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Example 


! 


Find the interval on which the function 
xX) = x3 + 3x? — 9x is decreasing. 


f( 


f(x) = x9 + 3x? - Ox 
F(x) = 3x? + 6x-9 
lf f(x) < O then 3x7 + 6x-9<O _|} 
So 3(x?+2x-3)<O | 
3(x + 3x - 1) <0 


So -3<x<1 all 
So f(x) is decreasing on the interval [-3, 1]. ——4 Cp Explore increasing and decreasing ep 


functions using GeoGebra. 


1 


@: 
@s 


Find the values of x for which f(x) is an increasing function, given that f(x) equals: 
a 3x? +8x+2 b 4x - 3x? e 5-8x-2x? d 2x3 - 15x? + 36x 
e 34+3x-3r4+¥3 f 53+ 12x g x4+2x° h x4- 8x3 


Find the values of x for which f(x) is a decreasing function, given that f(x) equals: 


a x? -9x b 5x-x? e 4-2x-x» d 2x3 - 3x? - 12x 
e 1-27x+x3 f x+ 2 g x24 9x73 h x(x + 3) 
Show that the function f(x) = 4 — x(2x? + 3) is decreasing for all x € R. (3 marks) 
a Given that the function f(x) = x? + px is increasing on the interval [-1, 1], find 

one possible value for p. (2 marks) 
b State with justification whether this is the only possible value for p. (1 mark) 


r 12.8) Second order derivatives 


You can find the rate of change of the gradient function by differentiating a function twice. 


zy 
y=53 oirereniated 15x? s = 30x 
This is the gradient function. It describes This is the rate of change of the gradient 
the rate of change of the function with function. It is called the second order 
respect to x. derivative. It can also be written as f"(x). 
= Differentiating a function y = f(x) The derivative is also called the 
twice gives you the second order first order derivative or first derivative 
3 i 
derivative, f’(x) or oy The second order derivative is sometimes 
dx’ just called the second derivative. 
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Given that y = 3x5 + S find: 


dy ey 
t eorex D = 
dx dx? 
4 
a y=3xe+ ez 
= 3x9 + 4x2 
ay : 
So Pr = 15x4 - 8x3 
F & 


ay : 
b <2 cox? + 24-4 
a 24 
= 60x? + aa 


Given that f(x) = 3x + ne find: 


a f(x) b fx) 


Exercise 
2 


OW. ey 
1 Find 72nd a2 


a 12x27+3x+8 b Ix +642 c wx-3 d (5x + 4)(3x - 2) e 2 


when y equals: 


3x +8 


2 The displacement of a particle in metres at Links 
Th of tl ticle will be f” id 
time ¢ seconds is modelled by the function GD re vty o ae Sota oti Gehl 


2. 
fay - ot2 ~+ Statistics and Mechanics Year 2, Section 6.2 
C3) a3 


The acceleration of the particle in ms is the second derivative of this function. 
Find an expression for the acceleration of the particle at time ¢ seconds. 


i By Problem-solving 
@®) 3. Given that y = (2x - 3), find the value of x when =~ = 0. 
dx: When you differentiate with 


© 4 fx) = px? -3px?+°-4 respect to x, you treat any 
When x = 2, f"(x) = -1. Find the value of p. other letters as constants. 


272 3THSEC 


Differentiation 


r 12.9 ) Stationary points 


A stationary point on a curve is any point where the curve has gradient zero. You can determine 
whether a stationary point is a local maximum, a local minimum or a point of inflection by looking 
at the gradient of the curve on either side. 


= Any point on the curve y = f(x) where f’(x) =0 is called a stationary point. For a small positive 
value h: 


Type of stationary point =| f'(x—/) | f(x) | f(x +h) The plural of 
Local maximum Positive | 0 | Negative maximum is maxima and the 
plural of minimum is minima. 
Local minimum Negative C1) Positive 
Negative t') Negative 
Point of inflection 
Positive ° Positive 


Point A is a local 


maximum. 
A 


CEE Point 1s cated 


; 4 a local maximum because it 
The origin P is not the largest value the 
is a point o} function can take. It is just the 
inflection. BY point B 4 


largest value in that immediate 


is a local vi 
icinity. 
minimum. ty 


Example 


a Find the coordinates of the stationary point on the curve with equation y = x4 - 32x. 


b By considering points on either side of the stationary point, determine whether it is a local 
maximum, a local minimum or a point of inflection. 


a y=x*- 32x 


Then 4x7 - 32=0 | 


hfe 
=| een) 
eters em 


4x? 
x= 2] 
Soy =24-32x2 | 
=16-64 
=-48 


So (2, -48) is a stationary point. 
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b Now consider the gradient on either side 
of (2, -48). 
2 se] oo XJ Coe a ail 
ofx 
Giasient 456 ° 5,04 which 
which is —ve is +ve 
curve SS — 
I I [ 


Q 


From the shape of the curve, the point (2, -48) { online ) Explore the solution using 
is a local minimum point. GeoGebra. 


In some cases you can use the second derivative, f’(x), to determine the nature of a stationary point. 


= If a function f(x) has a stationary point when x =a, then: f"(x) tells you the rate 


@ if f"(a) > 0, the point is a local minimum of change of the gradient 
o function. When f(x) = 0 

@ if f’(a) <0, the point is a local maximum and f"(x) > 0 the gradient is 

If f”(a) = 0, the point could be a local minimum, a local increasing from a negative 

maximum or a point of inflection. You will need to look at value to a positive value, 

points on either side to determine its nature. a ions seuaiy point is a 


Example 


a Find the coordinates of the stationary points on the curve with equation 
y= 2x3 - 15x? + 24x +6 


2 


. ae P , 7 Fi 
b Find —- and use it to determine the nature of the stationary points. 


dx? 
a y=2x9 - 15x? + 24x +6 
dy 
Putting 6x® - 30x + 24=0 
G(x - 4)(x - 1) =O 
So x=4orx=1 
When x = 1, il 
yo2-154+24+6=17 
When x = 4, 
yp=2x64-15x164+24 xX 44+6 
=-10 _| 
So the stationary points are at (1, 17) 
and (4, —10). 
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= 12x - 30 
dx? 
ay i ai 
When x = 1, > = -18 which is <O 
dx? 


So (1,17) is a local maximum point. 
dy 
When x = 4, ae = 18 which is > O 


So (4,10) is a local minimum point. _ | 


a The curve with equation y = 1 +27x° has stationary points at x = ta. Find the value of a. 


b Sketch the graph of y = + +27x?. 


Differentiation 


Differentiate again to obtain the second 
derivative. 


Substitute x = 1 and x = 4 into the second 
derivative expression. If the second derivative is 
negative then the point is a local maximum point. 
If it is positive then the point is a local minimum 
point. 


Write = as x“ to differentiate. 


yoxt + 278 
dy 
= = x? + B1x? = + 81x? 
dx 
When 2 = 0: 
en ax =Q: 
+ 81x? =O 


+ 162(-4) =-108 
a? 
which is negative. 


So the curve has a local maximum at (4, -4). 


When x = 4, 


ell. NS 
=H) 27(3) =4 


and 


= + 162(3) = 108 


which is positive. 
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d 
Set = = 0 to determine the x-coordinates of the 
stationary points. 


You need to consider the positive and negative roots: 


(-3)"= ($5) x ($3) « (9) « (9) 


To sketch the curve, you need to find the 
coordinates of the stationary points and determine 
their natures. Differentiate your expression for 


dy d@y 
— to find — 
ax Oe axe 
Substitute x = -} and x= 3 into the equation 


of the curve to find the y-coordinates of the 
stationary points. 


{ ontine ) Check your solution using your Fe 


calculator. 
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So the curve has a local minimum at (5, 4). 
The curve has an asymptote at x = O. 
As xX — 00, y > 00. 


ASix ='—00, ¥ —> =00; 


{ Hint ) For each part of 


1 Find the least value of the following functions: questions 1 and 2: 


a f(x)=x2-12x+8 b fxysx2-8x-1 f(x) = 5x2 42x epiindti(s): 
© Set f’(x) =O and solve 
2. Find the greatest value of the following functions: to i ee of x : 
=10—-5x2 = a = “vy — at the stationary point. 
a f(x) = 10- 5x b f(x)=3+2x-2x* Cc f(x) =(6+ x)(1- x) O lithtiacancisalies 
3 Find the coordinates of the points where the gradient is zero value of f(x). 


on the curves with the given equations. Establish whether these 
points are local maximum points, local minimum points or points of inflection in each case. 


a p=4y? + 6x b yp=94x-X? ¢ p=ese-v-xe] 
d y=x(x? - 4x - 3) e yexat f pers 
g y=x-3vx h y=x3(x-6) i y=x4- 12x 


4 Sketch the curves with equations given in question 3 parts a, b, c and d, labelling any stationary 
points with their coordinates. 


® 5 By considering the gradient on either side of the stationary point on the curve 
y =x} — 3x? + 3x, show that this point is a point of inflection. 
Sketch the curve y = x3 — 3x? + 3x. 


® 6 Find the maximum value and hence the range of values for the function f(x) = 27 - 224. 


7 f(x)=x44 3x3 -5x?-3x41 


a Find the coordinates of the stationary points of f(x), - 
and determine the nature of each. Ul) Use the factor theorem 


na with small positive integer 
Be Sieteh the eran Of = Me) values of x to find one factor 


of f(x). Section 7.2 
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2D Sketching gradient functions 


You can use the features of a given function to sketch the vA 
corresponding gradient function. This table shows you features 
of the graph of a function, y = f(x), and the graph of its 
gradient function, y = f’ (x), at corresponding values of x. 


y= F(x) 


y=f (x) 


Maximum or minimum 


Cuts the x-axis 


Point of inflection 


Touches the x-axis 


Positive gradient 


Above the x-axis 


Negative gradient 


Below the x-axis 


Vertical asymptote 


Vertical asymptote 


Horizontal asymptote 


Horizontal asymptote at the x-axis 


fd 


Example 


The diagram shows the curve with equation y = f(x). 
The curve has stationary points at (-1, 4) and (1, 0), 
and cuts the x-axis at (—3, 0). 


Sketch the gradient function, y = f’(x), showing the 
coordinates of any points where the curve cuts or meets 


the x-axis. 


Ignore any points where the curve 


y = f(x) cuts the x-axis. These will not tell you 
anything about the features of the graph of 
y=f'Q). 


t Online ) Use GeoGebra to explore the key ep 


features linking y = f(x) and y =f'(x). 
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Example 


f 


The diagram shows the curve with equation y = f(x). The curve 
has an asymptote at y = —2 and a turning point at (-3, -8). 

It cuts the x-axis at (-10, 0). 

a Sketch the graph of y =f'(x). 

b State the equation of the asymptote of y = f"(x). 


1 For each graph given, sketch the graph of the corresponding gradient function on a separate set 
of axes. Show the coordinates of any points where the curve cuts or meets the x-axis, and give 
the equations of any asymptotes. 


® 2 f(x) =(x + I(x -4 
a Sketch the graph of y = f(x). 
b Ona separate set of axes, sketch the graph of y = f'(x). Fi a 
¢ Show that f"(x) = (x — 4)(3x — 2). This is an x? graph 
d Use the derivative to determine the exact coordinates of the 
points where the gradient function cuts the coordinate axes. 


with a positive coefficient 
of x3, Section 4.1 
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ap Modelling with differentiation 


dy __ small change in y 


Y hink of — as ——————.. 
OuCaMREIN dx S small change i x 


If you replace y and x with variables that represent real-life quantities, you can use the derivative to 
model lots of real-life situations involving rates of change. 


. It represents the rate of change of y with respect to x. 


The volume of water in this water butt is constantly changing over time. 
If V represents the volume of water in the water butt in litres, and ¢ 
represents the time in seconds, then you could model Vas a function of ¢. 


If V=f(d then x. = f'() would represent the rate of change of volume 


with respect to time. The units of x would be litres per second. 


Given that the volume, V cm’, of an expanding sphere is related to its radius, rem, by the formula 
V= Sarr, find the rate of change of volume with respect to radius at the instant when the radius 
is Sem. 


When r= 5,24 = 4m x 52 


dr 
= 314 (3 sf) 
So the rate of change is 314 cm? per cm. 


A large tank in the shape of a cuboid is to be made from 54 m? of sheet metal. The tank has a 
horizontal base and no top. The height of the tank is x metres. Two opposite vertical faces are 
squares. 


a Show that the volume, V m}, of the tank is given by V = 18x — 33 


b Given that x can vary, use differentiation to find the maximum or minimum value of V. 
¢ Justify that the value of V you have found is a maximum. 
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[a Let the length of the tank be y metres. Problem-solving 


t You don’t know the length of the tank. Write it as 
x y metres to simplify your working. 
il You could also draw a sketch to help you find 
ij the correct expressions for the surface area and 
: (es volume of the tank. 
—_ ———- 
So 54 = 2x? + 3xy 
7 3x 
But Va xy 
54 - ae) 
‘gee | (pee 2 
= 5 (54 ~ 2x° 
WwW 
Ss {a= Bx 
b ae 1B — 2x 
aw 
Put a= O° 
O = 18 - 2x? 
So ie. 
x=-30r3 
But x is a length so x = 
=54-18 
=36 


| V=36 is a maximum or minimum 


value of V. 


2 
ears 
dx? 
da 
When x = 3, > =-4 x 3 =-12 
dx? 


This is negative, so V = 36 is the maximum 
value of V. 
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Exercise (12k) 


1 


2 


iP) 10 


Find # where 6 = 7 — 31. 


Find £4 where A = 2ar. 
dr 
12 


Given that r = 


, find the value of ie when 1 = 3. 
t dt 


The surface area, A cm?, of an expanding sphere of radius r cm is given by A = 47°’. Find the 
rate of change of the area with respect to the radius at the instant when the radius is 6cm. 


The displacement, s metres, of a car from a fixed point at time ¢ seconds is given by s = ° + 81. 
Find the rate of change of the displacement with respect to time at the instant when 1 = 5. 


A rectangular garden is fenced on three sides, and the house forms the fourth side of the 

rectangle. 

a Given that the total length of the fence is 80m, show that the area, A, of the garden is given by 
the formula A = y(80 - 2y), where y is the distance from the house to the end of the garden. 

b Given that the area is a maximum for this length of fence, find the dimensions of the 
enclosed garden, and the area which is enclosed. 


A closed cylinder has total surface area equal to 6007. 

a Show that the volume, cm’, of this cylinder is given by the formula V = 300ar - mr, 
where r'cm is the radius of the cylinder. 

b Find the maximum volume of such a cylinder. 


A sector of a circle has area 100 cm’. 
a Show that the perimeter of this sector is given by the formula M N 


200 (100 


P=2r+ =r >ya rom 
b Find the minimum value for the perimeter. 


A shape consists of a rectangular base with a semicircular top, as shown. 
a Given that the perimeter of the shape is 40 cm, show that its 
area, A cm’, is given by the formula 


A=40r = 2° = 


where rcm is the radius of the semicircle. (2 marks) 
b Hence find the maximum value for the area of the shape. (4 marks) 


The shape shown is a wire frame in the form of a large 

rectangle split by parallel lengths of wire into 12 smaller 

equal-sized rectangles. 

a Given that the total length of wire used to complete onl 
the whole frame is 1512 mm, show that the area of ta 
the whole shape, A mm?, is given by the formula 


2 
A= 1296x- we 


where x mm is the width of one of the smaller rectangles. (4 marks) 
b Hence find the maximum area which can be enclosed in this way. (4 marks) 
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Mixed exercise (12) 


@) 1 
® 2 


@) 11 


282 


Prove, from first principles, that the derivative of 10x? is 20x. (4 marks) 


The point A with coordinates (1, 4) lies on the curve with equation y = x5 + 3x. 
The point B also lies on the curve and has x-coordinate (1 + 6x). 

a Show that the gradient of the line segment AB is given by (Sx)? + 36x + 6. 

b Deduce the gradient of the curve at point A. 


A curve is given by the equation y = 3x7 +3 + i where x > 0. At the points A, Band 
2 


Con the curve, x = 1, 2 and 3 respectively. Find the gradient of the curve at A, Band C. 


Calculate the x-coordinates of the points on the curve with equation y = 7x? - x3 
at which the gradient is equal to 16. (4 marks) 


Find the x-coordinates of the two points on the curve with equation y = x7 - 11x + 1 
where the gradient is 1. Find the corresponding y-coordinates. 


The function f is defined by f(x) = x + 2, xERx#0. 


a Find f'(x). (2 marks) 
b Solve f'(x) = 0. (2 marks) 
Given that ri 
y=3/x-—=, x>0, 
dy Ve 
find ae (3 marks) 
A curve has equation y = 12x? 
dy 3 4 ; 
a Show that at? (4 — x). (2 marks) 
b Find the coordinates of the point on the curve where the gradient is zero. (2 marks) 
a Expand (x? - 1)(x73 + 1). 4 (2 marks) 
b Accurve has equation y = (x? — 1)(x + 1), x > 0. Find = (2 marks) 
¢ Use your answer to part b to calculate the gradient of the curve at the point 
where x = 4. (1 mark) 


Differentiate with respect to x: 


2 
24x + Ea (3 marks) 
x 


The curve with equation y = ax? + bx + c passes through the point (1, 2). The gradient 
of the curve is zero at the point (2, 1). Find the values of a, b and c. (5 marks) 
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Differentiation 


Accurve C has equation y = x3 — 5x2 + 5x +2. 
dy 
a Find = in terms of x. (2 marks) 
b The points P and Q lie on C. The gradient of C at both P and Q is 2. 
The x-coordinate of P is 3. 


i Find the x-coordinate of Q. (3 marks) 
ii Find an equation for the tangent to C at P, giving your answer in the form 
y = mx + c, where m and c are constants. (3 marks) 


iii If this tangent intersects the coordinate axes at the points R and S, find the 
length of RS, giving your answer as a surd. (3 marks) 


A curve has equation y = Be xX + 3x7, x > 0. Find the equations of the tangent and the 
x 
normal to the curve at the point where x = 2. 


The normals to the curve 2y = 3x3 — 7x? + 4x, at the points O(0, 0) and A(1, 0), 
meet at the point N. 


a Find the coordinates of N. (7 marks) 
b Calculate the area of triangle OAN. (3 marks) 


Acurve C has equation y = x° — 2x7 — 4x -— 1 and cuts the y-axis at a point P. 


The line L is a tangent to the curve at P, and cuts the curve at the point Q. 
Show that the distance PQ is 2V17. (7 marks) 


Given that y = x? + % x>0 


Qa dp 
a find the value of x and the value of y when = =0; (5 marks) 
b show that the value of y which you found in part a is a minimum. (2 marks) 


Accurve has equation y = x3 — 5x? + 7x — 14. Determine, by calculation, the coordinates 
of the stationary points of the curve. 


The function f, defined for x € R, x > 0, is such that: 


f'(x)=x?-2+ i 
x 
a Find the value of f"(x) at x = 4. (4 marks) 
b Prove that f is an increasing function. (3 marks) 


A curve has equation y = x* — 6x? + 9x. Find the coordinates of its local maximum. (4 marks) 


f(x) = 3x4 — 8x3 — 6x? + 24x + 20 


a Find the coordinates of the stationary points of f(x), and determine the nature 
of each of them. 


b Sketch the graph of y = f(x). 
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© 21 The diagram shows part of the curve with equation 
y = f(x), where: 
250, 
f(x) = 200 ye >0 
The curve cuts the x-axis at the points A and C. 
The point B is the maximum point of the curve. 


a Find f'(x). (3 marks) 
b Use your answer to part a to calculate the 
coordinates of B. (4 marks) 


22. The diagram shows the part of the curve with 
equation y= 5 $x for which y > 0. 
The point P(x, y) lies on the curve and O is the origin. 
a Show that OP? = 4x4 - 4x? + 25. (3 marks) 
Taking f(x) = x4 - 4x2 + 25: 
b Find the values of x for which f(x) =0. (4 marks) 


ce Hence, or otherwise, find the minimum distance 
from O to the curve, showing that your answer is 
a minimum. (4 marks) 


G) 23 The diagram shows part of the curve with 
equation y = 3 + 5x + x? — x. The curve 
touches the x-axis at A and crosses the 
x-axis at C. The points A and B are 
stationary points on the curve. 


a Show that C has coordinates (3, 0). (1 mark) 
b Using calculus and showing all your working, 
find the coordinates of A and B. (5 marks) 
® 24 The motion of a damped spring is modelled using E 
this graph. = 
On a separate graph, sketch the gradient function 5 
for this model. Choose suitable labels and units 2 
for each axis, and indicate the coordinates of Aa 
any points where the gradient function crosses 
the horizontal axis. Time (seconds) 


25 The volume, Vcm*, of a tin of radius rcm is given by the formula V = 7(40r — r? - 1). 


wv = 0, and find the value of V which 


Find the positive value of r for which ar 


corresponds to this value of r. 


® 26 The total surface area, A cm?, of a cylinder with a fixed volume of 1000 cm‘ is given 


by the formula A = 27x? + a where x cm is the radius. Show that when the rate 


of change of the area with respect to the radius is zero, x3 = 500 
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27  Awire is bent into the plane shape ABCDE as shown. Shape A B 
ABDE isa rectangle and BCD is a semicircle with diameter BD. 
The area of the region enclosed by the wire is R m*, AE = x metres, 
and AB = ED = y metres. The total length of the wire is 2m. 


(a 
a Find an expression for y in terms of x. (3 marks) 
b Prove that R= 3(8~4x~ m3). (4 marks) 
Given that x can vary, using calculus and showing your working: 5 D 


¢ find the maximum value of R. (You do not have to prove that the value 
you obtain is a maximum.) (5 marks) 


28 Acylindrical biscuit tin has a close-fitting lid which overlaps the tin : 
by lcm, as shown. The radii of the tin and the lid are both xcm. — ficm 
The tin and the lid are made from a thin sheet of metal of area Ss 
807 cm? and there is no wastage. The volume of the tin is Vcm*. aes 
a Show that V = 7(40x - 
Given that x can vary: 


b use differentiation to find the positive value of x for 
which V is stationary. (3 marks) 


- x). (5 marks) 


¢ Prove that this value of x gives a maximum value of V. (2 marks) 
d_ Find this maximum value of V. (1 mark) 


e Determine the percentage of the sheet metal used in the 
lid when V is a maximum. 


® 29 The diagram shows an open tank for storing water, 
ABCDEF. The sides ABFE and CDEF are rectangles. 
The triangular ends ADE and BCF are isosceles, 
and ZAED = ZBFC=90°. The ends ADE 
and BCF are vertical and EF is horizontal. 
Given that AD = x metres: 
a show that the area of triangle ADE is t x? m? E (3 marks) 
Given also that the capacity of the container is 4000 m? and that the total area of the two 
triangular and two rectangular sides of the container is S m?: 
16000/2 


b show that S = 9, % (4 marks) 
Given that x can vary: 

¢ use calculus to find the minimum value of S. (6 marks) 
d justify that the value of S you have found is a minimum. (2 marks) 


Challenge 


a Find the first four terms in the binomial expansion of (x + h)’, in ascending powers of h. 


b Hence prove, from first principles, that the derivative of x7 is 7x®. 
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Summary of key points 


1 


2 


10 


ad) 


286 


The gradient of a curve at a given point is defined as the gradient of the tangent to the 
curve at that point. 
The gradient function, or derivative, of the curve y = f(x) is written as f’(x) or & 
f(x +h) — f(x) 

h 
The gradient function can be used to find the gradient of the curve for any value of x. 


Ge i im 0 


For all real values of n, and for a constant a: 


@ If f(x) =x" then f'(x) =nx"-! @ If f(x) =ax" then f(x) = anx"-! 
d d 
elf y=x"then oom elf y=ax"then Se anxt! 
For the quadratic curve with equation y = ax? + bx + c, the derivative is given by 
dy 
rica 2ax +b 


If y = f(x) + g(x), then * = f"(x) +g’ (x). 


The tangent to the curve y = f(x) at the point with coordinates (a, f(a)) has equation 
y-f@ =f'a@(x-a) 
The normal to the curve y = f(x) at the point with coordinates (a, f(a)) has equation 
y-fla)=-s) (@w-a) 
Fa) 
@ The function f(x) is increasing on the interval [a, 4] if f(x) = 0 for all values of x such that 
a<x<b. 


@ The function f(x) is decreasing on the interval [a, 5] if f(x) <0 for all values of x such that 


a<x<b. 
2 


d 
Differentiating a function » = f(x) twice gives you the second order derivative, f”(x) or = 
x 


Any point on the curve y = f(x) where f’(x) = 0 is called a stationary point. For a small positive 
value h: 

Type of stationary point | f(x — A) | f(x) | f(x +h) 
Local maximum Positive 
Local minimum Negative 


0 | Negative 
Positive 


Negative Negative 


Positive 


Point of inflection 


If a function f(x) has a stationary point when x =a, then: 
@ if f”(a) > 0, the point is a local minimum 
@ if f"(a) <0, the point is a local maximum. 


if f"(a) = 0, the point could be a local minimum, a local maximum or a point of inflection. 
You will need to look at points on either side to determine its nature. 
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After completing this unit you should be able to: 


@ Find y given 2 for x" ~ pages 288-290 
e Integrate polynomials — pages 290-293 
e Find f(x), given f(x) and a point on the curve — pages 293-295 
e Evaluate a definite integral — pages 295-297 
@ Find the area bounded by a curve and the x-axis > pages 297-302 
@ Find areas bounded by curves and straight lines + pages 302-306 


Prior knowledge check 


Simplify these expressions 


Find © wh \ 
ind when y equals 


a 2x34+3x-5 bi 

Integration is the opposite of differentiation. 
It is used to calculate areas of surfaces, © x%(x+1) ; eee) 
volumes of irregular shapes and areas 
under curves. In mechanics, integration 
can be used to calculate the area under a 
velocity-time graph to find distance travelled. yy a y=(x+ I(x-3) 

> Exercise 13D Q8 b y=(x+ 1)2(v +5) € Chapter 4 


Sketch the curves with the following 
equations: 
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13.2) Integrating x” 


Integration is the reverse process of differentiation: 


Function Gradient Function 


subtract one from the power 7a iar Differentiating x” 


Integrating x" 


Constant terms disappear when you differentiate. This means that when you differentiate functions that 
only differ in the constant term, they will all differentiate to give the same function. To allow for this, you 
need to add a constant of integration at the end of a function when you integrate. 


yerrs 
fan's dy a2 
l This is the constant of integration. 
y=xr-19 
. f= x", then y= 1 x"+licnt-1, 
dx n+1 You cannot use this rule if n = -1 
1 1 A 
= If f(x) =x", then f(x) = a re +¢,n#-1, Decale Fr eaaO ee ner ce umes: 
= You will learn how to integrate the function 
x-tin Year 2. — Year 2, Section 11.2 
Find y for the following: 
| Use y = 11s cwithn= 4, 


n+1 


| Don't forget to add c. 


_ | Remember, adding 1 to the power gives -5 + 1=—4. 
Divide by the new power (—4) and add c. 


Example 


Find f(x) for the following: 
a f(x) = 3x? b f(x) =3 
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+c= 2xi+e Remember 3 +3=3x$=2 
Simplify your answer. 
b F(x) = 3 = 3x° - 


So f(x) = 3x = +c=3x4+e L—  x°=1,s03 can be written as 3x°. 


You can integrate a function in the form kx” by integrating x” and multiplying the integral by k. 


ay k 
aet kx", then y= near tne. t Watch out ) You don't need to multiply the 
constant term (c) by k. 


aif 


= Using function notation, if f(x) = kx", 


then f(x) = i k I 


= When integrating polynomials, apply the rule of integration separately to each term. 


xl+o,nt—-1, 


dy 1 
Given ag 6x + 2x3 - 3x2, find y. 


Apply the rule of integration to each term of the 
expression and add c. 


Now simplify each term and remember to add c. 


Exercise (13a) 


d . 
1 Find an expression for y when os is the following: 


ax b 10x+ d -4x°3 ex 
g -2x6 hxo j 6x? k 36x!! 
m -3x73 n -5 p 2x 


3y4 - 6x2 b 4x3 4x9 -2x2 ¢ 4-12x-44 2x74 


10x4 + x3 e -tx3-348x f 5x4- x3 12x-5 


ax 


d 5x5 


3 Find f(x) when f(x) is given by the following expressions. In each case simplify your answer. 
a 12x +3x345 b 6x5 + 6x-7 — bx ¢ $xd-fx4 
d 10x4 + 8x3 e 2x344x5 f 924 4x34 4.9 


= 
4 Find y given that 5~ = (2x + 3). (4 marks) Problem-solving 


Start by expanding the brackets. 
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© 5 Find f(x) given that f(x) = 3x? + 6xi+x-4. (4 marks) 


Challenge 


Frais whens ais -a(?2) 


dx 


Indefinite integrals 


You can use the symbol | to represent the process of integration. [ Notation ] TBE 


called indefinite integration. 
You will learn about definite 
integration later in this chapter. 


. Jfdx =f(x)+¢ 


You can write the process of integrating x” as follows: 


frar= weet c n#-1 
\ ati The dx tells you to 
x integrate with respect 
tox. 
The elongated S The expression to 
means integrate. be integrated. 


When you are integrating a polynomial function, you can integrate the terms one at a time. 


m f(f(x) + g(a) dx = [Fedde + fa(adx 


Find: 
a |(xt+2x5)dx b f(x2+2)dx © (px? + q)dx d (42 + 6)dr 


3 4 
a fix? + 28)dve+ 2x eit 


=-p*x'+qxte 


At 


3 
3 +6l+e 


d [42+ 6)dt= 
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Before you integrate, you need to ensure that each term of the expression is in the form kx”, where 
k and nare real numbers. 


Example 


Find: 
a IS - wx dx b nee + 2)ax c [aw + Bay 


a Ig - BV) 


= f(2x-3 - 3x2)dx 


= fix? + 2)dx 


== 


<7 +2x+0¢ 


Exercise (138) 


1 Find the following integrals: 
a [Pedy b fx7dx ¢ [3x-4dx d 5x? dx 


2 Find the following integrals: 
a [Oxt+28)dx b [2x3 - 32 + Sx)dx c ix? = 3x*)dx 


3 Find the following integrals: 
a [4x2 + 3x73 )dx b (6x? - x2)dx © [x73 +x? — x-3)dx 
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4 Find the following integrals: 


a (4x3 - 3x4 + r)dx b fix+x-F+x7)dx t Hint ) In Q4 part ¢ you are 


integrating with respect to x, so 
x4 + 2t + 3x-?)d2 7 
© (px dx Ja treat p and fas constants. 


5 Find the following integrals: 
a [2-1-)dt b [22-317 + Ide © [(pb+@+px)dt 


6 Find the following integrals: 
2x3 + 3. 
yee 


x 


b Jax +3Pdx c Jax + 3)/x dx 


7 Find Jflo)dx when f(x) is given by the following: 


1)? 1 
x+5z b (vx + 2P = +2WVx 
a (x+4) (vx + 2) c (+ x) 
8 Find the following integrals: 

2 4 2+x 2 o 7 

a |(xi+S)ax b [P58 +3)ax © fla? + 3x = Idx 

2x +1? 4638 
ra - Y ax e Mo4:22)ax f [xx +3ydx 


9 Find the following integrals: 


A : Pa +2)ax Pe gis 
a [(4-3)ax b |(vex +S )ax ic [(Z+ ave +r)ax 
10 Given that f(x) £ +4Vx —3x+2,x>0, find /fixjdx. (5 marks) 
, 3 en ath cea 
11 Find [(se + 6x - 2 )ax, giving each term in its simplest form. (4 marks) 
vx 


12 a Show that (2 + 5Vx)? can be written as 4 + kV'x + 25x, where k is a constant to be 


found. (2 marks) 

b Hence find |(2 + SyxPdx. (3 marks) 

13 Given that y = 3x5 - = x > 0, find /yd. in its simplest form. (3 marks) 
x 


Pp 2 i 
14 Cee + pq)dx =_+lOx+e (5 marks) Problem-solving 


Find the value of p and the value of g. Integrate me expression on the left-hand 
side, treating p and g as constants, then 


compare the result with the right-hand side. 
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15 f(x) =(2-x) 


Given that x is small, and so terms in x} and higher powers of x can be ignored: 


a find an approximation for f(x) in the 
form A + Bx + Cx? (3 marks) t Hint ) Find the first three terms. 
ea re of the binomial expansion of 
b find an approximation for /f(x)dx. (3 marks) @-x0, estnes 


13.3) Finding functions 


You can find the constant of integration, c, when YA pextgg VEV+2 
you are given (i) any point (x, y) that the curve of ° 
the function passes through or (ii) any value that 


dy 
the function takes. For example, if ° =3x* then 
y =x? +c. There are infinitely many curves with 
this equation, depending on the value of c. 


Only one of these curves passes through 
this point. Choosing a point on the curve 
determines the value of c. 


= To find the constant of integration, c 
* Integrate the function 


* Substitute the values (x, y) of a point on the curve, or the value of the function at a given 
point f(x) = K, into the integrated function 


* Solve the equation to find c 


The curve C with equation y = f(x) passes through the point (4, 5). Given that f(x) = 
the equation of C. 


, find 


First write f'(x) in a form suitable for integration. 


Integrate as normal and don't forget the + c. 


Use the fact that the curve passes through (4, 5). 
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Remember 4? = 2°. 


o # 
So Sagx2-4x2+e 
64 
5S=3-6te 
5-H, | 
- Solve for c. 
1 ] 
So cas | | 
__p— Finally write down the equation of the curve, 
a 
] 


{ Online } Explore the solution using e? 


GeoGebra. 


1 Find the equation of the curve with the given derivative of y with respect to x that passes 
through the given point: 


err ee eer 

a a x? + 2x; point (2, 10) a Ly +5 . point (1, 4) 

c Peele point (4, 11) point (4, 0) 
dy ge? 2 , 
dy : r 

e a +2); point (1, 7) point (0, 1) 


2 The curve C, with equation y = f(x), passes through the point (1, 2) and f(x) = 2x3 - 4 
Find the equation of C in the form y = f(x). : 


y = 
3 The gradient of a particular curve is given by ae = aes Given that the curve passes through 


the point (9, 0), find an equation of the curve. 


® 4 The curve with equation y = f(x) passes through the point (-1, 0). Given that 
f(x) = 9x? + 4x - 3, find f(x). (5 marks) 


dy 
5 a 3x73 — 2xVx, x >0. 


Given that y = 10 at x =4, find y in terms of x, giving each term in its simplest form. (7 marks) 


3 
6 Given that Seen can be written in the form 6x? + 5x4, 


Vx 
a write down the value of p and the value of g. (2 marks) 
Given that Gre Oxe and that y = 100 when x = 9, 
a vx 
b find y in terms of x, simplifying the coefficient of each term. (5 marks) 
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® 7 The displacement of a particle at time ¢ is given by Problem-solving 


the function f(s), where f(0) = 0. raaaeel zi Teinonte 
Given that the velocity of the particle is given by cone Mein oe cncnoncee 
of mechanics to answer this question. 


fG)=10= 54, You are told that the displacement of 
a find f() the particle at time ris given by f(d). 
b determine the displacement of the particle when = 3. 


® 8 The height, in metres, of an arrow fired horizontally from the top of a castle is modelled by the 
function f(t), where f(0) = 35. Given that f(t) = —9.87, 


a find f(r). 

b determine the height of the arrow when ¢ = 1.5. 

¢ write down the height of the castle according to this model. 
d estimate the time it will take the arrow to hit the ground. 

e state one assumption used in your calculation. 


Challenge 


1 A set of curves, where each curve passes through the origin, has 
equations y = f,(x), y = f,(x), y = f,(x) ... where f(x) = f,,_ (x) and 
fi) = 2% 

a Find f,(x), (0). 
b Suggest an expression for f,,(x). 

2 Aset of curves, with equations y = f,(x), y = f2(x), y= f,(0), ... all pass 
through the point (0, 1) and they are related by the property 
fix) = f,-1(x) and f,(x) = 1. Find f(x), fa(x), f(x). 


Definite integrals 


You can calculate an integral between two limits. This is called a definite integral. A definite integral 
usually produces a value whereas an indefinite integral always produces a function. 


Here are the steps for integrating the function 3x* between the limits x = 1 and x = 2. 


Write the integral in [] 


o ee 
The limits of the integral if 3x2dx = Ley? brackets. 
are fromx=1tox=2. — s 

a = (23) = (13)——_ Write this step in () brackets. 


Evaluate the integral at jes -1 


the upper limit. =-7 Evaluate the integral at the 


lower limit. 
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There are three stages when you work out a definite integral: 


Write the definite integral 
statement with its limits, a and b. 


foudx 


= If f(x) is the derivative of f(x) for all 


values of x in the interval [a, 4], then the 


definite integral is defined as 
Pe (dx = [FOI = (6) - Fa. 


Evaluate 
[Get - Pax 
‘0 
if (x5 = Pax 

1 
= fe] 
eb ee 
ie Sra 

3 3 fe} 
a tuSyiaal 
= [5 oF +, 
By ce 
=(2-3+1)-O+0+0 


Integrate, and write the 
integral in square brackets 


Evaluate the definite integral 
by working out f(b) — f(a). 


fal? a=) 


Problem-solving 


The relationship between the derivative 
and the integral is called the fundamental 
theorem of calculus. 


___ First multiply out the bracket to put the 
expression in a form ready to be integrated. 


For definite integrals you don't need to include 
+c in your square brackets. 


‘_ Simplify each term. 


Given that P is a constant and [px +7)dx 
l 
and find these values. 


= 4P?, show that there are two possible values for P 


JP2Px + 7)dx = [Px? + 7x} 
= (25P + 35) - (P +7) 
= 24P + 28 
24P + 28 = 4P2 
4P? — 24P - 28 =0 
P?-6P-7=0 
(P + 1)(P-7)=0 
P=-lor7 


] Problem-solving 


You are integrating with respect to x so treat Pas 
a constant. Find the definite integral in terms of 
P then it equal to 4P2. The fact that the question 
asks for ‘two possible values’ gives you a clue that 
the resulting equation will be quadratic. 


Li Divide every term by 4 to simplify. 
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Exercise 


1 


E he followi finite i & 
valate the tollowine defnitsintegrals [ Watch out } You must not use a calculator to 
a Px dx b pPxt dx work out definite integrals in your exam. You 
4 3 need to use calculus and show clear algebraic 
e [Vxdx d Pode working. 
0 Vx 
Evaluate the following definite integrals: 


a Fa % 3x) dx b [Qx-4y+5)dx P(e = 
Evaluate the following definite integrals: 
x3 + 2x? 3)7 3 1 24+Vx 
a Pax b [°(x-3) dx c fies Vx +4) dx d i _ dx 


Given that A is a constant and INGE — A)dx = A’, show that there are two possible values for 


A and find these values. (5 marks) 
Use calculus to find the value of f (2x —3Vx)dx. (5 marks) 
22 = 
Evaluate C= dx, giving your answer in the form a + by3, where a and / are integers. (4 marks) 
x 


Given that f e dx = 3, calculate the value of k. (4 marks) Problem-solving 
x 


You might encounter a definite 
The speed, v ms~!, of a train at time ¢ seconds is given integral with an unknown in 
by v= 204+ 54,0<7< 10. the limits. Here, you can find 
an expression for the definite 
integral in terms of & then set 
is given by s = f"eo + 51)dt. Find the value of s. that expression equal to 3. 


The distance, s metres, travelled by the train in 10 seconds 


Challenge 


Given that pr *2ax =7andk>0, calculate the value of k. 


€&D Areas under curves 


Definite integration can be used to find the area under a curve. 


For any curve with equation y = f(x), you can define the area 
under the curve to the left of x as a function of x called A(x). 
As x increases, this area A(x) also increases (since x moves 
further to the right). 
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If you look at a small increase in x, say dx, then the area This vertical height 
increases by an amount 54 = A(x + dx) — A(x). will be y = f(x). 


This increase in the 6A is approximately rectangular 
and of magnitude yéx. (As you make dx smaller any error 


between the actual area and this will be negligible.) y= fx) 
Soyouhave 6d = ydx aj rer 
or 6A ey 
ox 
and if you take the limit fim m (24 oA) then you will see that —— dA =y. 
ox dx 
Now if you know that gts = y, then to find A you have to integrate, giving 4 = fydx. 
= The area between a positive curve, the x-axis ie 
y= f(x) 


and the lines x = a and x = bis given by 
Area = { vy dx 


where y = f(x) is the equation of the curve. 


ay 


Find the area of the finite region between the curve with equation y = 20 — x — x? and the x-axis. 


y=20-x 


(4 - x5 + x) 


y 
20 


Area = ["( 20 — x — x?)dx 


mae 
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Exercise 


1 Find the area between the curve with equation y = f(x), the x-axis and the lines x = a and 
x = in each of the following cases: 


a f(x) =-3x? + 17x - 10; =1, b=3 


a=-3, b=-1 
a=0, b=4 t Hint ) For part ¢, f(x) = —x(x — 1)*(x — 5) 
a=-4, b=-1 


2 The sketch shows part of the curve with equation y = x(x? — 4). 
Find the area of the shaded region. 


3 The diagram shows a sketch of the curve with equation 
5,x>0. 


6 
=3x+— 
y = 3x 2 


The region R is bounded by the curve, the x-axis and the 
lines x = | and x = 3. 


Find the area of R. 


4 Find the area of the finite region between the curve with equation y = (3 — x)(1 + x) and the 
X-axis, 


5 Find the area of the finite region between the curve with equation y = x(x — 4)? and the x-axis, 


® 6 Find the area of the finite region between the curve with equation y = 2x? — 3x4 and the x-axis. 


® 7 The shaded area under the graph 


® 8 The finite region R is bounded by the x-axis and 


y = 3x?-2x +2 = 
Problem-solving 


[Gx -2x+2)dv=8 


of the function f(x) = 3x? — 2x + 2, 
bounded by the curve, the x-axis 
and the lines x = 0 and x =k, is 8. 
Work out the value of k. 


the curve with equation y = —x?+ 2x + 3,x =0. 

The curve meets the x-axis at points A and B. 

a Find the coordinates of point A and point B. (2 marks) 
b Find the area of the region R. (4 marks) 


yer? + 2x43 
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(G) 9 The graph shows part of the 
curve C with equation y = x°(2 — x). 
The region R, shown shaded, 
is bounded by C and the x-axis. 
Use calculus to find the exact 
area of R. (5 marks) 


v=e0-) QUEEN i. 
question says “use 
calculus” then you need 
to use integration or 
differentiation, and 
show clear algebraic 
working. 


Areas under the x-axis 


You need to be careful when you are finding areas below the x-axis. 


= When the area bounded by a curve and the x-axis is below the x-axis, f |'y dx gives a negative 
answer. 


Find the area of the finite region bounded by the curve y = x(x — 3) and the x-axis. 


Wises Sona ‘| { Online ) Check your solution using Fs 


When y=0O,x=Oor3 your calculator. 


So the area is 4. 


The following example shows that great care must be taken if you are 
trying to find an area which straddles the x-axis such as the shaded 
region. 


For examples of this type you need to draw a sketch, unless one is 
given in the question. 
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Sketch the curve with equation y = x(x — 1)(x + 3) and find the area of the finite region bounded by 
the curve and the x-axis. 


When x = 0, y =O 


Y = x(x—1)(x + 3) Problem-solving 


Always draw a sketch, and use the points of 
intersection with the x-axis as the limits for your 
integrals. 


The area is given by [°,ydx - [\ydx 


Now [ydx = fix? + 2x? - 3x)dx 


ee 2x8 _.Bxe 


oil camer 
So [yar = 0) - (2-2 27-3x9) 
= 45 


4 [ Watch out ) If you try to calculate the area as a 


HM 2 2 Sy single definite integral, the positive and negative 
and fo) ae e a 2) © areas will partly cancel each other out. 


So the area required is ae + mea 


ae an 


1 Sketch the following and find the total area of the finite region or regions bounded by the curves 
and the x-axis: 


a y=x(x+2) b y=(x+1)(x-4) ce y=(x + 3)x(x - 3) 
d y=x%(x-2) e yp=x(x-2)(x-5) 


® 2 The graph shows a sketch of part of the curve C with equation 
y=x(x + 3)(2 - x). y=x(x + 3)(2-x) 
The curve C crosses the x-axis at the origin O and at points 
Aand B. 


a Write down the x-coordinates of A and B. (1 mark) 


The finite region, shown shaded, is bounded by the curve C and the x-axis. 
b Use integration to find the total area of the finite shaded region. (7 marks) 
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3 f(x) = —x3 + 4x2+ 11x - 30 


The graph shows a sketch of part of the curve with 
equation y = -—x3 + 4x? + 11x - 30. 


yao +4x2- 11x-30 


a Use the factor theorem to show that (x + 3) isa 
factor of f(x). 

b Write f(x) in the form (x + 3)(Ax? + Bx + C). 

ce Hence, factorise f(x) completely. 

d Hence, determine the x-coordinates where the curve intersects the x-axis. 

e Hence, determine the total shaded area shown on the sketch. 


1 Given that f(x) = x(3 — 4), find the area of the finite region bounded 
by the x-axis and the curve with equation 


a y=f(x) b y=2f(x) ¢ y=af(x) 
d y=f(x+a) e y=f(ax). 
2 The graph shows a sketch of Ye p=x(x-1)(x +2) 


part of the curve C with 
equation y = x(x — 1)(x + 2). 
The curve C crosses the 
x-axis at the origin O and 
at point B. 

The shaded areas above 
and below the x-axis are equal. 


a Show that the x-coordinate of A satisfies the equation 
(x — 1)2(3x2 + 10x + 5) =0 
b Hence find the exact coordinates of A, and interpret geometrically 
the other roots of this equation. 


13.7) Areas between curves and lines 


= You can use definite integration together with areas of trapeziums and triangles to find 
more complicated areas on graphs. 


The diagram shows a sketch of part of the curve with equation 
y = x(4—.x) and the line with equation y = x. 


Find the area of the region bounded by the curve and the line. 
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x(A-—xX)=x 
3x-x2=0 
x(3 - x) =O 
x=Oor3 


Area beneath curve = iF (4x — x*)dx 


3 
= [exe ==] 
3 oO 
=9 
Area beneath triangle =3x 3x3 
mete} 
ae 
Shaded area = 9 — 3 = 2 


The diagram shows a sketch of the curve with equation yi (x—3) 
y= x(x — 3) and the line with equation y = 2x. ] 


Find the area of the shaded region OAC. 


The required area is given by: 0 an (b, 0) 


Area of triangle OBC — [x(x - 3)Ax 


The curve cuts the x-axis at x= 3 Problem-solving 


(and x = O) so a= 3. Look for ways of combining triangles, trapeziums 


Theicurve: meets the line p= Ox when and direct integrals to find the missing area. 


2x = xx - 3). ZA 
So O=x°- 5x 
O=x(x - 5) 


x=Oor5,sob=5 
The point C is (5, 10). 
Area of triangle OBC = 4 x 5 x 10 = 25. 


Area between curve, x-axis and the line 
x=5is 


5 eee 


[Pxtx — 3dx = 20? - 3xddx | 
| 
| 


3 ails 
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Shaded region is therefore = 25 — e = 


Exercise (136) 


1 


®4 


304 


The diagram shows part of the curve with equation 
y =x? +2 and the line with equation y = 6. 
The line cuts the curve at the points A and B. 
a Find the coordinates of the points A and B. 
b Find the area of the finite region bounded 
by line 4B and the curve. 


The diagram shows the finite region, R, bounded by the curve 
with equation y = 4x — x* and the line y = 3. 

The line cuts the curve at the points A and B. 

a Find the coordinates of the points A and B. 

b Find the area of R. 


The diagram shows a sketch of part of the curve with equation 
y= 9 - 3x - 5x? — x3 and the line with equation y = 4 - 4x. 
The line cuts the curve at the points A (-1, 8) and B(1, 0). 

Find the area of the shaded region between AB and the curve. 


Find the area of the finite region bounded by the curve with 
equation y = (1 — x)(x + 3) and the line y = x +3. 


The diagram shows the finite region, R, bounded by the 
curve with equation y = x(4 + x), the line with equation 
y = 12 and the y-axis. 


a Find the coordinates of the point A where the line 
meets the curve. 


b Find the area of R. 
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The diagram shows a sketch of part of the curve with 
equation y = x? + 1 and the line with equation y = 7 — x. 

The finite region, R, is bounded by the line and the curve. 

The finite region, R, is below the curve and the line and is 
bounded by the positive x- and y-axes as shown in the diagram. 
a Find the area of R,. 

b Find the area of R. 


Fd 
3- s+], 
x3 
a Verify that C crosses the x-axis at the point (1, 0). 
b Show that the point A(8, 4) also lies on C. 
¢ The point B is (4, 0). Find the equation of the line through AB. 
The finite region R is bounded by C, AB and the positive x-axis. 


d Find the area of R. 


The curve C has equation y = x 


The diagram shows part of a sketch of the curve with equation 


2 + x. The points A and B have x-coordinates 4and 2 
x 2 


respectively. 


y 


Find the area of the finite region between AB and the curve. 


The diagram shows part of the curve with equation 
y =3vx —Vx3 + 4 and the line with equation 


a Verify that the line and the curve cross at the 
point A(4, 2). 

b Find the area of the finite region bounded by 
the curve and the line. 


The sketch shows part of the curve with equation 

y = x°(x + 4). The finite region R, is bounded by the 
curve and the negative x-axis. The finite region R, is 
bounded by the curve, the positive x-axis and 4B, 
where A(2, 24) and B(d, 0). yp=xr(xt4) 
The area of R; = the area of R>. 
a Find the area of Rj. 


b Find the value of b. 7 
Problem-solving 


Split R; into two areas by drawing 
a vertical line at x = 2. 
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11 The line with equation y = 10 — x cuts the curve with 
equation y = 2x? — 5x + 4 at the points A and B, 
as shown. 


ys 2x?- 5x44 


a Find the coordinates of A and the coordinates 
of B. (5 marks) 


The shaded region R is bounded by the line and the 
curve as shown. 


b Find the exact area of R. (6 marks) 


Mixed exercise @ 


1 Find: 
a fix + 1)(2x - 5)dx b fixi+x-)dx 


y=10-x 


2 
2 The gradient of a curve is given by f(x) = x? - 3x — x Given that the curve passes through 


the point (1, 1), find the equation of the curve in the form y = f(x). 


3 Find: 
a [(8x3 — 6x2 + 5)dx b (5x + 2)xidx 
; (x + 1)(2x - 3) . 
® 4 Given y= ——— find fy dx. 


® 5 Given that x = (t+ 1)? and that x = 0 when / = 2, find the value of x when ¢ = 3. 


6 Given that y? = x7 + 3: 
a_show that p = x? + Axt + B, where A and B are constants to be found. (2 marks) 
b hence find [y dx. (3 marks) 


dy 
a find ae (2 marks) 
b find fydx. (3 marks) 


® 8 [(G-a)ar=-35 + l4x+e 


Find the value of a and the value of b. 


® 9 A rock is dropped off a cliff. The height in metres of the rock above the ground after ¢ seconds 
is given by the function f(1). Given that f(0) = 70 and f(r) = —9.87, find the height of the rock 
above the ground after 3 seconds. 
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A cyclist is travelling along a straight road. The distance in metres of the cyclist from a fixed 
point after ¢ seconds is modelled by the function f(1), where f(t) = 5 + 21 and f(0) = 0. 

a Find an expression for f(7). 

b Calculate the time taken for the cyclist to travel 100 m. 


The diagram shows the curve with equation 
y =5+ 2x — x? and the line with equation y = 2. 
The curve and the line intersect at the points A and B. 


y=2 
a Find the x-coordinates of A and B. Ss 
x 

b The shaded region R is bounded by the curve and 

the line, Find the area of R. ysS+2xy-y? 
a Find f(x? - 4)(x-? - Idx. (4 marks) 
b Use your answer to part a to evaluate 

fed = 4)(x-3 = 1)dx 
giving your answer as an exact fraction. (2 marks) 


The diagram shows part of the curve with equation 

y = x3 — 6x? + 9x. The curve touches the x-axis at A and 

has a local maximum at B. 

a Show that the equation of the curve may be written 
as y = x(x — 3)?, and hence write down the 
coordinates of A. (2 marks) 

b Find the coordinates of B. (2 marks) 

¢ The shaded region R is bounded by the 
curve and the x-axis. Find the area of R. (6 marks) 


Consider the function y = 3x?- 4x71, x > 0. 


Find © 2 mark 

a Fin ax (2 marks) 
b Find [ydx. (3 marks) 
¢ Hence show that Py dx = A + BV3, where A and B are integers to be found. (2 marks) 


The diagram shows a sketch of the curve with equation y 
ye 12x? - x} for0 <x <12. 


a Show that bd = 3.44 — x). (2 marks) 
de OF ee 


b At the point B on the curve the tangent to the 
curve is parallel to the x-axis. Find the coordinates 
of the point B. (2 marks) 
¢ Find, to 3 significant figures, the area of the finite 
region bounded by the curve and the x-axis. (6 marks) 
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EP) 16 


® 19 
P) 20 


@) 21 


The diagram shows the curve C with equation 
y = x(8 — x) and the line with equation y = 12 
which meet at the points L and M. 
a Determine the coordinates of the point M. (2 marks) 
b Given that N is the foot of the perpendicular from 
M on to the x-axis, calculate the area of the shaded 
region which is bounded by NM, the curve C and 
the x-axis. (6 marks) 


The diagram shows the line y = x — 1 meeting the 
curve with equation y = (x — 1)(x — 5) at A and C. 
The curve meets the x-axis at A and B. 


a Write down the coordinates of A and B and find 


the coordinates of C. (4 marks) 
b Find the area of the shaded region bounded by 
the line, the curve and the x-axis. (6 marks) 


The diagram shows part of the curve with equation 

y=p+ 10x - x°, where p is a constant, and part 

of the line / with equation y = gx + 25, where g is a 
constant. The line / cuts the curve at the points A 

and B. The x-coordinates of A and B are 4 and 8 
respectively. The line through A parallel to the x-axis 
intersects the curve again at the point C. 

a Show that p = -7 and calculate the value of g. (3 marks) 


b Calculate the coordinates of C. (2 marks) 


¢ The shaded region in the diagram is bounded by 
the curve and the line segment AC. Using integration 
and showing all your working, calculate the area of the 


shaded region. (6 marks) 
Given that f(x) = 3 — 8Vx +4x-5,x>0, find /f(x)dx. (5 marks) 
Given that A is constant and r (4 - A) dx = A? show that there are two possible values 
for A and find these values. was (5 marks) 
f(x) = @-xy° 
a Show that f(x) = 8x? - 12 + Ax? + Bx4, where A and Bare constants to be found. (3 marks) 
b Find f(x). 
Given that the point (—2, 9) lies on the curve with equation y = f(x), 
¢ find f(x). (5 marks) 
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® 22. The finite region S, which is shown shaded, is 
bounded by the x-axis and the curve with 
equation y = 3 — Sx — 2x?. 


The curve meets the x-axis at points A and B. y=3—5x—2x? 
a Find the coordinates of point A and 
point B. (2 marks) 


b Find the area of the region S. (4 marks) 4 


ay 


® 23 The graph shows a sketch of part of the curve C with 
equation y = (x — 4)(2x + 3). 


The curve C crosses the x-axis at the points A and B. 
a Write down the x-coordinates of A and B. (1 mark) 


The finite region R, shown shaded, is bounded by C 
and the x-axis. 


b Use integration to find the area of R. (6 marks) 


® 24 The graph shows a sketch of part of the curve C 
with equation y = x(x — 3)(x + 2). 
The curve crosses the x-axis at the origin O and 
the points A and B. 


a Write down the x-coordinates of the points 
A and B. (1 mark) y = x(x 3)(x + 2) 


The finite region shown shaded is bounded by the curve C and the x-axis. 


b Use integration to find the total area of this region. (7 marks) 


Challenge 


The curve with equation y = x* — 5x + 7 cuts the curve with yi 
equation y = $x? - 3x +7.The shaded region Ris 
bounded by the curves as shown. hate 3 x+7 


Find the exact area of R. 
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Summary of key points 
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oy Ln 

Waza then y=" +¢n#-1. 

Using function notation, if f(x) = x", then f(x) = = 2 7p +¢n#-1. 
d 

if 2 = kx", then y= k x14 en#—-1. 


dx n+1 
Using function notation, if f(x) = Ax", then f(x) = 


k x14 ¢en#-1, 
n+1 


When integrating polynomials, apply the rule of integration separately to each term. 
Jf'Q@)dx = f(x) +e 

Jif(x) + g(x))dx = ffddx + fgQxydx 

To find the constant of integration, c 

+ Integrate the function 


+ Substitute the values (x, y) of a point on the curve, or the value of the function at a given 
point f(x) = k into the integrated function 


+ Solve the equation to find ¢ 


If f(x) is the derivative of f(x) for all values of x in the interval [a, 4], then the definite integral 
is defined as [’F'(x)dx = [F(a)]} = f(6) - fl@ 
The area between a positive curve, the x-axis and the lines x = a and x = bis given by 

Area = Ip My dx 


where y = f(x) is the equation of the curve. 


When the area bounded by a curve and the x-axis is below the x-axis, /y dx gives a negative 
answer. 


You can use definite integration together with areas of trapeziums and triangles to find more 
complicated areas on graphs. 
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e Sketch graphs of the form y = a*, y = e*, and transformations of 
these graphs ~ pages 312-317 


@ Differentiate e* and understand why this result is important 

> pages 314-317 
e Use and interpret models that use exponential functions 

— pages 317-319 
e Recognise the relationship between exponents and logarithms 

~ pages 319-321 


@ Recall and apply the laws of logarithms + pages 321-324 
@ Solve equations of the form a*=b > pages 324-325 
@ Describe and use the natural logarithm function > pages 326-328 
@ Use logarithms to estimate the values of constants in non-linear 
models — pages 328-333 


1. Given that x = 3 and y = -1, evaluate 
these expressions without a calculator. 
a5 b 3” c 22x-1 d 7i-y e 11°47" 

« GCSE Mathematics 


Simplify these expressions, writing each 
answer as a single power. 

(adh Ad 
MANO 12 ARN 96) (0) oe 


28 
€ Sections 1.1, 1.4 


Plot the following data on a scatter graph 
and draw a line of best fit. 

Ly rs 20 a5 4 5.8 
5.8 74 94 | 103 | 12.8 


Logarithms are used to report and compare 
earthquakes. Both the Richter scale and the y 
newer moment magnitude scale use base Determine the gradient and intercept of 

10 logarithms to express the size of seismic your line of best fit, giving your answers to 
activity. + Mixed exercise Q15 one decimal place. € GCSE Mathematics 
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ap Exponential functions 


Functions of the form f(x) = a*, where a is a constant, are called exponential functions. You should 
become familiar with these functions and the shapes of their graphs. 


For an example, look at a table of values of y = 2°. 


WOETT In the expression 2°, 
x 3 2 =! 0 1 2 3 x can be called an index, a power 
y Fy i ; 1 2 4 8 or an exponent. 
" 
The value of 2 tends towards O as x decreases, and { Links } Recall hater enone 
grows without limit as x increases. ie 
. 7 . 23=55=—5 € Section 1.4 
The graph of y = 2* is a smooth curve that looks like this: 28 


a On the same axes sketch the graphs of y = 3°, y = 2* and y = 1.5*. 
b On another set of axes sketch the graphs of y = (4)* and y =2*. 


a For all three graphs, y = 1 when x = O. 
When x > O, 3° > 2* > 1.5%. 
When x < O, 3° < 2* < 1.5%. 

y y= 3° 


3 2 a oO 72.3% 


b The graph of y = ($)* is a reflection in the 
y-axis of the graph of y = 2*. 
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x-3 
Sketch the graph of y = (3) . Give the coordinates of the point where the graph crosses the y-axis. 


| IF Qo = (iy then y = f(x — 3). Problem-solving 


| : : 

The graph is a translation of the graph If you have to sketch the graph of an unfamiliar 

| y = (2) by the vector () function, try writing it as a transformation of a 

| The graph crosses the y-axis when x= O, familfan function; Scecuene 
1\9-3 

y=(3) 

y= 


The graph crosses the y-axis at (O, 8). 
, 


2.4) 16 18) 20* 


Exercise (14A) 


1 a Draw an accurate graph of y = (1.7), for -4 <x <4. 


b Use your graph to solve the equation (1.7)* = 4. 


2 a Draw an accurate graph of y = (0.6)*, for -4 <x <4. 
b Use your graph to solve the equation (0.6)* = 2. 


3 Sketch the graph of y= 1". 


® 4 For each of these statements, decide whether it is true or false, justifying your answer or offering 
a counter-example. 
a The graph of » = a* passes through (0, 1) for all positive real numbers a. 
b The function f(x) = a* is always an increasing function for a> 0. 
¢ The graph of » = a*, where a is a positive real number, never crosses the x-axis. 


5 The function f(x) is defined as f(x) = 3°, x € R. On the same axes, sketch the graphs of: 
a y=itx) b y=2F(x) e y=f(Qx-4 d y=f(5x) 


Write down the coordinates of the point where each graph crosses the y-axis, and give the 


equations of any asymptotes. 
Problem-solving 


® 6 The graph of » = ka* passes through the Substitute the coordinates into y = ka* to create 
points (1, 6) and (4, 48). Find the values two simultaneous equations. Use division to 
of the constants k and a. eliminate one of the two unknowns. 
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® 7 The graph of y = pg* passes through the points (—3, 150) and (2, 0.048). 
a By drawing a sketch or otherwise, explain why 0< gq <1. 
b Find the values of the constants p and q. 


Challenge 


Sketch the graph of y = 2*-? + 5. Give the coordinates of the point where 
the graph crosses the y-axis. 


f 14.2 BE 


Exponential functions of the form f(x) = a* have a special mathematical property. The graphs of their 
gradient functions are a similar shape to the graphs of the functions themselves. 


In each case f’ (x) = kf(x), where k is a constant. As the value of a increases, so does the value of k. 


Something unique happens between a = 2 and Function Gradient function 
a = 3. There is going to be a value of a where the f(x) = 1" F(x) =0x 1" 
gradient function is exactly the same as the —— ~ 


original function. This occurs when a is f(x) = 2* F(x) = 0.693... x 2° 
approximately equal to 2.71828. The exact value F(x) = 3° f'(x) = 1.099... x 3¥ 
is represented by the letter e. Like z, e is both an f(x) = 4* f'(x) = 1.386... x 4* 


important mathematical constant and an 


irrational number. 
t Ontine ) Explore the relationship between ep 


= For all real values of x: exponential functions and their derivatives 
* If f(x) =e* then f’(x) =e* using GeoGebra. 
. Ify=er then $) =e! 

A similar result holds for functions such as e®*, e~* and e>*. 

= For all real values of x and for any constant k: 
* If f(x) = e** then f(x) = ke** 


dy 
* ify=e*th = kek 
yoeM then | e 
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Differentiate with respect to x. 


bet ie 36 


dy 2x = Ge2 
Sa -«_|—__ ince 


Sketch the graphs of the following equations, Give the coordinates of any points where the graphs 
cross the axes, and state the equations of any asymptotes. 


a y=e* b y=10e* ¢ y=34+4e% 


a yse® 


When x = O, y = e2*9 = 1 50 the graph 
crosses the y-axis at (O, 1). 
The x-axis (y = O) is an asymptote. 


b y=10e* 
When x = O, y = 10e-®. So the graph 
crosses the y-axis at (O, 10). 


3THSEC 315 


Chapter 14 


je y=3 + 4ex Problem-solving 


When x= 0, p=34+4e2*9=7 

oe — Z i a pens at G 2) If you have to sketch a transformed graph with 
q ies ee 9 ; eer an asymptote, it is often easier to sketch the 

The line y = 3 is an asymptote. asymptote first. 


Y 


y=3 + 4e" 


{ Online } Use GeoGebra to draw CP 


transformations of y= e*. 


0} 


1 Use a calculator to find the value of e* to 4 decimal places when 
ax=l bx=4 e x=-10 d x=0.2 


2 a Draw an accurate graph of y = e* for -4 <x <4. 
b By drawing appropriate tangent lines, estimate the gradient at x = 1 and x = 3. 
¢ Compare your answers to the actual values of e and e*. 


3. Sketch the graphs of: 
a y=et! b y=4e ce y=2e*-3 
d y=4-e* e y=6+410e f y=100e"+10 


4 Each of the sketch graphs below is of the form y = Ae’* + C, where A, b and C are constants. 
Find the values of A and C for each graph, and state whether 4 is positive or negative. 


ba £ » WLLL You do not have 
a enough information 
4 to work out the value 
of b, so simply state 
whether it is positive 


Ol % or negative. 
5 Rearrange f(x) = e**+? into the form f(x) = Ae’, where A and b Hi 
TT omtn— amy an 
are constants whose values are to be found. Hence, or otherwise, 
sketch the graph of y = f(x). 
6 Differentiate the following with respect to x. { Hint ) For part f, start 
a eo be © Te by expanding the 
bracket. 


d Seo ee +2e* f e(e*+ 1) 
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7 Find the gradient of the curve with equation y = e** at the point where 
ax=2 b x=0 e x=-0.5 


8 The function f is defined as f(x) = e°?*, x € R. Show that the tangent to the curve at the point 
(5, e) goes through the origin. 


t 14.3 ] Exponential modelling 


You can use e* to model situations such as population growth, where the rate of increase is 
proportional to the size of the population at any given moment. Similarly, e~* can be used to model 
situations such as radioactive decay, where the rate of decrease is proportional to the number of 
atoms remaining. 


The density of a pesticide in a given section of field, P mg/m2, can be modelled by the equation 
P = 160e70.006 

where / is the time in days since the pesticide was first applied. 

a Use this model to estimate the density of pesticide after 15 days. 


b Interpret the meaning of the value 160 in this model. 
¢ Show that a = kP, where k is a constant, and state the value of k. 
d Interpret the significance of the sign of your answer to part c. 


e Sketch the graph of P against 1. 
la After 15 days, t= 15. 
| P= 146.2 ma/m* 
b When t = O, P = 160e° = 160, so 160 mg/m? 
is the initial density of pesticide in the field. { Online ) Work this out in one go using the Fe 


] button on your calculator. 


The value given by a model when 


called the initial value. 


c¢ P= 160e-0006r 


—0.966e-09%!, so k = -0.96 


dt 


|d As kis negative, the density of pesticide 
is decreasing (there is exponential decay). 


le P 
| 160 
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Exe 


1 The value of a car is modelled by the formula 
V = 20000e-= 
where V is the value in £s and fis its age in years from new. 
a State its value when new. 
b Find its value (to the nearest £) after 4 years. 
¢ Sketch the graph of V against t. 


® 2 The population of a country is modelled using the formula 


P=20+ 10e% 
where P is the population in thousands and ¢ is the time in years after the year 2000. 
a State the population in the year 2000. 
b Use the model to predict the population in the year 2030. 
¢ Sketch the graph of P against ¢ for the years 2000 to 2100. 


d Do you think that it would be valid to use this model to predict the population in the year 
2500? Explain your answer. 


® 3 The number of people infected with a disease is modelled by the formula 


N = 300 - 100e-°*" 
where N is the number of people infected with the disease and is the time in years after 
detection. 
a How many people were first diagnosed with the disease? 
b What is the long term prediction of how this disease will spread? 
¢ Sketch the graph of N against ¢ for > 0. 


® 4 The number of rabbits, R, in a population after m months is modelled by the formula 


R=12¢92 
Problem-solving 


a Use this model to estimate the number of rabbits after 
Your answer to part b must refer 


i 1 month ii 1 year 
: baa to the context of the model. 
b Interpret the meaning of the constant 12 in this model. 


¢ Show that after 6 months, the rabbit population is increasing by almost 8 rabbits per month. 
d Suggest one reason why this model will stop giving valid results for large enough values of t. 
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5 On Earth, the atmospheric pressure, p, in bars can be modelled approximately by the formula 
p= e134 where h is the height above sea level in kilometres. 
a Use this model to estimate the pressure at the top of Mount Rainier, which has an altitude of 


4.394km. dp (1 mark) 
b Demonstrate that ais kp where k is a constant to be found. (2 marks) 
¢ Interpret the significance of the sign of k in part b. (1 mark) 
d This model predicts that the atmospheric pressure will change by s% for every 

kilometre gained in height. Calculate the value of s. (3 marks) 


6 Nigel has bought a tractor for £20000. He wants to model the depreciation of the value of his 


tractor, £7, in ¢ years. His friend suggests two models: 
Model 1: T= 20000e~°4" 
Model 2: T = 19 000e~°5*' + 1000 
a Use both models to predict the value of the tractor after one year. 


Compare your results. (2 marks) 
b Use both models to predict the value of the tractor after ten years. 

Compare your results. (2 marks) 
¢ Sketch a graph of 7 against ¢ for both models. (2 marks) 
d Interpret the meaning of the 1000 in model 2, and suggest why this might make 

model 2 more realistic. (1 mark) 


Logarithms 


The inverses of exponential functions are called logarithms. A relationship which is expressed using 
an exponent can also be written in terms of logarithms. Ca ASTER 


= log, = x is equivalent to a* =n (a#1) base of the logarithm. 


Example (s) 


Write each statement as a logarithm. 
a 3=9 b 27=128 ¢ 64:=8 


a 3? = 9, 80 logs9 = 2 
|b 27 = 128, so logz 126 = 7 


Rewrite each statement using a power. 
a log,81=4 b log, (3) =-3 


[a log,61 = 4,50 3*= 61 


b logs (3) = -3, so 23 =4 
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Example 


d 


Without using a calculator, find the value of: 


a log,81 b log,0.25 © log s4 d log, (a’) 
la log, 81 = 4 
b 10g40.25 = -1 
¢ loggs4 =-2 
d log,(a®) = 5 
You can use your calculator to find logarithms of CESELCID Logarithms to the base e are 
any base. Some calculators have a specific typically called natural logarithms. This is why 
key for this function. Most calculators the calculator key is labelled 


also have separate buttons for logarithms to the 
base 10 (usually written as [log] and logarithms 
to the base e (usually written as (i). 


{ ontine ) Use the logarithm buttons on FA 
your calculator. 


Use your calculator to find the following logarithms to 3 decimal places. 
a log; 40 b log.8 ¢ logy) 75 


la 3.358 


b 2.079 


/e 1.875 


Exe 


1 Rewrite using a logarithm. 
a 44= 256 b 32=3 ¢ 106= 1000000 
d ilt=11 e (0.2)) = 0.008 


2 Rewrite using a power. 
a log, 16=4 b logs25=2 c logy 3 =4 
d log,0.2=-1 € logy 100000 = 5 
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3 Without using a calculator, find the value of 


a log,8 b log; 25 ¢ logy) 10000000 d log), 12 
e log; 729 f logyyV10 g log,(0.25) h logy; 16 
i log,(a') j log: (3) 

4 Without using a calculator, find the value of x for which 
a logsx=4 b log, 81=2 e log;x=1 
d log,(x- 1) =3 e log,(4x+1)=4 f log, (2x) =2 

5 Use your calculator to evaluate these logarithms to three decimal places. 
a logy 230 b logs 33 ¢ logy 1020 d log.3 

® 6 a Without using a calculator, justify why the value t Hint ) leaaeaieraating 


of log, 50 must be between 5 and 6. statements involving powers of 2. 


b Use a calculator to find the exact value of 
log, 50 to 4 significant figures. 


7 a Find the values of: 
i log,2 ii log,3 iii log, 17 
b Explain why log, a has the same value for all positive values of a (a # 1). 


8 a Find the values of: 
i log, 1 ii log; 1 iii log,;1 
b Explain why log, | has the same value for all positive values of a (a # 1). 


Laws of logarithms 


Expressions involving more than one logarithm can often be rearranged or simplified. For instance: 


log,.x=mand log,y=n 


Take two logarithms with the same base 


x=a™and y=a" Rewrite these expressions using powers 
xy =a" x a" =an'" —_______________- Multiply these powers 
log, xy =m +n=log,x + log,» —————————_ Rewrite your result using logarithms 


This result is one of the laws of logarithms. 
You can use similar methods to prove two further laws. 


= The laws of logarithms: 


* log, x +log,y =log, xy (the multiplication law) CEED das to ean 
* log x-l =log, (x the division law! these three laws of logarithms, 
Ba — NOBa) = NBs 5 ) ( ) and the special cases below. 


+ log, (x") =k log, x (the power law) 

= You should also learn to recognise the following special cases: 
tog,(2) = log, (x) = -log,.x (the power law when k = —1) 
* log,a=1 (a>0,a#1) 
* log,1=0 (a>0,a#1) 
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=D | 


Write as a single logarithm. 
a log;6 + log;7 b log, 15 -log,3 ¢ logs 3 + 3logs2 4 logy 3 — 4logig (+) 


a logs (6 x 7) 
= logs 42 


b logs (15 + 3) 
= log.5 


© 2logs3 = logs (3*) = logs 9 


3logs 2 = logs (23) = log, 6 
10959 + logs 8 = logs 72 
1 1 


4 41090(3) = !2a0(2) =loao(je) 


bae3= tog0(;6) ie logio( : al 


= logo 48 


Write in terms of log, x, log, y and log, z. 


a log, (x2yz3) b los, (55) c tog, (7) d log, (75) 


a log, (x*yz5) 
= logy (x?) + logy y + logy (3) 
= 2log,x + logyy + 3logyz 


b log, = 


= logux — log, (v3) 
= log,x — 3logyy 


¢ 10g, \- 


= logy (xVP) — logaz 
= logy x + logy /¥ — logaz 


x 

d log, = 
= logy x — 10g, (a*) 
= log,x — 4log,a 
= logax — 4 
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Solve the equation log))4 + 2 logy) .x = 2. 


| logi04 + 2logiox = 2 
| logio4 + logiox? = 2 


| logio 4x? = 2 


logio.x is only defined for positive 


values of x, so x = —5 cannot be a solution of the 
equation. 


Solve the equation log; (x + 11) - log; (x - 5) =2 


| log (x + 11) - logs (x - 5) = 2 


x+f\_ 
son (28) - rr 
jx+1 2 
x-5 = 


|x+11=9(x-5) 

x+i=9x-45 
56 = 6x 
x=7 


Exercise (14) 


1 Write as a single logarithm. 


a log»7 + log,3 b log, 36 — log, 4 ¢ 3logs2 + logs 10 
d 2log,8 - 4log,3 € logy) 5 + logy 6 — logy, (4) 


2 Write as a single logarithm, then simplify your answer. 
a log, 40 —log,5 b log.4 + log,9 ¢ 2log,,3 + 4log),2 
d log, 25 + logs 10 — 3 logy 5 @ 2logiy2 — (logiy 5 + logy 8) 


3 Write in terms of log, x, log, y and log, z. 


a log, (x4)4z) b log, () ¢ log, (a2x) 
x 
d log, (Fa) e log, Vax 
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4 Solve the following equations: { Hint } Moraine ne 
a log, 3 + log) x =2 b log, 12 - logsx =3 onto the same side if necessary 


¢ 2logsx = 1+ log;6 d 2logy(x + 1) = 2logy(2x-3)+1 and use the division law. 


@) 5 a Given that log;(x + 1) = 1 + 2 log; (x — 1), show that 3x? - 7x +2 =0. (5 marks) 
b Hence, or otherwise, solve log; (x + 1) = 1 + 2log;(x- 1). (2 marks) 
® 6 Given that a and b are positive constants, and Problem-solving 
that a > , solve the simultaneous equations Pay careful attention to the conditions on 
at+b=13 aand b given in the question. 


log,a + logsb =2 


Challenge 


By writing log, x = m and log, y = n, prove that log, x - log, y = log, (5): 


t 14.6} Solving equations using logarithms 


You can use logarithms and your calculator to solve equations of the form a* = b. 


Solve the following equations, giving your answers to 3 decimal places. 


a 3*=20 b S#-1=61 
}a 3*=20, 
|b 54-' = G1, 50 4x - 1 = logs 61 
4x = logs 61 +1 
__ logs 61 +1 
x= rr 
= 0.689 


Solve the equation 5?* — 12(5*) + 20 = 0, giving your answer to 3 significant figures. 


Aaa — Siesta Pee 
(5* — 10(5* — 2) =O 


ilies cdi Solving the quadratic equation gives 

5* = 10 => x = logslO > x = 143 you two possible values for 5*. Make sure you 

| 5* = 2 =x =logs2 + x =0431 calculate both corresponding values of x for your 
final answer. 
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You can solve more complicated equations by ‘taking logs’ of both sides. 


= Whenever f(x) = g(x), log, f(x) = log, g(x) 


Example 


f 


Find the solution to the equation 3° = 2‘*', giving your answer to four decimal places. 


| 3ea pe 


|'og3* = log a"! 


| xlog3 = (x +1) log2 
xlog3 -— xlog2 =log2 


x(log3 - log 2) = log2 


log 2 


x= ibg3 ge = 1.7095 


Exercise 


1 Solve, giving your answers to 3 significant figures. 


a 2*=75 b 3°=10 ce 5*=2 
e 95=50 £ P1233 g 1P-2=65 
2 Solve, giving your answers to 3 significant figures. cp 3123" x 312389 
a 2*—6(2")+5=0 b 3° 15(3)+44=0 
¢ 5*-6(5')-7=0 4 3*+3"*!-10=0 Problem-solving 
© P4125 71 f 243(02)-4=0 


7 Consider these equations as functions 
g 3**!-26(3)-9=0 h 4(3°**!) + 17(3‘)-7=0 of functions. Part a is equivalent to 
uw —6u+5=0,withu=2*. 


® 3 Solve the following equations, giving your answers to 3 significant figures where appropriate. 


a 3**! = 2000 (2 marks) 
b logs(x - 3)=-1 (2 marks) 
(E/P) 4 a Sketch the graph of » = 4", stating the coordinates 5 
of any points where the graph crosses the axes. (2 marks) GED enor auestion 
b Solve the equation 4** — 10(4*) + 16 = 0. (4 marks) 


5 Solve the following equations, giving your answers to four decimal places. 
x OX x45 = 6 +1 = 3x42 
aes bse © PE BD Take togs oF both sides. 
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Working with natural logarithms 
= The graph of y = In x is a reflection of the graph y = e* in the line y = x. 


The graph of » = In.x passes through (1,0) and does not 
cross the y-axis. 


The y-axis is an asymptote of the graph y = In x. This means 
that In x is only defined for positive values of x. 


As x increases, In x grows without limit, but relatively slowly. 


You can also use the fact that logarithms are the inverses of 
exponential functions to solve equations involving powers 
and logarithms. 


wea In(er) =x baci 
Example (17) 


Solve these equations, giving your answers in exact form. 
aet=5 b Inx=3 


la When ev =5 
ie In(e*) = In5S 
| 
| 


x=In5 
b When Inx = 3 


el! = @3 


Solve these equations, giving your answers in exact form. 


arse] b 2Inx+1=5 c e+ Se*= 14 
F e2x+3=7 : 
foe 
2x=In7-3 


1 Eo] 
gin7 -5 
lb 2inx41=5 

| 2inx=4 
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ec e* + Se" = 14 

e+ 56 —14=0 

(e* + 7)(ex — 2)=0 
e*=-7 orex=2 


e* is always positive, so you can't 


~~ have e*=~7. You need to discard this solution. 


Exercise 146) 


1 Solve these equations, giving your answers in exact form. 


a e*=6 bev=1l e e*t3=20 
d 3e=1 e et6=3 f &-*=19 


2 Solve these equations, giving your answers in exact form. 
a Inx=2 b In(4x) =1 e In(2x+3)=4 
d 2In (6x -2)=5 e In(18 = x) =4 f InQ?-7x+11)=0 


3 Solve these equations, giving your answers in exact form. [ Hint } All of the equations in question 
3 are quadratic equations in a 


a e*—8er+12=0 b e- 3e*=-2 
function of x. 

e (Inx?+2Inx-15=0 d e’-5+4e*=0 

e 3e*+5=16e* f (Inx) = 4(In x + 3) LUD First in part d multiply each 
term by e*. 

4 Find the exact solutions to the equation e* + 12e-* = 7. (4 marks) 
5 Solve these equations, giving your answers in exact form. 
a In(8x -3)=2 b e-9) =3 ce el — 85+ 7=0 


d (inx-1)=4 


oj eecacs ; In QED take natural togarithms of both 
6 Solve 3’e-! = 5, the form = fake natural logarithms of 
Solve 3*e* giving your answer in the form “57 sides and then apply the laws of 


(5 marks) logarithms. 


® 7 Officials are testing athletes for doping at a sporting event. They model the concentration 
of a particular drug in an athlete’s bloodstream using the equation D = 6e* where D is the 
concentration of the drug in mg/l and r is the time in hours since the athlete took the drug. 


a Interpret the meaning of the constant 6 in this model. 
b Find the concentration of the drug in the bloodstream after 2 hours. 


¢ It is impossible to detect this drug in the bloodstream if the concentration is lower than 3 mg/l. 
Show that this happens after ¢=-101In (3) and convert this result into hours and minutes. 
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8 The graph of y = 3 + In(4 — x) is shown to the right. 
a State the exact coordinates of point A. (1 mark) 
b Calculate the exact coordinates of point B. (3 marks) 


y=34In(4—x) 


Challenge 


The graph of the function g(x) = Ae4* + C passes through (0, 5) and (6, 10). 
Given that the line y = 2 is an asymptote to the graph, show that B= Z In (§). 


t 14.8) Logarithms and non-linear data 


Logarithms can also be used to manage and explore non-linear trends in data. 


Start with a non-linear relationship ———— y=ax" 

Take logs of both sides (log = log;,) ———— log y = logax” 

Use the multiplication law —————————- log y = loga + log x" 
Use the power law ——————______ log y=loga +nlogx 


Compare this equation to the common form of a straight line, Y= MX + C. 


log y n log a 
variable = | constant constant 
(gradient) (intercept) 


i M (a 


variable constant variable constant 
(gradient) (intercept) 


= If y =ax" then the graph of log y against log x will be a straight line with gradient n and 


vertical intercept log a. 
logy, 


loga 


ra) > log x 
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The table below gives the rank (by size) and population of the UK’s largest cities and districts 


(London is ranked number | but has been excluded as an outlier). 


City Birmingham Leeds Glasgow Sheffield Bradford 
Rank, R 2 3 4 5 6 
Population, P (2 s.f.) 1000000 730000 620000 530000 480.000 


The relationship between the rank and population can be modelled by the formula 


R=aP" where a and n are constants. 


a Draw a table giving values of log R and log P to 2 decimal places. 
b Plot a graph of log R against log P using the values from your table and draw a line of best fit. 


c Use your graph to estimate the values of a and 7 to two significant figures. 


a |logR | 0.30 | 048 | O6O | 0.70 | 076 


log P 6 5.66 | 5.79 | 5.72 | 5.66 


ec R=ap* 


log R = loga + log(P") 
log R = loga + nlogP 
so the gradient is n and the intercept is loga 
Reading the gradient from the graph, 
5.66 - 6.16 _-O48 
"= 077-005 072 ~ 087 
Reading the intercept from the graph, 


log R = log a(P"} 


loga = 6.2 
a = 10°? = 1600000 (2 sf). 
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Start with a non-linear relationship ———— y =ab* 


Take logs of both sides (log = log;,) —————_ log y = log ab* 
Use the multiplication law —________ log y= loga + log b* 
Use the power law —_—______________ log y= loga+ xlogh 


Compare this equation to the common form of a straight line, Y= MX + C. 


log b x loga 
constant variable constant 
(gradient) (intercept) 


logy 


variable 


Bi 
i] 


M Xx c 
variable = | constant variable constant 
(gradient) (intercept) 


= If y =ab* then the graph of log y against x will be a straight line with gradient log b and 


vertical intercept loga. |, 
a CED 
‘y= ab* you 
need to plot log y against x 


to obtain a linear graph. 
If you plot log y against 
log x you will not get a 

za my linear relationship. 


loga 


Example 


The graph represents the growth of a population of bacteria, log P 

P, over t hours, The graph has a gradient of 0.6 and meets 

the vertical axis at (0,2) as shown. 

A scientist suggests that this growth can be modelled by 2 

the equation P = ab‘, where a and / are constants to be found. 

a Write down an equation for the line. O t 


b Using your answer to part a or otherwise, find the values 
of aand 5, giving them to 3 significant figures where necessary. 


c Interpret the meaning of the constant a in this model. 


b P=1006+2 
Pie {Ooo 102 
P = 10? x (10°°)! 
P= 100 x 3.98! 


a= 100, b = 3.98 (3 sf) 


c The value of a gives the initial size of the 
bacteria population. 
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Exercise 


1 Two variables, S and x satisfy the formula S = 4 x 7°. 
a Show that log S = log4 + xlog7. 


b The straight line graph of log S against x is plotted. Write down the gradient and the value 
of the intercept on the vertical axis. 


2. Two variables A and x satisfy the formula A = 6x*. 
a Show that log A = log 6 + 4 log x. 


b The straight line graph of log A against log x is plotted. Write down the gradient and the 
value of the intercept on the vertical axis. 


3. The data below follows a trend of the form y = ax", where a and n are constants, 


x 3 5 8 10 15 
y 16.3 33.3 64.3 87.9 155.1 


a Copy and complete the table of values of log.x and log y, giving your answers to 2 decimal places. 


log x 0.48 0.70 0.90 1 1.18 
logy 1.21 2.19 


b Plot a graph of log y against log x and draw in a line of best fit. 
¢ Use your graph to estimate the values of a and n to one decimal place. 


4 The data below follows a trend of the form y = ab*, where a and 4 are constants. 


a: 2 3 5 6.5 9 
y 124.8 424.4 4097.0 30 763.6 655 743.5 
a Copy and complete the table of values of x and log y, giving your answers to 2 decimal places. 
x 2 3 5 6.5 9 
logy 2.10 


b Plot a graph of log y against x and draw in a line of best fit. 
¢ Use your graph to estimate the values of a and b to one decimal place. 


© 5 Kleiber’s law is an empirical law in biology which connects the mass of an animal, m, to its 


resting metabolic rate, R. The law follows the form R = am’, where a and b are constants. 
The table below contains data on five animals. 


Animal Mouse Guinea pig Rabbit Goat Cow 
Mass, m (kg) 0.030 0.408 4.19 34.6 650 
Metabolic rate 

5 
R (kcal per day) 42 32.3 195 760 7637 


a Copy and complete this table giving values of log R and logm to 2 decimal places. (1 mark) 


log m -1.52 
logR 0.62 1.51 2.29 2.88 3.88 
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b Plot a graph of log R against log m using the values from your table and draw ina 
line of best fit. (2 marks) 
c Use your graph to estimate the values of a and 4 to two significant figures. (4 marks) 


d Using your values of a and b, estimate the resting metabolic rate of a human male 
with a mass of 80kg. (1 mark) 


Zipf’s law is an empirical law which relates how frequently a word is used, f, to its ranking in a 
list of the most common words of a language, R. The law follows the form f= AR’, where A 
and b are constants to be found. 


The table below contains data on four words. 


Word ‘the’ ‘it’ ‘well’ ‘detail’ 
Rank, R 1 10 100 1000 
Frequency per 

100.000 words, 4897 861 92 9 


a Copy and complete this table giving values of log fto 2 decimal places. 


log R 0 1 2 3 
log f 3.69 


b Plot a graph of log fagainst log R using the values from your table and draw in a line of best fit. 

c Use your graph to estimate the value of A to two significant figures and the value of 5 to 
one significant figure. 

d_ The word ‘when’ is the 57th most commonly used word in the English language. A trilogy of 
novels contains 455 125 words. Use your values of A and 4 to estimate the number of times 
the word ‘when’ appears in the trilogy. 


The table below shows the population of Mozambique between 1960 and 2010. 


Year 1960, 1970 1980 1990 2000 2010 
Population, 
P (millions) 7.6 9.5 12.1 13.6 18.3 23.4 


This data can be modelled using an exponential function of the form P = ab‘, where ¢ is the 
time in years since 1960 and a and / are constants. 


a Copy and complete the table below. 


Time in years 
since 1960, t 0 10 20 30 40 50 
log P 0.88 


b Show that P = ab‘ can be rearranged into the form log P = loga + tlogb. 


¢ Plota graph of log P against ¢ using the values from your table and draw in a line of 
best fit. 


d Use your graph to estimate the values of a and b. t Hint ) For part e, think about the 
e Explain why an exponential model is often appropriate relationship between P and #. 


for modelling population growth. 
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8 A scientist is modelling the number of people, N, who have fallen sick with a virus after t days. 


log N 
(10, 2.55) 
16 
O| al 


From looking at this graph, the scientist suggests that the number of sick people can be 
modelled by the equation N = ab', where a and b are constants to be found. 


The graph passes through the points (0, 1.6) and (10, 2.55). 


a Write down the equation of the line. (2 marks) 
b Using your answer to part a or otherwise, find the values of a and A, giving 

them to 2 significant figures. (4 marks) 
¢ Interpret the meaning of the constant a in this model. (1 mark) 


d_ Use your model to predict the number of sick people after 30 days. 
Give one reason why this might be an overestimate. (2 marks) 


® 9 A student is investigating a family of similar shapes. She measures the width, w, and the 


area, A, of each shape. She suspects there is a formula of the form A = pw, so she plots the 
logarithms of her results. 
log A 


> 
oO log w 


-0.1049 


The graph has a gradient of 2 and passes through —0.1049 on the vertical axis. 
a Write down an equation for the line. 


b Starting with your answer to part a, or otherwise, find the exact value of g and the value of p 
to 4 decimal places. 

¢ Suggest the name of the family of shapes that the 
student is investigating, and justify your answer. 


C Hint } Multiply p by 4 and think about. 


another name for ‘half the width’. 


Challenge CED sketch the graphs of logy 


Find a formula to describe the relationship between the data in against log x and log y against x. 
this table. This will help you determine whether 
the relationship is of the form y = 
1 2 3 B ax" ory =ab*. 
5.22 4.698 4.2282 3.805 38 
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Mixed exercise (14) 


1 Sketch each of the following graphs, labelling all intersections and ap Recall that 
asymptotes. 2 =(2*=()" 
a yp=2™ b y=Se*-1 ¢ y=Inx s 


2 a Express log, (p’q) in terms of log, p and log, g. 


b Given that log, (pq) = 5 and log, (pq) = 9, find the values of log, p and log, q. 


3 Given that p = log, 16, express in terms of p, 


a log,2 
b log, (89) 


4 Solve these equations, giving your answers to 3 significant figures. 


a 4°=23 b 7*!= 1000 ¢ 10°=6'"? 


5 a Using the substitution u = 2‘, show that the equation 4° — 2°*! — 15 = 0 can be written in the 


form 1? — 2u-15=0. (2 marks) 
b Hence solve the equation 4* — 2‘*! — 15 = 0, giving your answer to 
2 decimal places. (3 marks) 
6 Solve the equation log, (x + 10) - log, (x - 5) =4. (4 marks) 


7 Differentiate each of the following expressions with respect to x. 


ae b ell © 6e% 


8 Solve the following equations, giving exact solutions. 


a In(2x-5)=8 b e*=5 ce 24-e7*=10 
d Inx+In(x-3)=0 e &+e%=2 f In2+Inx=4 


9 The price of a computer system can be modelled by the formula 


P= 100+850e7? 


where P is the price of the system in £s and ¢ is the age of the computer in years after being 
purchased. 


a Calculate the new price of the system. 

b Calculate its price after 3 years. 

¢ When will it be worth less than £200? 

d Find its price as t + oo. 

e Sketch the graph showing P against t. 

f Comment on the appropriateness of this model. 
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The points P and Q lie on the curve with equation y = e2". 
The x-coordinates of P and Q are In4 and In 16 respectively. 


a Find an equation for the line PQ. 
b Show that this line passes through the origin O. 
¢ Calculate the length, to 3 significant figures, of the line segment PQ. 


The temperature, 7°C, of a cup of tea is given by T= 55e~s + 20 t=0 
where 1 is the time in minutes since measurements began. 


a Briefly explain why > 0. (1 mark) 
b State the starting temperature of the cup of tea. (1 mark) 
¢ Find the time at which the temperature of the tea is 50°C, giving your answer 

to the nearest minute. (3 marks) 
d_ By sketching a graph or otherwise, explain why the temperature of the tea will 

never fall below 20°C. (2 marks) 


The table below gives the surface area, S, and the volume, V of five different spheres, rounded 
to | decimal place. 


Ss 18.1 50.3 113.1 221.7 314.2 
Vv 7.2 33.5 113.1 310.3 523.6 
Given that S = aV°, where a and b are constants, 
a_ show that log S = loga + blog V. (2 marks) 
b copy and complete the table of values of log S and log V, giving your answers to 
2 decimal places. (1 mark) 
log S 
log V 0.86 
¢ plota graph of log V against log S and draw in a line of best fit. (2 marks) 


d_ use your graph to confirm that = 1.5 and estimate the value of a to 
one significant figure. (4 marks) 


The radioactive decay of a substance is modelled by the formula R = 140e* t=0 
where R is a measure of radioactivity (in counts per minute) at time ¢ days, and k is a constant. 


a Explain briefly why & must be negative. (1 mark) 
b Sketch the graph of R against ¢. (2 marks) 
After 30 days the radiation is measured at 70 counts per minute. 

¢ Show that k = cIn 2, stating the value of the constant c. (3 marks) 


The total number of views (in millions) V of a viral video in x days is modelled by 


Vac] 

a Find the total number of views after 5 days. 
2 dV 

b Find aie 
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c Find the rate of increase of the number of views after 100 days, stating the units of your answer. 
d_ Use your answer to part ¢ to comment on the validity of the model after 100 days. 
® 15 The moment magnitude scale is used by seismologists to express the sizes of earthquakes. 
The scale is calculated using the formula 
M = Flogy(S) - 10.7 
where S is the seismic moment in dyne cm. 
a Find the magnitude of an earthquake with a seismic moment of 2.24 x 10”? dyne cm. 


b Find the seismic moment of an earthquake with 
i magnitude 6 ii magnitude 7 


¢ Using your answers to part b or otherwise, show that an earthquake of magnitude 7 is 
approximately 32 times as powerful as an earthquake of magnitude 6. 


16 A student is asked to solve the equation 


logs.x — Flog,(x + 1) = 1 


The student's attempt is shown 


logax — logvx +1 =1 
x-Vx+1=2! 
x-2=Vx41 
(x - 2)? =x+1 
x?-5x+3=0 
oe DAVIS x 5 -Vvi3 
2 . 2 
a Identify the error made by the student. (1 mark) 
b Solve the equation correctly. (3 marks) 


Challenge 


a Given that » = 9*, show that log; y = 2x. 
b Hence deduce that log; y = logy y?. 
¢ Use your answer to part b to solve the equation log;(2 — 3.x) = log(6x* — 19x + 2) 


Summary of key points 


1 Forall real values of x: 
+ If f(x) = e* then f’(x) = e* 


dy 
Ify=e then =e 


2 For all real values of x and for any constant k: 
+ If f(x) =e then f’(x) = ke 


dy 
. =ek —= 
If y=e* then 7 kek 
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3 log,n =x is equivalent to a*=n (a#1) 


4 The laws of logarithms: 


+ log, x + log, y =log, xy (the multiplication law) 
+ log, x — log, y = log, (5) (the division law) 
+ log, (x4) =klog,x (the power law) 
5 You should also learn to recognise the following special cases: 
+ log, (4) = log, (x-!) = -log, x (the power law when k = —1) 
+ log,a=1 (a>0,a#1) 
+ log,1 =0 (a>0,a#1) 


6 Whenever f(x) = g(x), log, f(x) = log, g(x) 


7 The graph of y =Invisa reflection of the graph y = e* 
in the line y =x. 


8 eM*=In(ey=x 


9 If» =ax" then the graph of logy against logxwillbea 08 
straight line with gradient n and vertical intercept log a. 


Tog x 
10 |f y =ab* then the graph of logy against x willbea — log y 
straight line with gradient log b and vertical 
intercept log a. 
loga 
oO x 
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® 1 The vector 9i + gj is parallel to the vector 
2i — j. Find the value of the constant q. 
(2 marks) 


Section 11.2 


Given that [Si 
value of the positive constant k. 


@) 2 


kj = |24i + 2], find the exact 
(4 marks) 


Section 11.3 


Given the four points X(9, 6), Y(13, -2), 
Z(0, -15), and C(1, -3), 


(E/P) 3 


a Show that cx =leyl=lezl. (3 marks) 
b Using your answer to part a or 


otherwise, find the equation of the circle 

which passes through the points XY, Y 

and Z. (3 marks) 
€ Sections 6.2, 11.4 


In the triangle ABC, AB = 9i + 2jand 
mu 


AC = Ti- Gj. 
= 
a Find BC. (2 marks) 
b Prove that the triangle ABC is 
isosceles. (3 marks) 
¢ Show that cos 2ABC = = (4 marks) 
v 


€ Sections 9.1, 11.5 
The vectors a, b and ¢ are given as 
8 -13 
a=\23) 


2 
is an integer. Given that a + b is parallel to 
b-—c, find the value of x. (4 marks) 
€ Section 11.2 


), where x 


Two forces, F, and F,, act on a particle. 
F, = 2i - 5j newtons 
F, =i+jnewtons 


The resultant force R acting on the particle 
is given by R=F, + F,. 


338 


a Calculate the magnitude of R in 


newtons. (3 marks) 
A third force, F, begins to act on the 
particle, where F, = Aj newtons and k is a 
positive constant. The new resultant force 
is given by R,.y = F, + F; + F. 
b Given that the angle between the line 
of action of R,,.,, and the vector i is 45 
degrees, find the value of k. (3 marks) 
€ Section 11.6 


A helicopter takes off from its starting 
position O and travels 100 km on a bearing 
of 060°. It then travels 30 km due east before 
landing at point A. Given that the position 
vector of A relative to O is (mi + nj) km, find 
the exact values of m and n. (4 marks) 
€ Sections 10.2, 11.6 


@&) 8 


At the very end of a race, Boat A has a 
position vector of (—65i + 180j) m and 
Boat B has a position vector of (100i + 
120j) m. The finish line has a position 
vector of 10ikm. 
a Show that Boat B is closer to the finish 
line than Boat A. (2 marks) 
Boat A is travelling at a constant velocity 
of (2.5i — 6j) m/s and Boat B is travelling at 
a constant velocity of (—3i — 4j) m/s. 
b Calculate the speed of each boat. 
Hence, or otherwise, determine the 
result of the race. (4 marks) 
Section 11.6 


9 Prove, from first principles, that the 
derivative of 5x? is 10x. (4 marks) 
© Section 12.2 
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@) 11 


@) 12 


E@) 13 


GP) 14 


Given that y = 4x3 - 1 + 2x3, x>0, 


d 
find re (2 marks) 
7 € Section 12.5 


The curve C has equation 
y=4x+ 3x? -2x7,x>0. 


dy 
a Find an expression for de 


b Show that the point P(4, 8) lies 
on C. (1 mark) 
¢ Show that an equation of the normal to 
Cat point Pis3y=x+20. (2 marks) 
The normal to C at P cuts the x-axis at 
point Q. 
d Find the length PQ, giving your answer 


in simplified surd form. (2 marks) 
€ Section 12.6 


(2 marks) 


The curve C has equation 
ype4rt a x #0. The point P on C 


has x-coordinate 1. 


Oy fe 
——at Pis 3. 


dx (3 marks) 


b Find an equation of the tangent to C 
at P. (3 marks) 


This tangent meets the x-axis at the point 
(k, 0). 
¢ Find the value of k. 


a Show that the value of 


(1 mark) 
€ Section 12.6 


(2x + 1)(x + 4) 


vx 


x>0. 


f(x) 


a Show that f(x) can be written in the 
form Px! + Ox! + Rx, stating the 
values of the constants P, Q and R. 

(2 marks) 

b Find f(x). (3 marks) 

e¢ Acurve has equation y = f(x). Show 
that the tangent to the curve at the 
point where x = | is parallel to the line 
with equation 2y = 11x+3. (3 marks) 

Section 12.6 


 — 12x + 48x 
(3 marks) 
Section 12.7 


Prove that the function f(x) 
is increasing for all x ER. 
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The diagram shows part of the curve with 


"3 2 
equation y = x +; — 3. The curve crosses 


the x-axis at A and B and the point C is 
the minimum point of the curve. 
y 


a Find the coordinates of A and B. 
(2 marks) 
b Find the exact coordinates of C, giving 
your answers in surd form. (4 marks) 
€ Section 12.9 


A company makes solid cylinders of 
variable radius rcm and constant volume 


1287 cm*. 
a Show that the surface area of the 
2 
cylinder is given by S = 256r + 2nr. 
(2 marks) 


b Find the minium value for the surface 
area of the cylinder. (4 marks) 
€ Section 12.11 


Given that y = 3x° + 4x, x > 0, find 
dy 


Rae (2 marks) 
b de (2 marks) 
e fydx (3 marks) 


Sections 12.8, 13.2 


The curve C with equation y = f(x) passes 
through the point (5, 65). 
Given that f(x) = 6x? — 10x - 12, 
a use integration to find f(x) | (3 marks) 
b hence show that f(x) = x(2x + 3)(x - 4) 
(2 marks) 
¢ sketch C, showing the coordinates of 
the points where C crosses the 
(3 marks) 
€ Sections 4.1, 13.3 


x-axis. 


8 
Use calculus to evaluate f (x3 — x-) dx. 
"© Section 13.4 
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a Find the coordinates of P and Q. 
(3 marks) 


b Find the area of the finite region 
between PQ and the curve. (6 marks) 
21 The diagram shows a section of the curve € Section 13.7 
with equation y = —x* + 3° + 4. The curve 
intersects the x-axis at points A and B. The © 24 
finite region R, which is shown shaded, is 
bounded by the curve and the x-axis. 


‘ 
20 Given that [(x?- kx) dx = 0, find the 
f 


value of the constant k. (3 marks) 
Section 13.4 


The graph of the function f(x) = 3e* - 1, 
x ER, has an asymptote y = k, and 
crosses the x and y axes at A and B 

y respectively, as shown in the diagram. 


si 


a Show that the equation a Write down the value of & and the 
—x* + 3x° + 4 = 0 only has two solutions, y-coordinate of A. (2 marks) 
and hence or otherwise find the 


b Find the exact value of the 
x-coordinate of B, giving your answer 
as simply as possible. (2 marks) 

© Sections 14.2, 14.7 


coordinates of A and B. (3 marks) 

b Find the area of the region R. 
(4 marks) 
€ Sections 4.2, 13.5 


© 22 The diagram shows the shaded region T 25. A heated metal ball S is dropped into a 


which is bounded by the curve liquid. As S cools, its temperature, T°C, 
ya'= I(x - 4) and the x-axis. Find the minutes after it enters the liquid, is 
area of the shaded region T. (4 marks) 


given by 
yeaa s) T= 400c" +25, 10. 
a Find the temperature of S as it enters 
the liquid. (1 mark) 
€ Section 13.6 b Find how long S is in the liquid before 


its temperature drops to 300°C. 


23, The diagram shows the curve with Give your answer to 3 significant 


equation y=5- x and the line with : figures. (3 marks) 
equation y = 3 — x. The curve and the line dT 
intersect at the points P and Q. ¢ Find the rate, capt in °C per minute 


to 3 significant figures, at which the 
temperature of S is decreasing at the 
instant ¢ = 50. (3 marks) 


d With reference to the equation given 
above, explain why the temperature of 
Scan never drop to 20°C. —_ (2 marks) 

€ Sections 14.3, 14.7 
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a Find, to 3 significant figures, the value 
of x for which 5* = 0.75. (2 marks) 


b Solve the equation 2log,x — log;3x = 1 
(3 marks) 
€ Sections 14,5, 14.6 

a Solve 3**~' = 10, giving your answer to 
3 significant figures. (3 marks) 


b Solve log,x + log,(9 — 2x) =2 
(3 marks) 
€ Sections 14.5, 14.6 


a Express log,12 — (log,9 + jlog,8) asa 


single logarithm to base p. (3 marks) 
b Find the value of x in log,x = -1.5. 
(2 marks) 


© Sections 14.4, 14.5 


Find the exact solutions to the equations 
(2 marks) 
(4 marks) 


© Section 14,7 


a Inx+In3=In6 


b e*+3e- 


The table below shows the population of 
Angola between 1970 and 2010. 


Year Population, P (millions) 
1970 5.93 
1980 7.64 
1990 10.33 
2000 13.92 
2010 19.55 


This data can be modelled using an 
exponential function of the form P = ab’, 
where ¢ is the time in years since 1970 and 
aand b are constants. 


a Copy and complete the table below, 
giving your answers to 2 decimal 


places. (1 mark) 
Time in years since 1970, t log P 
0 0.77 
10 
20 
30 
40 
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b Plot a graph of log P against ¢ using 
the values from your table and draw in 
a line of best fit. (2 marks) 
¢ By rearranging P = ab’, explain how 
the graph you have just drawn supports 
the assumed model. (3 marks) 
d Use your graph to estimate the values 
of a and b to two significant figures. 
(4 marks) 
Section 14.8 


Challenge 


1 The position vector of a moving object is given 
by (cos #)i + (sin 6)j, where 0 = # = 90°, 
a Find the value of @ when the object has a 
bearing of 090° from the origin. 
b Calculate the magnitude of the position 
vector. Sections 10.2, 10.3, 11.3, 11.4 


2 The graph of the cubic function y = f(x) has 
turning points at (—3, 76) and (2, -49). 
a Show that f(x) = k(x? + x — 6), where kis a 
constant. 
b Express f(x) in the form ax? + bx? + ex + d, 
where a, b, c and dare real constants to be 
found. € Sections 12.9, 13.3 


3 Given that [fo dx = 24.2, state the value of 


Lee +3) dx. © Sections 4.5, 13.5 
4 The functions f and g are defined as 
f(x) = 2° — kx + 1, where k is a constant, and 
g(x) =e”, x ER. The graphs of y = f(x) and 
y=g(x) intersect at the point P, where x = 0. 
a Confirm that f(0) = g(0) and hence state the 
coordinates of P. 


b Given that the tangents to the graphs at P are 
perpendicular, find the value of k. 
Sections 5.3, 14.3 
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Exam-style practice 


Mathematics 
AS Level 
Paper 1: Pure Mathematics 


Time: 2 hours 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 a Given that 4 = 64", find the value of n. (1) 
b Write V50 in the form ky2 where & is an integer to be determined. () 


2 Find the equation of the line parallel to 2x —- 3y + 4 = 0 that passes through the point (5, 6). 
Give your answer in the form y = ax + b where a and b are rational numbers. (3) 


7 : p> 3 
3 A student is asked to evaluate the integral J (x ->+ 2 dx 
vx 


The student’s working is shown below 


if (x <= + ajax = [ (x4 — 3x? + 2)dx 
J, Ts i! 
= B = 2xt + 2x] 
1 32 
=(£-2+2)-(¥ - 28 +4 
= -4.54 (3 sf) 
a Identify two errors made by the student. (2) 
b Evaluate the definite integral, giving your answer correct to 3 significant figures. (2) 


4 Find all the solutions in the interval 0 < x < 180° of 
2sin*(2x) — cos(2x) - 1 =0 


giving each solution in degrees. (7) 
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Practice paper 


5 A rectangular box has sides measuring «cm, x + 3cm and 2xcm. 


xem, 2xem 
x+3cem 
Figure 1 
a Write down an expression for the volume of the box. (d) 
Given that the volume of the box is 980. cm}, 
b Show that x° + 3x? - 490 = 0. (2) 
¢ Show that x =7 is a solution to this equation. (60) 
d_ Prove that the equation has no other real solutions. (4) 


1 
ee ae a ee 
f(x) = x8 - 5° 2455 


The point P with x-coordinate —1 lies on the curve y = f(x). Find the equation of the normal to the 
curve at P, giving your answer in the form ax + by + c = 0 where a, b and c are positive integers. (7) 


The population, P, of a colony of endangered Caledonian owlet-nightjars can be modelled 
by the equation P = ah! where a and b are constants and 1 is the time, in months, since the 
population was first recorded. 


log,,? 
(20, 2.2) 
(0, 2) 
oO t 


Figure 2 
The line / shown in figure 2 shows the relationship between ¢ and log,,P for the population over 
a period of 20 years. 


a Write down an equation of line /. (3) 
b Work out the value of a and interpret this value in the context of the model. (3) 
¢ Work out the value of 5, giving your answer correct to 3 decimal places. (2) 
d Find the population predicted by the model when 1 = 30. (63) 
Prove that 1 + cos*x — sin*x = 2cos?x. (4) 


Relative to a fixed origin, point A has position vector 6i — 3j and point B has position 
vector 4i + 2). 


Find the magnitude of the vector AB and the angle it makes with the unit vector i. (5) 
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10 


Il 


12 


13 


14 


15 
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Practice paper 


A triangular lawn ABC is shown in figure 3: 
B 
Diagram not 
to scale 
Cc 
A 
Figure 3 
Given that AB = 7.5m, BC = 10.6m and AC = 12.7m, 
a Find angle BAC. (3) 
Grass seed costs £1.25 per square metre. 
b Find the cost of seeding the whole lawn. (5) 


a(x) = (x — 2x + I(x - 7) 
a Sketch the curve y = g(x), showing the coordinates of any points where the curve meets or 


cuts the coordinate axes. (4) 
b Write down the roots of the equation g(x + 3) = 0. (1d) 
Given that 9" = 27°, find the possible values of x. (6) 
f(x) = (1 - 3x)§ 
a Expand f(x), in ascending powers of x, up to the term in »°. Give each term in its 

simplest form. (3) 
b Hence find an approximate value for 0.97°. (2) 


¢ State, with a reason, whether your approximation is greater or smaller than the true value. (2) 


vx -x?-1 


f(x) a an >0 
a Show that f(x) can be written as f(x) = — 
Given that f(x) passes through the point (3, -1), 


x?+2Vx-1 : 
———— + ¢ where ¢ is a constant. (5) 


b find the value of c, Give your answer in the form p + qV/r where p, q and r are rational 


numbers to be found. (4) 
Acircle, C, has equation x? + y? - 4x + 6y = 12 
a Show that the point A(5, 1) lies on C and find the centre and radius of the circle. (5) 
b Find the equation of the tangent to C at point A. Give your answer in the form 

y =ax + b where a and b are rational numbers. (4) 


c The curve y = x° — 2 intersects this tangent at points P and Q. Given that O is the origin, 
find, as a fraction in simplest form, the exact area of the triangle POQ. (7) 
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Answers 


CHAPTER 1 Kk 2x7y + Oxy + xy? + Sy? - 5y 
1 6x’y + 4xy? + 2y? — 3xy - 3y 
Prior knowledge check m 2x° + 2x?y -— 7x? + 3xy - 15x 
1 a 2m'n+ 3mn* b 6x - 12-10 n 24x5 — 6x2y — 26x? + 2xy + 6x 
2 a 2 b 2 ce 26 © 6x° + 15x? — 3x%y ~ 18xy? - 30xy 
3 a 3x+12 b 10-15x ce 12x-30y p 2 +6x°+1lxr+6 
4 a8 b 2x coy q x4x-14x- 24 
5x rox 3x°- 134415 
5 a 2s Bi a0s 3) s x'- 12x? + 47x - 60 
t 2x-x2-5x-2 
Exercise 1A u_ 6x? + 19x? + 11x - 6 
law#v b 6x" ek d 2p? v 18x*- 15x*-4x 44 
ex fy" g 5x h p woe-ay rey 
i 2a" i 2p k 6a” 1 30° xX 8x? - 36x7y + 54xy? - 27y" 
m 273° n 24x" 9 63a" p_ 32y° 3 2x? xy + 29x —7y +24 
q 4a* r bal? 4 4x°+ 12x? + 5x - 6cm" 
2 a 9-18 b x+9x 5 a=12,b=32,c=3,d=-5 
© -12y + 9y? do xy +5x 
e -3x? - 5x f -20x7 - 5x Challenge 
g 4x24 5x h ~15y + 6y? xi + daly + Ox7y? + Axy? + yt 
i -10x? + 8x J 32-52? Exercise 1€ 
k 4x-1 1 2x4 
n 2 1 a 4(x+2) b 6(x- 4) 
m 9d? — 2¢ n 13-r 2 
7 © 54x +3) dx? +2) 
oO 3x? - 2x + 5x Pp 14y* ~ 35y% + 21y* © 4(x? +5) f 6x(x - 3) 
q ~10y? + 14y* - 6y* r 4x+10 g xr—7) bh 2x(x + 2) 
s 1lx-6 t 7x?-34+7 i xGx-1) j) 2x(3x-1) 
ue 2x7 + 26x Vv -9x" + 232? k S5y(2y-1) 1 7x(5x - 4) 
3a 3r4+52° bb Brt- 2° ce Bix m x(x +2) n y(3y +2) 
2 © 4x(x +3) p 5yly-4) 
245 Txt _ 5x Bxy(3y + 4x) r 2ab(3 - b) 
dant e Bye f 3r'- 38 o oete Sy) t dxy(3x + 2y) 
u_ 5y(3 - 422) v 6(2x*- 5) 
Exercise 1B w xyly -2) x dy(3y - x) 
1 oa xt4 11x +28 2 a afx+4) b 2x(x +3) 
b x*-x-6 c (x+ 8)(x+ 3) d(x + 6)(x + 2) 
c x-4x+4 e (x+8)(x-5) f (x-6)(x- 2) 
ds 2x? + Bx — 2xy ~ By g (x+ 2x43) h (x- 6)(x +4) 
e@ 4x? + Lay - 3y? i (x-5)(x+2) jo (e+ 5)r-4) 
f Gx* = 10xy - 4y? k (2x + Ila +2) 1 (8x - 2a +4) 
g 2x?-11x+12 m (5x ~ 1)(x ~ 3) n 2(3x4 2)(x- 2) 
h 9x? + L2xy + 4y? o (2x - 3)(x +5) P 2x? + 3)(x? + 4) 
i 4x? + 6x + lOxy + 24y q (x + 2)x- 2) r (x+7)(x-7) 
jo 2x? + Say + Sx + 15y - 25 s (2x + 5)(2x-5) t (3x + 5y)(3x - 5y) 
k 3x? day - 8x +4y +5 u 43x + 1)(3x - 1) v 2x + 5)lx — 5) 
1 2x? + 5x — 7xy — 4y* - 20y w 2(3x - 2)(x- 1) x 3(5x- 1)(v + 3) 
m x? + 2x + 2xy + 6y-3 3 a x(x?+2) b x(x?-2+1) 
n 2x? + 15x + 2xy + 12y + 18 © x(x? - 5) ds x(x + 3)x- 3) 
o 13y-4x+ 12 —4y? + xy e x(x —4)(x +3) f x(x + 5)(x + 6) 
p 12xy -4y?+3y + 15x +10 g x(x-1(x-6) h x(x + 8)(x - 8) 
q Sxy - 20y - 2x? + 11x - 12 i x(2x + 1)(x-3) jo x(2x + 3x + 5) 
vr 22y - 4y’— 5x +xy- 10 k x(x + 2)(x- 2) 1 3ax(x + 4)(x + 5) 
2 a 5x*-15x-20 4 (x? + Vx + yx -y) 
b 14x°+7x-70 5 x(3x + 5)(2x- 1) 
ce 3x?-18x+27 
do xt-xy? Challenge 
© 6x? + 8x2 + 3x°y + dry (x - 1)(x + 1)(2x + 32x - 3) 
f xy -4xy -5y 
g 1222y + Gxy — Bry? — 4y? Exercise 1D P ‘ 
h 19xy — 35y - 2x7y la * b x c an dx 
i 10x} - 4x? + 5x°y — 2xy ex f 12x°=12 g 3x! h 5x 
jo x84 3x’y - 2x? + Oxy - 8x i 6x3 jx k xt Lox 
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2 a5 b 729 © 3 at 3 oa x+3x7-4r b x° + 6x? — 13x - 42 
si at © 6x9 5x*-17x+6 
es 125 et 218 4 a 15y+12 b 15x? - 25x? + 10x" 
1 238 j2 ke 1 6 © 16x? + 13x ds 9x8 — 3x2 + 4x 
Be £ a s 2 5 a x(3x+4) b 2y(2y +5) 
3 a 8 b 2 oF ce 5x ce xx+y+y) do 2xy(4y + 5x) 
6 a (x+1r+2) b 3x(x +2) 
ata e 244 rc Su © (x-7x+5) d (2x-3)r+ 1) 
fa ae zt e (5x + 2)(x- 3) f (-x6+2) 
g 35x fe ae 7 a x(x? +3) b x(x + 6)x - 6) 
3a? 5x © x(2x - 3)x + 5) 
oa pb 16 8 a 3x% b2 © 6x? d pct 
Red 9 ai b +3375 
v 5 913 
Fa 32 7 - 
Sag es 10 a > b 45 
11 a 21877 
Exercise 1E b (5x + 6)(7x - 8) 
1 a 27 b 6/2 © 52 ad 42 When x = 25, 5x + 6 = 131 and 7x - 8 = 167; both 
Ve a a ia 131 and 167 are prime numbers. 7 
e 3v10 f v3 g 3 h 6y5 12a 3/24/10 bs 104 23-55-15 
i 72 j 127 k -37 1 WS © 24-67-42 +/14 
m 235 on 2 0 19/3 13a 3 b 241 © -33-6 
2 a A343 b 5-15 a 0-8T as 5 23487 
e 4/2-V10 d 6+2\5 -3/2-\10 =a > : 81 
e 6-27-33 +20 f 1346/5 14 a b=-4andce=-5 b (x + 3) 5) +1) 
g 8-6/3 h 5-23 15 a jx b 256x* 
i 3+5V1T 16 —5 _=— 
3°N3 V75-V50 V3 
17 -36 + 10/11 
18. x(1 + 8x)(1 - 82) 
Exercise 1F _ = 19 y=6r+3 
5 raat 2 3 
125 p it ¢ 2 20 4/3 _ 
5 i 2 21 3-\3cm 
1 a 4-4xi¢x 
da es f 4 22 a 
g ni = 2 5 
3 24 4xi+ata=$b=2 
2a b 5-2 ¢ Bot Challenge 
5 +3 3 — 24 + V5) wae 
d 345 - as t Bazi 8) ‘ (A= VB) + 0B 3) + EV) oe yt a 
g 5V5-2) h 5(4+/14) 1 asa) 
a _ ae CHAPTER 2 
j seats k ee y 35+ vT189 Prior knowledge check 
= 6 
1 a x=-5 b x=3 
m -1 © x=Sorx=-5 d 160r0 
2 a (x+3)x+5) b (x4 5)(x- 2) 
11+ 6/2 je 44+ 242 © (3x+ 1-5) d(x 20)(x + 20) 
za b 9-4/5 ia ma ne 7 Be 
q 81-302, 13422 7-33 10 
529 161 11 
7,45 Ol /2 
er aie a 
er 
. a) 
Mixed exercise - 
tay b 6x7 © 32x d 126° 
2 a xt-2e-15 b 6x? - 19x -7 
© 6x? 2xy + 19x - 5y +10 
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e xe25 


© 
e 
& 
a 
© 
e 
g 
3 a x=zorr=-2 
ec x=130rx=1 
© x=4/3 
g xls 
x=-lorx=t 
4 4 
5 -lorx=-% 
Exercise 2B 
1 a x=4(-3 405) b x=}G 2/17) 
© x=-34/3 do x=3(5 + 33) 
e x=h(-5 4/31) if 3 + V2) 
g x=2orr=-} ho x= )(-1 +78) 
2 a x= -0.586 or b .87 or x = 0.127 
ce x=0.765 orx d 91 or x 
e x=0,105 orx f 84 or x 
g h 89 or x 
30a b .09 or x 
c d 
e ft 


g h x=3o0rx=5 
4 Area = }(2x) (x + (x+10)) = 50m* 
So x2 +5x-25=0 


Using the quadratic formula: 
1 


ax=3(-5 + 5/5) 
Height = 2x = 5 (V5 - 1)m 

Challenge 

x=13 

Exercise 2C 

Toa (r+2y'-4 b (x-3)"-9 
© (x- 8) 64 d (e+}P-} 
e (x-7%-49 

2 a Ax+4P-32 b 3(x-4)°-48 
© S(x+ 2-20 d 2r-3"-3 
e 2x - 2% +8 

3 a Ax+2"-7 b 5-3-3 
© 3r+3P-F d -4(x+2)?+26 
e -8-pF+o 


Answers 


x=74)48 =744/3 

r=7,s 

4 x4 2br+c=(x+ bP -b +e 
(x + 6) = b?-¢ 
x=-b+ bc 


Challenge 
a ax? +2bx+c=0 b ax? +bx+ce=0 


0 
= b+ vb*—4ac 
pantera ane 
ec 3 d 105 e 0 
h2 i 7% 
b 2and-9 ce -10and4 


d 12 and-12 
4 and x=2 
5 x=0,x=2.5and6 
6 a (x-1)'+1 
p=-l.q=1 
b Squared terms are always >0, so the minimum 
value is0+1=1 


e 0,-5and-7 f 0,3and-8 


7 a -2and-1 b 2,-2, 2/2 and -2v2 
© -Land} d andl 
e 4and 25 f Sand -27 

8 a (3*-27)(3*-1) b Oand3 

Exercise 2F 


Turning point: (3, -1) 
Line of symmetry: x = 3 
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(-5, 0) 


‘Turning point: (-1, -16) 
Line of symmetry: x = -1 


Turning point: (0, 25) 
Line of symmetry: x = 0 


‘Turning point: (~ 3, 


Line of symmetry: x 


Turning point: (3, 16) 
Line of symmetry: x = 3 


yA 
(0, 10) 


y= 2x? + 4x +10 


7) x 


Turning point: (-1, 8) 
Line of symmetry: 


y= 2x2 + 7x-15 


Turning point: (~2, -18°) 


Line of symmetry: x = + 


y = 6x2 - 19x +10 


Turning point: (73, -121) 


2 
2 
1 


Line of symmetry: x = 3 


Turning point: (3 st) 


Line of symmetry: x = 4 


J) y=0.5x? + 0.20 +0.02 ¥ 


(0, 0.02) 


iii 37 
bi h@ ii f(x) iii k(x) 
iv jo Vv gtx) 
2 k<9 
3 t=3 
4 s=4 
5 k>4 
6 a p=6 b x=-9 
7 a K+16 
b Kis always positive so k2 + 16>0 
Challenge 


a Need 6? > 4ac. Ifa, ¢> 0 or a, ¢< 0, choose b such that 
b > \dac. Ifa > 0 and c< 0 (or vice versa), then 
4ac <0, so 4ac <b? for all b. 

b  Notif one of a or care negative as this would require b 
to be the square root of a negative number. Possible if 
both negative or both positive. 
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Exercise 2H 


1 


we 
aoopoee 


The height of the bridge above ground level 
x = 1103 and x = -1103 

2206m 

21.8 mph and 75.7 mph 

A= 39.77, B=0.01, C = 48.75 

48.75mph 

11 mpg; a negative answer is impossible so this 
model is not valid for very high speeds 

6 tonnes 

39.6 kilograms per hectare. 

M = 40000 

r = 400000 — 1000(p — 20)? 

A = 400000, B = 1000, C = 20 


b 36.2mph 
Mixed exercise 


loa 


© 
2a 


Rorraceee 


y=-lor-2 


Sal S#v7 
x=-yor3 d 2 


y 
(0,0) 

(74,0) 
k=l b x=3andx=-2 
k = 0.0902 or k= ~11.1 


t= 2.28 or t= 0.219 
x =-2.30 or x = 1.30 
x = 0.839 or x = -0.239 
e+ 6 - 45; p 
Bla - 4)? - 
-20-2P + 8: p=-2, 


ax-4)° ~hp=2,q=-3r=-3 


Answers 


6 k=} i 
7 a p=3,q=2,r=- b -24/5 
8 a f(x) =(2*- 16)(2"- 4) b 4and2 
9 1+#VI3 
10 x=-5orx=4 
11 a 10m b 1.288 
e h(0) = 10.625 — 10(¢ - 0.25)? 
A = 10.625, B = 10, C= 0.25 
d 10.625m at 0.25s 
12 a 16k*+4 
b k= 0 for all k, so 16k? +4>0 
ce When k = 0, f(x) = 2x + 1; this is a linear function 
with only one root 
13 1,-1,2 and -2 
14 a H=10 
b r= 1322.5 - 10(p - 11.5 
A= 1322.5,B=10,C=11.5 
ce Old revenue is 80 x £15 = £1200; new revenue is 
£1322.50; difference is £122.50. The best selling 
price of a cushion is £11.50, 
Challenge 
a+b_a 
ilar aa 
- ba -b* = _ 
Using quadratic formula: a = bee 
Soa:bis 2+ 150 
2 
Dividing by ote 
b Letx=y1l+v1+V1+¥ 
Sox=\/1+x32x*-x-1=0 
Using quadratic formula: x = aa 
CHAPTER 3 
Prior knowledge check 
1 a AnB=(1, 2,4) b (AUB) ={7,9, 11, 13) 
2 a 5y3 © 5+ 2y2 
3 a graphii bs graph iii c¢ graphi 
Exercise 3A 
1 b 
d 
f 
2 b 
d 
3 b 
2.5 
4 (1); x — 2ky = 5 (2) 
(1) x 2: 6x + 2ky = 16 (3) 
(2) + (3) 7x = 21 sox=3 
b -2 
5 p=3,q=1 
Exercise 3B 
1 a x=5,y=6orx= 


b x=0,y=lorx= 
© x=-l,y=-30rx=1y= 5 
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d a=1,b=5o0ra=3,b=-1 
v=4oru=2,0=3 


=52 = 
=Siorx= 


oY 


y=4horx=6,y=3 


Challenge 

yaxtk 

e+ (xekrad 

x +a% + 2kx +k? -4=0 


2x? + 2kx+k*-4=0 for one solution 6* - 4ac = 0 


4k? — 4 x 2(ke- 4)=0 
4k? — 8k* + 32=0 4k? = 32 


Exercise 3C 


Tai y 
va 


ii (2,1) 
bi y 
0 X r 
ii (3,-1) 
ei y 
r 


ii (-0.5, 0.5) 


2 a 
4 ale 


b (3.5, 9) and (-1.5, 4) 


350 


-15orx=6,y=5 
+/13,y =-3 +13 orx=3-/13, 


ke=8 


k=22V2 


au aw 


b (-1, 8) and (3, 0) 
a 


7) x 


b (6, 16) and (1, 1) 
(-11, -15) and (3, -1) 
(14, -44 and (2, 5) 
a 2 points b 1 point ¢ 0 points 
a y=2x-1 
a? + 4k(2x - 1) + 5k=0 
a? + 8kx - 4k + 5k=0 x? + 8kx+k=0 
b k=t © x=-},y=-} 
If swimmer reaches the bottom of the pool 
0.5x? — 3x = 0.34 -6 
0.5x? -— 3.32 +6=0 
0? — dac = (-3.3)' -4 «0.5 x6 11 
negative so no points of intersection and diver does not 
reach the bottom of the pool 


Exercise 3D 


1 


x<4 s>7 exh d xa-3 


x<il x<28 0g x>-12) bh x<l 
x=8 
2323 


x>3 


x<-3} d x<18 
x<4 hh x>-7 


10 
oe ae | 


eretins 
* 
v 
ao 


x=} 22a 
(rsx > 24) 
(x: 23.<x< 3) 
x=4 

{x:x =-3}U fr: = 3} 


(a: 2<x<4) 
No values 
fa: x < 1.2}U (x: a > 2.2) 


eopmonrproe 
& 
v 
jee 
meaorrmo 


on 


Challenge 
p=-1,q=4,r=6 


Exercise 3E 

1 a 3<x<8 b -4<x<3 
© x<-2,2>5 d x<-4,.1>-3 
e -$<x<7 f£ x<-2,x>2} 
& $<x<1} h x<}x>2 
i -3<x<3 j x<-2},2>2 
k x<0,4>5 1 -1}<x<0 

2 a -5<x<2 b x<-1x>1 
© }<r<l d -3<x<} 

3 a We 2<xr<4) b (x:x>3) 
© (x:}<x<0) d_ No values 
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Answers 


e@ (5 <x<-3)U lex > 4) ti y 
f (x:-l<x< ule: 2<x<3) 
4 a x<Oorx>2 b x<Oorx>0.8 x 
e x<-lorxy>0 d x<Oorx>0.5 
e x<-forx>t f x<-torx>3 
5 a -2<k<6 b p<-80rp>0 
6 (x:x<-2)U(x:x>7) 
Toa tech b te —y<x<3) Hi (-5,-18),(3,-2) ili. x<-5Sorx>3 
© (u-p<r<} 3 a -l<x<2 b 0.5<x<3 
8 zeseres5S © x<0.50rx>3 d x<Oorx>2 
9 Noreal roots b@-4ac<0 (-2kF-4xkx3<0 eo 1sx<3 { x<-lorz>-0.75 
4k? — 12k = 0 when k=O and k =3 Challenge 
solution 0=k<3 a (-1.5,-3.75), (6, 0) 
note when k = 0 equation gives 3 = 0 b (v:-1.5<x2<6) 
Exercise 3F 
1 a P(3.2,-1.8) b x<32 
2 wi y 
0 | Ve 
ii (4,5) ii x<4 
bi y 
0 i 
ii (-3, 23) ii x>-3 
ei y 
0 2 
fi (-2, 9), (0, 5) ii -2<x<0 


“I 


di yh ; 
6 a (1,6), (3,4), (1, 2) 
* b x>ly<7-x,y>x+1 
y<2-5x-27,2r+y>0, 4+ y<4 
8 a uRG 
8 | 
6 


ii (-5, -22), (3, -6) iii x=<-5orx>3 


ei yA 
H 
x ight 


21 
ii (-2,-1),0,76) ii -2<2<9 b (-F,). (2, 6) (2,1, (-0.4, 
© (04,1) qo 
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Mixed exercise CHAPTER 4 
1 a 4kx-2y=8 Prior knowledge check 
4kx + 3y =-2 1a (x+5)x+1) b (x-3)(x-1) 
-5y = 10 2a 
y=-2 i 


et = x 
b ars 


x=-4y=3h 
Substitute x = 1 + 2y into 3xy - y* =8 
(3, 1) and (1, -§) 
Substitute y = 2 - x into x? + xy —y*=0 


& 
1 
N 
4 
ua 
1 
1 
S 
a 
° 


3 = (33-1 = 84-2 x= Dy -2 ~6.875 | -4 |-2625| -2 


S 
& 
8 


a 
b 
a 
b x=346,y=-14V6 3 a 
a 
b 


x=4,y=3andx= 


1 = 
2; and x= 


Yes, the ball will hit the ceiling 
9 a (x x> 104) b (x:x<-2)U te x>7) 
10 3<x<4 
Wa x=-5,x=4 b (x:x<-5)U (a: x>4) 
12 a x<2t b t<x<5 
© O<x<4 d texcat 
13 1<=x=8 
14 k<3t 
15. b* < dace so 16k* < -40k 
BK(2K +5) <0 50-S<k<0 
16a y 


b (-7, 20), (3, 0) © x<-7,4>3 
17 4 (-1 185) <x <4 (-1 +185) 


ae 


= oT \e 


BY 


49 
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Answers 


e y=x(x-1) f y=x(1-ax)(1+x) 


¥y yr 
md ao NE 


& y=3x(2x- 12x41) hb y=ale+ 1x2) 


y ys 
i ot 


c y d 
2 
19 z 
i y= x(x - 3) +3) jo y=x(x-9) 
UA 
e y fy 
x 
[> O| Oy x 
4a 

g h 


i 
y joy é 
0 At 2 * 
a y=x(r + 2)x-1) b y=x(x + 4x +1) 
y y 
ad, Yor 
id 
© y=xe+1) d y=x(x+1)3-x) 
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Answers 


2a y b y 
54 
b (0, -6) 
oO} 
z 
b x(x - 8)(x - 4) _ 
c y 
e 3 O] N3x 
ey d y 

Of a fs * 480 1152 


Exercise 4B 


1a b Ol 456 % 


a (0,12) 
3 Mt b b=-2,c=-7,d=8,e=12 


4 y 
zy ras 
-280 


64 


0.25 0.25 x 
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Answers 


Exercise 4C 
la 


ii 3 iii x? = (x + Ie - 1)? 


y=? (1-2) 


ii 1 iii x(e-4)=4 
Exercise 4D 
Tai 
y = x(x - 4) 


y=x(x?-1) 


ii 3 iii x* = x(x? - 1) 


355 


3THSEC ff 


Answers 


y=(x-27 
y=xlx-4) 
ii 1 iii x(x — 4) = (x - 2)° ii 1 iii x’ =x%(x+1P 
hi 2a y 
y= x(x - 3) 
b Only 2 intersections 
ii 
3 a 
ii y 
fe—y =x? 
i) x 
pa y=(x+1) 
b Only 1 intersection 
ii 2 iii -x3 =x? 4a 
fa 
y= x(x - 1)? 
b Graphs do not intersect 
5a 
ii 3 iii, —x° = -x(x + 2) 
ki 
y=4 
y=x(x— 1x + 2)? 
b 2; the graphs cross in two places so there are two 
solutions. 
ii 2 iii x(x — I(r + 2) =4 
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b 3 
c Expand brackets and rearrange. 


d (-2,1),(-1,4,.9) 


Ta Ww 


y= x3 — Bx? 4x 
b (0,0); (2, -12); (5, 30) 


8 a ya 
y= 14x +2 


y = (x2 = le - 2) 


b (0, 2); (-3, -40); (5, 72) 


9a ys 


y = (x— 2) + 2? 


b (0, -8); (1, -9); (-4, -24) 
10a 


b Graphs do not intersect. 


7 
© a<-$ 


Answers 


lla y 
y=x(x-1(x+1) 


gate 


Tai y ii y iii y 


RY 


Ol “x 0 x . 0 
(-2, 0), (0, 4) Hl 


(-2,0),(0,8) (0, 5), ¥=-2,y=0 


b AY ii ya 
Oo} Ome 
oe (-¥2, 0), (0, 2) 
ci ys iiy iti yay 
oO}. an : x 
(0, 1), (1, 0) H 
(0, -1), 1, 0) (0,-1),x=1,y=0 
diya ii y ili yh 
lef ‘ ot I, 
¥ 
(1,0), . 
(0-1), 
1,0) (0,-1.0) (1,0), y=-1.8=0 
eiy ii y ili 4 
oO 
¥ z : 
V3.0), | 
(0, -3), (0, -3), ri 
(v3, 0) (V3, 0) G0). y=-3,2=0 
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Answers 


riy ii y 
a7 : 
ty) x H 
(0, 9), (8, 0) ihe 
(0,-27), 3,0) (~9¥=3.9=0 
2 
x 
c fle +2)=(r+ Dar 4); 0,4) 
flx) +2 = (+ 1x + 2)+ 2; (0, 0) 
Bay y b y=fix+ 1h 
y=ftx) aa 
© fle +1) =x + 19% (0,0) 
4 a yr y=flx) b y=fa)+2 
2 x 
y=flr +2) 
© fl +2) = (a+ 2) (0, 0); 2,0) 
5 a Yt yon b 
0 AX 


ce fix + 2) =(x + 2)(x - 2); (2, 0); (-2, 0) 
fla) + 4 = (x - 2)?; (2, 0) 


7 a (6,-1) b (4, 2) 


y= x3 - 5x? + 6x 


10 yy, 


y= (x + 2x - We + 4) 


ly = x — 3)(x + 2) 


lla 


yar 4x24 de 


b -lorl 
12a 


y=xx + lx + 3)? 


b -2,-3 or -5 


Challenge 
1 @,2) 


2 a (-7,-12) b flx-2)+1 


Exercise 4F 
1 aii Ys f(2x) 


f(x) 
0 = 
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bi ¥ j 
a) x 
f(x) = fx) 
ei yk ox me 
0 x 
figa) 
di ya flax) 
\ Pas 
O a 
ei YF fix) iY fix) ii y 
j Fa 
2) x ‘g 
fix) ffx) 
fioys 2fx) iy. Ae) iii YA \e 
fix) 3 a 
0 x (aid \ fix) = 
2f(x) 
Bi ay hy ii ys 
Nx) fix) 
* 0| x ) x 
TY f= 
fix) 
f(x) 
ho i ii Y iti Yr 4ftx) 
x) hay Ke 
O x 0 x 4 
ata) OT nx) Vr 
ii y fx) ii 
0 x 
f(x) 


fix) 


3THSEC 


Answers 


1 gx 
0 x 
fla) 
ye y= Mx) b Wi 
a > 
avA4 # -A\| ft * 
‘ 4 


us 
aly=-fx) 
Fa) if 
* 
Yt y=) b YF y= fx) 
7 a) i ONA 
rn 
Yh y = (2x) # 
0 F -2 x 
y =f) 
y= x%x-3) 


y = (2x)*(2x — 3) 


y=-x4(x- 3) 
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Answers 


can 
e 

© 
> 


By = x(x - 2)? 


b (2,-12) 


b 2and3 


Challenge 
1 (2,-2) 
2 Gx 


Exercise 4G 
a) oe 


360 


y = (%- 2)(x- 3) 


b y=2,x=0,(-1,0) 


OV2, 0) (12, Oh x 
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f y=2,x=2,(0, 


B y=1,x=1,00, 


0) 


ho y=-2,x=1,(0,0) 


(-2, -6) 


b A(-4, 0), B-2, 


yr 
(-2, 6) 


6), C(O, 3), D4, 6) 


3THSEC ff 


d A(-8, -6), B(-6, 0), C(-4, -3), D(O, 0) 


£ A(-4, -18), Bl-2, 0), C(0, -9), Di4, 0) 
y 


g A(-4, -2), B(-2, 0), C(0, -1), D4, 0) 
YA 


Answers 
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Answers 


j A(4, -6), B(2, 0), C(O, -3), D(-4, 0) 


4 ai x=-2,y=0,(0,2) 


iv x=-2y=-1(0,0) 


362 


v x=2y=0(0,1) 
y 


vi x=-2y=0(0,-1) 
y 


b fx) = 
x+l 


5S ay 
b i (6,1) ii (2, 3) iii (2,-3.5) 
6 a A(-1,-2) B(O, 0) CU, 0) D(2, -2) 


YA 


'y +2 = f(x) 


A 
b A(-1, 0) BOO, 4) CU, 4) D(2, 0) 


afi dy = lx) 


BYYC 


AO D £ 


ce A(-1, 3) BOO, 5) C01, 5) D2, 3) 


ah y— 3 = fla) 


BYYC 


0 = 
d_ A(-1, 0) BOO, 4) CA, 3) DI2, 0) 
UA 


\ BL io 
AO D x 
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e A(-1, 0.5) B(O, 1.5) CO, 1.5) D(2, 0.5) 


2y-1=flx) 


Mixed exercise 
la y y= x(x - 2) 


2x-x? 
b x=0,-1, 2; points (0, 0), (2, 0), (-1, -3) 


b A(-3, -2), B(2, 3) 
© y=xt42x-5 


2 


Answers 


a x=-latA,x=3atB 
aby. 


(2,0 (2,0) 
b y 
(0, 0) 
(2,0) x 
a y=x?-4x43 
bi ” 
CO (0) 
(0,-1) 
ii us 
(3, 0) 
G0) % 
(1, -1) 
a (0,2) b -2 e -1,1,2 
ai 3) ii (4,6) iii (9, 3) 
iv (4, -3) v 4-0 
b  f(2x), fl + 2) 


ei fix-4)+3 ii 2ftx) 
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Answers 


10 a 


b 1; only one intersection of the two curves 
11 a x(x— 3) 
db oy 


ce -4 and -7 
12a yay = ale 2)% 
(0, 0) 
(2,2) x 


bo yay =xe- 2 +e 


(0, k) 


13 a Asymptotes at x = 0 and y = -2 


d_ Asymptotes at y = 0 and x = -3; intersection at (0, 3) 
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Challenge 
(6-c,-4-d) 
Review exercise 1 
La 2 bi 
2 a 625 b dxi 
Boa 45 b 21-85 
4 a 13 b 8-2/3 
5 a 1+2Vk b 1+6vk 
6 a 25x+ b x 
7 8+8/2 
8 1-2/2 
9 a (x-8)(x- 2) b y=Ly=y 
10 a a=-4,b=-45 b x=443V5 
11 4.19(3s.f) 
12 a The height of the athlete's shoulder is 1.7m 
b 2.16s (3 s.f.) 
© 6.7-5(¢-1) 
d_ 6.7m after 1 second 
13 a (x-3F+9 
b is (0, 18), Q is (3, 9) 
c +4v2 
l4a 
7 y 
(0, 2) 
15 a x(x" - 8)(x"+ 1) b -1,0,2 
16 a a=5,b=11 
b discriminant < 0 so no real roots 
ce k=25 
d y 
25. 
5 Ol x 
17 a a=1,b=2 
b y 
3 
Ol x 
¢ discriminant = -8 
d -2/3k < 2/3 
18 a x*+4r-8=0 
b x=-242/3,y=-64 2/3 
19 a x>} 
b x<}orx>3 


20 


ce t<x<thorr>3 

2x + I) = 25x42 

x?—3r+4=0 

The discriminant of this is -7 < 0, so no real solutions. 
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Answers 


21a x=f,y=-2,x=-3,y=11 b 
b x<-3orx>3h 
22 a Different real roots, discriminant > 0 a 
so k*-4k-12>0 
b k<-2ork>6 Ori ale 
23 -7<x<2 
24 
14\y = gta) (1, 0) (4, 0) and (0, 6) 
DAC. 8) c 
3 
o| 2 alr 


28a 


-2f 0 2% 
Asymptotes: 
b (40) 
c y 29 a 0.438, 1, 4, 4.56 
-Yo) r 3.x 
26 a yh 30 a (6,8) b (9,-8) ce (6,-4) 
(3, 2) 
@) Nox 


(2, 0) (4, 0) and (3, 2) 


b ys 
oft 2% 
(3,2) 
(1, 0) (2, 0) and (14, -2) 
2aiy 
0 az 
2 y2em, 3V2cm 
3 3x34 a2—x = 2x(x- 1x41) 
(0, 0) and (3, 0) 3x3 4 a2 x = 2x32 
e+x+x=0 
x(@+x+1)=0 


The discriminant of the bracket is -3 < 0 so this 
contributes no real solutions. 
The only solution is when x = 0 at (0, 0). 

4 -3,3 
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Answers 


CHAPTER 5 

Prior knowledge check 

1 a (-2,-1) b (% 3) e (7,3) 

2 a WS b 10/2 ce 5\5 

3 a y=5-2e b y=x-2 c¢ y=du+? 

Exercise 5A 

tal bi © d2 
e -1 fs gt hs 
12 ij -4 k -t 1 -t 

ar. 

mi n =P =q+p 

2 7 

3 12 

4 41 

5 at 

6 5 

7 26 

8 -5 

9 Gradient of AB = gradient of BC = 0.5; point B is 


common 
10 Gradient of AB = gradient of BC = -0.5; point B is 


common 

Exercise 5B 

1 a -2 b -1 © 3 at 
e 3 ft ‘ st h 7 
14 54 k -2 1-3 

2a4 b -5 ce -3 ao 
e¢ £2 g2 h -2 
19 j3 k 3 1 +} 

3 a 4x-y+3=0 b 3x-y-2=0 
© 6x+y-7=0 d 4x-5y-30=0 
© 5x-3y+6=0 f 7x-3y=0 
g l4x-7y-4=0 h 27x+9y-2=0 
i 18x + 3y+2=0 j 2x+6y-3=0 
k 4x-6y+5=0 1 6x-10y+5=0 

4 (3,0) 

5 (0,0) 

6 (0,5), (-4,0) 

7 al b x-3y+15=0 

8 a -2 b 2x+5y-10=0 

9 ax+by+c=0 
by = -ax-¢ 

10 a=6,c=10 

11° P(3,0) 

12 a -16 b -27 

Challenge 


Gradient = - y-intercept = a. So y = arid +a 


Rearrange to give ax + by - ab =0 


Exercise 5C 

1 oa y=2r+1 9 b y=3r+7 -1-3 
d y=-4r-11 e y=3x+12 —3x-5 
g y=2x h y=-hx42b 

366 


1 y=3x-6 

3 2x-3y+24=0 
5 (-3,0) 

7 (0,3) 

9 2x+3y-12=0 


12 6x + 15y-10=0 


14x-y+5=0 
16 y= 4x +13 
Exercise 5E 
1 a Parallel b Notparallel ¢ Not parallel 


2 ry=te+3.2,s:y=4e-7 


Gradients equal therefore lines are parallel. 

3 Gradient of AB = 3, gradient of BC = -3, gradient of 
CD =, gradient of AD = +. The quadrilateral has 
a pair of parallel sides, so it is a trapezium. 


4 y=5x+3 
5 2x+5y+20=0 
6 y=-te+7 
7 
8 


Exercise 5F 
1 a Perpendicular 
c Neither 
e Perpendicular 
g Parallel 
i Perpendicular 
k Neither 
y 


=-1, 
=-gr+l 


a re 
=-le+ 8 


=-3r+ BZ 
3x+2y-5=0 
Tx-4y+2=0 


aynunewn 
© 


Parallel 
Perpendicular 
Parallel 
Perpendicular 
Parallel 
Perpendicular 


re peac 
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9 Ly=-4tx-1,n:y=3x + 5. Gradients are negative 
reciprocals, therefore lines perpendicular. 
—hx + 44, CD: y = 4x - 4, AD: y = 2x +7, 
: y = 2x ~ 13. Two pairs of parallel sides and lines 
with gradients 2 and —{ are perpendicular, so ABCD is 


a rectangle. 
Ma AGO) b 55x -25y-77=0 
9 
12 -2 
Exercise 5G 
1 a 10 b 13 os a5 


e 106 f \113 

2 Distance between A and B = /50 and distance between 
Band C = 50 so the lines are congruent. 

3 Distance between P and Q = 74 and distance between 
Qand R = 73 so the lines are not congruent. 

4 x=-8orx=6 

5 y=-2ory=16 

6 a Both ria Ihave gradient 2. 

y= —ix+2 or x + 2y- 23 =0 


7 
8 
different lengths, therefore the triangle is a scalene 
triangle. 
b ®or19.5 
9 a 
b 
© 
Wa b (-5, 0) 
© ag 
ila b y=-2r48 
c ds RS = 2)5 and TR =5y5 
e 
12 a x+4y-52=0 b A(0,13) 
ce B(4, 12) d 26 
Exercise 5H 
1 ai k=50 ii d= 500 
b i k=0.3 or £0.30 ii 
ei k=3 ii 
2 a not linear 


oFe z 
0 10 203040 50 607080" 


3THSEC 


ao 


° 


Answers 


0 
0 5 1015 20 25 3035 40% 
not linear 


0 
0051152253354455 0 


8 
2 
= 
E 
= 
< 
S 
z 
3 
8 


70 
60 
50 
40 
30 
20 
10 


ry 10 20 30 40 50 60 70 80 90100110 
kilowatt hours. 
The data forms a straight line, so a linear model is 
appropriate. 
E=0.12h+45 
a = £0.12 = cost of 1 kilowatt hour of electricity, 
b = £45 = fixed electricity costs (per month or per 


Distance, d (m) 


0 
012345678910 
Time, ¢ (seconds) 


The data does not follow a straight line. There is a 
definite curve to the points on the graph. 

C= 350d + 5000 

50 = daily fee charged by the website designer. 
000 = initial cost charged by the website 
designer. 

24 days 
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Answers 


6 a F=18C+32o0rF=% 
b a=1.8 = increase in Fahrenheit temperature when 
the Celsius temperature increases by 1°C. 
b = 32 temperature in Fahrenheit when 
temperature in Celsius is 0°. 
© 385°C 
d -40°C 
7 a n=750t+17500 
b_ The increase in the number of homes receiving the 
internet will be the same each year. 
8 a All the points lie close to the straight line shown, 
b h=4f+69 
e 175cm 
oa equilibrium 
a ‘supply 
8 
& 
demand 
Quality, Q 
b Q=24,P=17 
Mixed exercise 
1 a y=-fxe+tt b -22 
2 a EAB. F thoretore 7k = 14, k=2 
b y=4x+4 
3 a Ly=yatr+l,=ys-x+12 
b (9,3) 
4 a y=}x-} b (3,3) 
5 1lx-10y+19=0 
6 a y=-}e+3 b 
7 Gradient = 3+ 4/3 - 3/3 _3+V3 
2+/3-1 14,3 
y = 3x + cand A(1, 3/3), so ¢ = 2/3 
Equation of line is y = V3x + 2/3 
When y = 0, x = -2, so the line meets the x-axis at (2, 0) 
8 a y=-3x+14 b (0,14) 
9 a y=-pr+4 b Students own work. 
¢ (1, 1). Note: equation of line n: y=—5x +} 
10 20 
da 2x+y=20) b y=jx+d 
wat b 6 c 2x+y-16=0 
ad 10 
13 a 7x+5y-18=0 b 
14a 
b (4,4) © 12x-3y-17=0 
368 


15 


16 


17 


18 


x+2y-16=0 
y= 


a 

b 

ec C(-48, 32) 
d_ Slope of OA is 3. Slope of OC is -3. 
Lines are perpendicular. 

OA = 2\13 and OC = 16/13 

Area = 208 


b 5y2 
d 25/2 


d= 10x? - 28x+ 26 


B(-$, +4) and C14, 12) 


20.8 
gradient = 10.5 
C= 10.5P - 10751 
When the oil production increases by 1 million 
tonnes, the carbon dioxide emissions increase by 
10.5 million tonnes. 

d= The model is not valid for small values of P, as 
it is not possible to have a negative amount of 
carbon dioxide emissions. It is always dangerous to 
extrapolate beyond the range on the model in this 
way. 


Challenge 
1 130 
2 
alc - a) 
+e) 
CHAPTER 6 
Prise knowledge check 
a (x+5)°+3 b (x-3)!- 
c (x-6)?-36 d +ie-2 
2 a y=tx-6 b y=-tx-3 
ec y=ir+ 
3. a 6®~4ac=~7 No real solutions 
b_b?-4ac= 193 Two real solutions 
© b®-4ac=0 One real solution 
y 


Can nn me wn 


a (5,5) b 6,4) e (1,4) d 0,0) 
e (2,1) f (8) g (4a,0) 

i (2a,a-6)j (3V2,4) kk (2/2, V2 + 3V3) 
a=10,b=1 

G7 

(2.8 b 

a (3,3) or (1.5, 3) b y=2x,3=2x15 
a (es be 

Centre is (3, -3). 3 - 2{-3)-10=0 

(10, 5) 

(7a, 17a) 
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10 
1 


p=8q=7 
a=-2,b=4 


Challenge 
a p=9,q=-1 
b y=-x+13 


ce AC: 
parallel. 


Exercise 6B 


1 


a y=2x+3 b y=—px+ 
d y=3 
y=-xt7 
2x-y-8=0 
a y=-jx-# 
q=-}.b=-2 


Challenge 


Exercise 6C 


2 


Noo 


10 


i 


12 
13 


a (x- 3) +(y- 2)? =16 
(x + 4)? + (y - 5) 
(a -— 5)? + (y + 6) 
(x - 2a)? + (y - 7a) 
(x + 2V2)? + (y + 3y 
(-5, 4),9 

(-4, 0), 5 

(3V5, -V5), 3/3 

(4 - 2) + (8 - 5)? =4+9=13 

(0 + 7)' + (-2 - 2)'=49 + 16 =65 

7? + (-24)? = 49 + 576 = 625 = 25? 

(6a - 2a)? + (-3a + 5a)? = 16a? + 4a* = 20a" 
(V5 - 3V5)* + (-V5 - V5)? = (-2V5)? + (-2V5* 
= 20 + 20 = 40 = (2/10) 

(x= 8) + (y = 1) 
(x - 38 + (y- 4 = 
‘5 

ar=2 

b Distance PQ = PR = RQ = 2V3, three equal length 
sides triangle is equilateral. 

(x= 2 + y?=15 

Centre (2, 0) and radius = V15, 

(x- 5)? + (y+ 2F = 

Centre (5, -2) and radius = 7 

Centre (1, -4), radius 5 

Centre (-6, 2), radius 7 

Centre (11, -3), radius 3/10 


b (7,1),4 
d (—4a,-a), 12a 


enorrenrence 


mR opeoeEee 


e Centre (2 2), radius 
a Centre (-6, -1) 
k>-37 

QU-13, 28) 
k=-2andk=8 


o 


~x + 8. Lines have the same slope, so they are 


Answers 


Challenge 


k= 3,(x- 3) + (y-2)= 

k=5,(a- 5) +(y- 2% = 

Gare ryan geese 
So(x+fP + yt gh=ft+g-e 

Circle with centre (-f, -g) and radius jf? + g®— c. 


Exercise 6D 


Ube 


1 
12 


(7, 0), (-5, 0) 
(0, 2), (0, -8) 
(6, 10), (2, -2) 
(4, -9), (-7, 2) 
2x? — 24x + 79 = 0 has no real solutions, therefore 
lines do not intersect 
a b?-4ac=64-4x 1x 16=0. So there is only one 
point of intersection. 
b (4,7) 
a (0,-2), (4, 6) b> midpoint of AB is (2, 2) 
a 13 b p=lor5 
a A(5, 0) and B(-3, -8) (or vice-versa) 
b y=-x-3 
c (4,-7) isa solution to y = -x - 3. 
d 20 
a Substitute y = kx to give 
(k? + 1)x* — (12k + 10)x + 57 =0 
b? - 4ac > 0, -84k* + 240k - 128> 0, 
21k? - 60k + 32 <0 
b 0.71<k<2.15 
10 “Ltd i 10 , 2/57 


Exact answer is aad <ke <5 
ks 


k=-20 + 2/105 


Exercise 6E 


1 


wn 


10 


a 3/10 

b Gradient of radius = 3x, gradient of line = -4, 
gradients are negative reciprocals and therefore 
perpendicular. 

a (x~4)'+(y- 6 =73 

@ y=-2x-1 

b Centre of circle (1, ~3) satisfies y = -2x - 1. 

a y=3x-3 

b Centre of circle (2, -2) satisfies y = $x - 3 

a (-7, -6) satisfies x? + 18x + y* - 2y + 29=0 

b y=3x-4 — € R(O,-4) a 

a (0,-17), (17, 0) 

b 144.5 

y= 2x +27 andy =2x-13 

a p=4,p=-6 

b (3, 4) and (3, -6) 

a (x- 11) +(y +5) = 100 

b y= 

© A(8 - 4) 

d 10)3 


b 3x4 8y+13=0 


8 
4 


3, -1 — 3/3) and B(8 + 4/3, -1 + 3/3) 


b a=5 
ce (x- 5? +(y+2P=34 
d_ A(5 + V2,-2 + 4/2) and B(5 - /2,-2 - 4/2) 
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Answers 


lia 
b 


c 
da 


P(-2, 5) and Q(4, 7) 
y=2x+9andy= 
y=-3x+9 

(0,9) 


Challenge 
1 y=jr-2 


2a 


b 


ZCPR = ZCQR = 90° (Angle between tangent and 
radius) 


‘10 (Radii of circle) 

CR = (6 = 2)? + (-1 - 1)? = V20 

So using Pythagoras’ Theorem, 

PR = QR = 20-10 = 10 

4 equal sides and two opposite right-angles, 
so CPRQ is a square 

y= 4x3 andy =-3x +17 


Exercise 6F 


1 


wv? = WU? + UV? 

(2,3) 

(x 2) + (y-3F=41 

AC? = AB? + BC: 

(w- 58+ Y-2F= 

15 

i y=-2r+4 


(x + 37 + (y - 6)? = 169 

i y=te+? ii x=-1 
(x + 17 + (y ~ 3) = 125 

— 3) + (y + 48 = 50 

AB? + BC? = AC? 

AB? = 400, BC? = 100, AC? = 500 


b (x4 28 + (y - 5) = 125 
c D(8, 0) satisfies the equation of the circle. 
7 a AB=BC=CD=DA=V50 
b 50 
c (3,6) 
8 a DE =b?+6b+13 
EF? = b? + 106 + 169 
DF? = 200 
So b? + 6b + 13 + b* + 10b + 169 = 200 
(b + 9b - 1) =0; as b >0,b=1 
b (x +5) + (y+ 4)? = 50 
9 a Centre (-1, 12) and radius = 13 
b Use distance formula to find AB = 26. This is twice 
radius, so AB is the diameter. Other methods 
possible. 
ce Cl-6,0) 
Mixed exercise 
1 a C(3,6) 
b r=10 
ce (x - 3) +(y- 6) = 100 
d_ P satisfies the equation of the circle. 
2 (0-5)? + (0 + 2)? = 5* + 2? = 29 < 30 therefore point is 
inside the circle 
3 a Centre (0, -4) and radius = 3 
b (0,-1) and (0, -7) 
¢ Students’ own work. Equation x? = -7 has no real 
solutions. 
4 a P(8,8), (8+ 1)? + (8 - 3% = 9? + 5*=81+25= 106 
b 106 
370 


5 a Allpoints satisfy x° + y? =1, therefore alll lie on circle 
b AB=BC=CA 
6 a k=1,k=-2 


b (x-1F +y- 3 =13 
7 Substitute y = 3x — 9 into the equation 
x? + px+y?+4y = 20 
x? + px + (3x — 9)? + 4(3x - 9) = 
10x + (p -— 42)x + 25=0 
Using the discriminant: (p — 42)? - 1000 <0 
42-1010 <p<42+10/10 
8 (x- 2 +(y+4)?=20 
9 a 2/29 b 12 
10 (-1, 0), (11, 0) 
11 The values of m and n are 7 - V105 and 7 + /105. 
12 a a=6andb=8 b y=-4x+8 ¢ 24 
b (0,49), (0, -1) 


16 bj: y=—4x +12 and bys y = — 
yotred 

(x + 2) + (y- 2 = 50 
2 


P(5, 16) and Q(13, 8) 

x +10 and dy: y = 7x - 83 

syaxt3 

all's equations have solution x = 15, y = 18 

so R(15, 18) 

200 

(4,0), (0,12) 

(2,6) 

(x - 2) + (y - 6 = 

q=4 

(e+ 3? + (y-2F = 

RS? + ST* = RT? 

(x - 27° + (y+ 2% = 

24 (x - 1)? + (y- 3% = 34 

25 a iy=-4x-4 ii x= 
b (r+ 2 +(y-4)'=34 


Challenge 

a x+y-14=0 

b P(7,7) and Q(9, 5) 
e 10 


acepore ceo 


21 


22 


23 


ce reper se 


CHAPTER 7 


Prior knowledge check 
2 x 

1 a 15x b wy 

(x — 6) + 4) b 

8567 b 1652 

y=1-3x 

@-17- 


Exercise 7A 
1a 4x34+52-7 b 


ce -x44r48 a 


(3x — 5) - 4) 


o 


yote-7 
2x + 1)? +13 


aewn 
Pp Ee 
c 


2x + Ox? + x 
4 
Txt - x? - > 
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j axt+2r8 AE 2 
ce x+3 
fo x+4 
; utd 
x-6 
1 2-2 
x+2 
2x+1 
2x-3 


Exercise 7B 


1 


a (x + Ix? + 5x +3) b 
© (x + 2\x? - 3x +7) d 
e (x — 5)(x* — 3x - 2) f 
a (x + 4)(6x? + 3x + 2) b 
c (x + 3)(2x? - 2x - 3) d 
e (x + 6)(-5x?+3x+5) £ 
a x+3x*- 4x41 b 
ec -3x5+ 3x?-4x-7 d 
a x'+2x?-Sx+4 b 
c d 
e ft 
g h 
a b 
© 

a b 


(x + 4)(x? + 6x + 1) 

(x — 3)(x? + 4x + 5) 

(x — 7)(x? + 2x + 8) 

(x + 2)(4x? + x - 5) 

(x — 6)(2x? - 3x - 4) 

(x - 2)(-4x? + x - 1) 
4x5 + 2x? - 32-5 
~5at + 2x3 + 4x? - 3x47 
2-24 3x-1 


2x5 + 5x42 3x* + 2x 5x? + 3x +6 


2x4 — 2x" + 3x? + 40-7 4xt - 3x3- 2x? + 6x -5 
Sat + 12x* - 6x - 2 Bat + Sx8+6 

x -2x+5 2x? -6x+1 
3x? - 124+2 

xt + 40412 2x? -44+5 


~3x? + 5x + 10 

-8 +8 + 10-10 =0, so (x + 2) is a factor of 

x" + 2x? — Sx — 10. Divide x* + 2x* — 5x — 10 by (x + 2) 
to give (x? — 5). So x + 2a* — Sx — 10 = (x + 2)(x? - 5). 
a -8 b -7 ce -12 

3-2+4=5 

34+8+10+3-25=-1 

(x + 4)(5x? — 20x + 7) 

Bx" + 6x + 4 

e+e 

x - 2x? + 424-8 


a -200 

i 30 ii 0 
a=1,b=2,c=-3 
(2x - (x + 3)(x - 1) 

.5,£=-3,2=1 

a=3,b=2,c=1 

Quadratic has no real solutions so only (4x — 1) is a 
solution 


b (x + 2)(x - 7)(3x + 1) 
b x=-3,x=-4,x4=1 


Exercise 7C 


1 
2 
3 
4 
5 
6 


a f()=0 b f(-3)=0 
(x - (x + 3) + 4) 

(x + U(x + 7)(x - 5) 

(x = 5) - 4) + 2) 

(a — 2)(2x - 1)(x + 4) 
a (x + U(x — 5)(x - 6) 
© (x 5)a + 3)(x - 2) 


e fi4)=0 


b (x- 2)ix + 1 + 2) 


Answers 


i (x - 1) + 3)(2x + 1) 


b i (x- 3) - 5)(2x- 1) ii iy 


° 


i (x + Ila + 2)(3x - 1) 


di (+ 2)(2x - 13x41) 


e i (r-22r-52x+3) hy 
30, 
3 0 2 
3 a; 


b fix) = (x - 4)(3x2 + 6) 
For 3x? + 6 = 0, b® — 4ac = -72 so there are no real 
roots. Therefore, 4 is the only real root of f(x) = 0. 


14 a f(-2)=0 b (x + 2)(2x + 12x - 3) 
© x=-2,x=-handx=1} 
15 a f(2)=0 b x=0,x=2,x=-}andx=} 


Challenge 
a f(l)=2-5-42-94+54=0 
{{-3) = 162 + 135 - 378 + 27 +54=0 
b 2xt - 5x3 - 4227 - 9x + 54 
= (x — 1x + 3)a — 6)(2x + 3) 
w=1x=-3,4=6,2=-15 
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Answers 


Exercise 7D 

1 n?-n=n(n-1) 
If nis even, n — 1 is odd and even x odd = even 
If n is odd, n — 1 is even and odd x even = even 

2 x, (1-v2)_xl1-V2)_x-w2 _,o_y 
+2) 4-2) 0-2) -1 


3 (w+ Vx - V9) =x? — ayy + ayy -yaxP—-y 

4 (2x — U(x + 6)(x — 5) = (2x - 1)(x? + x - 30) 
= 2x3 +x? - 61x +30 

5 LHS =x? + bx, using completing the square, 


b)*_(b 

(+3) -@) 

6 x°+2bx +c =0, using completing the square 
(x + bf +e-b?=0 


9 Bn? —4n+ 10 = 3|n® — $n +9] = 3|(n— 


= 3(n- iy +% 
The minimum value is 2¢ “6 so 3n? — 4n + 10 is always 
positive. 
10 -n? - 2n- 3 = -[n? + 2n+ 3) =- [n+ 1)? +3-1) 
=-(n+ 1? - 
The maximum value is -2 so -n* - 2n - 3 is always 
negative. 
11 x? + 8x + 20= (4+ 4)? +4 


The minimum value is 4 so x? + 8x + 20 is always 

greater than or equal to 4. 

12 kx? + Ska + 3 = 0, b® - dac <0, 25k* - 12k <0, 

(25k ~ 12) <0,0<k <3. 

When k = 0 there are no real roots, so 0 = k < 12 
13 px? - 5x - 6 = 0, b? - dac > 0, 25 + 24p > 0, p> -38 
14 Gi Gradlead an = -4, gradient BC = 2, 

Gradient AB x gradient BC = tx2=-1, 

so AB and BC are perpendicult 
15 Gradient AB = 3, gradient BC = j, gradient CD = 3, 

gradient AD = i 

Gradient AB = gradient CD so AB and CD are parallel. 

Gradient BC = gradient AD so BC and AD are parallel. 
16 Gradient AB = +, gradient BC = 3, gradient CD = 

gradient AD = 3 

Gradient AB = gradient CD so AB and CD are parallel. 

Gradient BC = gradient AD so BC and AD are parallel. 

Length AB = 10, BC = 110, CD = 10 and AD = 10, 

all four sides are equal 
17 Gradient AB = -3, gradient BC =}, 

Gradient AB x gradient BC = -3 x } = -1, so AB and BC 

are perpendicular 

Length AB = 40, BC = 40, AB = BC 
18 (x1 +y°=k,y =ax, (x1) + a°x? =k, 

x(1+a")-2x+1-k=0 


b? -4dac>0,k> 


7 


-i05 
l+a? 
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19 


20 


x = 2. There is only one solution so the line 
4y - 3x + 26 = 0 only touches the circle in one place so 
is the tangent to the circle. 

Area of square = (a + 6)? = a? + 2ab +b? 

Shaded area = 4(4ab) 


‘Area of smaller square: a? + 2ab + b? - 2ab 
=a?+b?=c? 
Challenge 
1 The equation of the circle is (x — 3)? + (y - 5)? = 25 and 
all four points satisfy this equation. 
2 (p+ D) - (3p- D) = {+ Vp - 14) = 4p) =p 
Exercise 7E 
1 3,4, 5,6, 7 and 8 are not divisible by 10 
2  3,5,7, 11, 13, 17, 19, 23 are prime numbers. 9, 15, 21, 
25, are the product of two prime numbers. 
3 2 +3? = odd, 37+ 4? = odd, 4° + 5? = odd, 5? + 6? = odd, 
+7? = odd 
4 aa 27n* = 9n(3n*) which is a multiple of 9 
(3n + 1)? = 27n? + 27n? + 9n+ 1 = 9n(3n? + 3n+1)+1 
which is one more than a multiple of 9 
7n? + 54n® + 36n + 8 = 9n(3n? + 6n+ 4) +8 
one less than a multiple of 9 
5 a For example, when n = 2, 2‘ - 2 = 14, 14 is not 
divisible by 4. 
b Any square number 
¢ For example, when n= 
d_ For example, when n = 1 
6 a Assuming that x and y are positive 
b eg.x=0,y=0 
7 (x +5) =0 for all real values of x, and 
(x + 5)? + 2x + 11 = (x + 6)’, so (x + 6)? > 2x4 11 
8 Ifa? +1 > 2a (ais positive, so multiplying both sides 
by a does not reverse the inequality), then 
- 2a + 1 > 0, and (a - 1)? > 0, which we know is 
true. 
9 a (p+ qh=p? + 2pq+q?=(p+ qi + 4pq 
(p - q)? = 0 since it is a square, so (p + q)? > 4pq 
p>0.g>0>p+q>0sp+q=\4pq 
b eg.p=q=-1:p+q=-2, /4pq =2 
10 a Starts by assuming the inequality is true: 
i.e. negative > positive 
b eg.x=y=-lix+y=-2, 
© (x+y =x? + 2xy + y= x? + y? since x > 0, 
y>0= 2xy>0 
As x+y >0, can take square roots: x + y > x" + 
Mixed exercise 
a x44 2x-1 
Laser b -1 2xel 
2 32745 
3 2x?-2x+5 
4 a When x =3, 2x3 - 2x?- 174+ 15=0 
b A=2,B=4,C=-5 
5 a Whenx=2, 27+ 4x? - 3x-18=0 
b p=1,q=3 
6 (x 2)(x+ 4)(2x - 1) 
7 
8 a p=1,q=-15 b (x +3)(2x-5) 
9 a r=3,s=0 b x(x + I(r +3) 
10 a (x- Ie + 5)(2x+ 1) b -5, + 1 
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i 


12 
13 


14 


a When x=2,27+2?-5x-2=0 
3 
b 2-54 y 
1 
BS 
When x = ~4, flx) = 


a 

b (+ 4)(x-5)x-1) 

a 0, therefore (3x — 2) is a factor of flx) 
a=2,b=7ande=3 

b (3x -2)(2x + 1)(x +3) 


¢ r=h-b-3 
my WE+Vy)_WE+KY-WE-W_ 
Sawa et 
16 n? - 8n + 20 =(n—4)*+4, 4 is the minimum value so 
— 8n + 20 is always positive 
17 Gradient AB = 5, gradient BC = -2, gradient CD = 3, 
gradient AD = -2 
AB and BC, BC and CD, CD and AD and AB and AD are 
all perpendicular 


18 
19 


20 
21 


22 


23 


24 


25 


Length AB = V5, BC = V5, CD = V5 and AD = V5, all four 
sides are equal 
1+ 3 = even, 3 +5 = even, 5 +7 = even, 7 +9 =even 
For example when n= 6 

z) 


(v- Piet +aidaaieei—al-arteal(e? 


RHS = (x + 4)(a — 5)(2x + 3) = (a + 4)(2x? — 7x — 15) 
= 2x" + x? — 43x - 60 = LHS 

x? —kx +k=0, b*-4ac = 0, k*- 4k =0, k(k — 4) = 0, 
k=4. 


The distance between opposite edges 
2 /3\* 
- alae -(2) ) =2(3-3) =2 which is rational. 


a (2n+2)*—(2n)*=8n +4 =4(2n +1) is always 
divisible by 4, 

b Yes, (2n + 1)*-(2n- 1)? = 8n which is always 
divisible by 4. 

a The assumption is that x is positive 

b x=0 


Challenge 


1 


a. Perimeter of inside square = 4{) 


Perimeter of outside square = 4, 
therefore 2/2 <x<4. 
b Perimeter of inside hexagon = 3 


Perimeter of outside hexagon = 6 x2 = 2/3, 


therefore 3 <n < 2/3 3 
2 ax? +bx?+cx+d + (x - p)= ax? +(b+ap)x 
+ (c+ bp + ap*) with remainder d + cp + bp? + ap* 
{(p) = ap? + bp? + cp + d=0, which matches the 
remainder, so (x — p) is a factor of f(x). 
CHAPTER 8 
pier knowledge check 
a 4x? - 12xy - 9y* b x4 3xy+3ry+y° 
© 84 12x+ 6x? +x* 
— 8x? 1 Be 27 
2 a -8r bax ° Bt a= 
a 1 10 1635 
/ 16-5 
3 a 5vt b ee © 3a d i'* 


3THSEC 


Answers 


Exercise 8A 
1 a 4throw b 16th row 
e (n+ 1th row d (n+ 5)th row 
2 a xis 4xry + Oxy? + day's 
b p* + Sp'q + 10p'q? + 10p°q? + Spq* + q° 
© a®—3a°b + 3ab?- 0 
do x84 12x? + 48x + 64 
© 16x* - 96x" + 216x* - 216x + 81 
f£ a+ 10a‘ + 400° + 80a? + 80a + 32 
§ Six - 432x" + 864x7 — 768x + 256 
h 16x‘ - 96x°y + 216x7y? - 216xy? + 81y* 
3 a 16 b -10 e 8 d 1280 
e 160 f -2 g 40 h -96 
4° 149x + 30x? + 44x" + 24a 
5 8+ 12y + by? + y', 8 + 12x - 6x? - 11x" + 3x4 + 3x2" 
6 33 
7 3-1 
8 12p 
9 500+ 25x44 
Challenge 
7 
Exercise 8B 
1 a 24 b 362880 ¢ 720 d 210 
2 a6 b 15 © 20 a5 
e 45 f 126 
3 a 5005 b 120 © 184756 d 1140 
e 2002 f 8568 
4 a=C,b="G,c=C,d= 
5 330 
6 a 120,210 b 960 
7 a 286,715 b 57915 
8 0.1762 to 4 decimal places. Whilst it seems a low 


probability, there is more chance of the coin landing on 
10 heads than any other amount of heads. 


_ 1x2... 
“Txixae... 


x(n-2)x(n-1) xn 
x (n—3)x (n= 2)x(n-1 


1x2x...x(n=2)x(n=1xn__n(n=1) 
1x2x1x2x...*(n-3)x(n-2) 2 


10 a=37 
M1 p=17 


aa 


a *G or 120 and "°C, = 


b 4c, = 2 ~ 2002 and c, = 4! = 2002 
91 915! 
¢ The two answers for part a are the same and the two 
answers ibe part b are the same. 


d "C= and "C,.,= therefore "C, 


A n! nin 
Exercise 8C 
1a 14+4x4 6x2 + 42% +4 xt 
b 81+ 108x + 54x + 12x + x* 
© 256 - 256x + 96x" - 16x% + x* 
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Answers 


x + 12x° + 60x* + 160x* + 240x* + 192x + 64 
1+ 8x + 24x? + 32x7 + 16x* 
1-224 $e? - d+ tet 

1+ 10x + 45a? + 120x* 

1 10x + 40x? — 80x* 

1+ 18x + 135x? + 540x° 

256 — 1024x + 1792x? - 1792x5 

1024 — 2560x + 2880x* - 1920x* 

2187 — 5103x + 5103x* - 2835x° 

64x° + 192x5y + 240xy? + 160x°y* 

32x" + 240x'y + 720x'y? + 1080x7y" 

ps ~ 8p'q + 28p°q? ~ 56p°q" 

729x% — 1458x9y + 1215x4y? — 540x%y? 

x + l6x’y + 112x"y? + 448x°y? 

512x? - 691 2x'y + 41472x7y? - 145 152x%y* 
1 + 8x + 28x + 56x" 

1 — 12x + 60x* — 160x° 

1+ Sa + Ax? + 152% 

1 — 15x + 90x? — 270x* 

128 + 448x + 672x° + 560x" 

27 — 54x + + 36x" - 8x" 

64 — 576x + 2160x? - 4320x" 

256 + 256x + 96x" + 16x" 

i 128 + 2240x + 16 800x* + 700002" 

64 - 192x + 240x* 

243 - 810x + 1080x* 

10 


= 


rae teac re seas re Re aces Bee 


aa 


w+ 5x + 10a + Sad 
mst 
Challenge 
a (a+ b)'=a' + 4a% + 6a2b* + 4ab® + bt 
(a - b)' = a* - 4a%b + 6a°b? - 4ab' + b* 
(a + b)'— (a - b)' = 8a" + 8ab* = 8ab(a? + b*) 
b 82896 = 24x 3x 11 x 157 


Exercise 8D 

1 a 90 

d 1080 

g 1140 

Jj 354.375 

a= ah 
=-2 

1, 5 V105 
eB 

p=5 b -10 © -80 

5% +52 x 30px + 5% x 435p%x? 

p=10 

1+ LOgx + 45q2x2+120g%x* 

q=33 

1+ Lipx + 55p%x* 

p=7,q = 2695 

1+ 5px + 105p2x* 


p=-3.q= 107 


ce -20 
120 f£ -4320 
i -2.5 
1 3.90625 


wees 
1 
ro 
= 
re 
s 
Ss 


an ae wn 


= a 
S 
wee PoP oe oP 


u 
XN 


Challenge 
a 314928 


b 43750 
Exercise 8E 


1 oa 1-0.6x + 0.15x* - 0.02x* 
b 0.94148 


2 a 1024+ 1024x + 460.82" + 122.882" 
b 1666.56 
3 (1—an9= 17+ (P)13x)"+ (3) 19-32)" = 1 - 15x + 90x7 
(2+ x1 — 3x) =(2 + x)(1 - 15x + 90x") 
=2-30x + 180x? +x - 15x? + 90x? = 2-29 + 165x? 
4 a=162,b=135,c=0 
5 a 1+ 16x+112x°+ 4482" 
b x =0.01, 1.02 = 1.171648 
6 a 1~150x + 10875x* — 507500x* 
b 0.860368 
© 0.860 384, 0.0019% 
7 a 59049 - 39366x + 11809.8x" 
b Substitute x = 0.1 into the expansion. 
8 a 1-15x + 90x" - 270x° 
b (1+ x)(1 - 3x) = (1 + x)(1 - 15x) = 1 - 14x 
9 a So that higher powers of p can be ignored as they 
tend to 0 
b 1+ 200p - 19 900p* 
© p=0.000417 (3 s.f) 
Mixed exercise 
1a 455,1365 b 3640 
2 a=28 
3 a 0.0148 —_b_0,.0000000000349 © 0.166 
4 a p=16 b 270 ¢ -1890 
5 A=8192,B =-53248, C= 159744 
6 a 1-20x + 180x* - 9602" 
b 0.817 04, x=0.01 
7 a 1024-153 60x + 103 680x" - 414 720x" 
b 880.35 
8 a 81+ 216x + 216x? + 96x" + 16x* 
b 81 -216x + 216x* - 96x" + 16x" 
© 1154 
9 a n=8 b # 
10 a 81+ 1080x + 5400z" + 12000x" + 10000x" 
b 1012054108081, x = 100 
11 a 1+24x4264x°+1760x" bb ‘1.268 16 
© 1.268241795 d_ 0.006 45% (3 sf) 
12 x8 — 529+ 10r- 10,51 
x = 
13 a (Dem? = (3) 
nN(2ky __nl(2ky— 
2n— 2)! 3i(n— 3)! 
2k 1 
n-2 3 
Son=6k+2 
4096 | 2048 1280.2, 1280.4 
b 729 tei ** 27 * * 97 * 
14 a 64+ 192x + 240x + 1602? + 60x! + 122° + 2° 
b k= 1560 
15 a k=1.25  b 3500 
16 a A=64,B=160,C=20 b 
17a p=15 ~ b 50.625 
18 672 
19 a 128 + 448px + 672p*x? 
b p=5,q=16800 
20 a 1- 12px + 66p2x? 
b p=-14.9=134 
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21 a 128+ 224x + 168x* 
b Substitute x = 0.1 into the expansion. 
22 k=5 


Challenge 
1 540-405p=0,p=4 
2 -4704 


CHAPTER 9 


Prior knowledge check 

1 a 3.10cm b 9.05em 

2 a 25,8° b 77.2° 

3 a graph of x* + 3x bs graph of (x + 2)? + 3(v + 2) 
© graph of x*+3x-3 b graph of (0.52) + 3(0.5x) 


Exercise 9A 
1 a 3.19cm b 1.73em (V3 cm) ¢ 9.85em 
d 4.31em e 684cm f 9.80cm 
2 a 108(.2)° b 90° ec 60° 
d 52.6° e 137° £ 72.2° 


3) 192km 

4 11.2km 

5 128.5° or 031.5° (Angle BAC = 48.5°) 
6 302 yards (301.5...) 

7 


z ‘ 52+ 427-67 _1 
Using the cosine rule PT we 
; ‘ ee 
8 Using the cosine rule “Teaxd 7 4 


9 ACB = 22.3° 
10 ABC = 108(.4)° 

11 104° (104.48)° 

12 4.4cm 

13 42cm 

14 a y= (5 — x) + (4 + x) - 2(5 — 2)(4 + x) cos 120° 

5 — 10x + x? + 16 + Bx + x* ~ 2(20 + x - x*) (-}) 
-x+61 

b> Minimum AC? = 60.75; it occurs for x = 
x? + 5*— (10 ~ x)? 


1 
2 


15 a cos ZABC = Zex5 
_20x-75 _ 4x-15 
“10x Bx 
b 3.5 
16 65,3" 
17 a 28.7km b 056.6" 
Exercise 9B 
1 oa 15.2cm b 9.57cm ec 8.97cm d 4.61cem 
2 x= 84°, y= 6.32 


a 
b x= 13.5, 

© x=85°,y=13.9 

d_ x= 80°, y = 6.22 (isosceles triangle) 
@ %=6.27,y=7.16 
t 

a 

a 

e 

a 


6.6 


x= 4.49, y = 7.49 (right-angled) 
3 36.4° b 35.8° e¢ 40.5° d 130° 
4 48.1° b 45.6° c¢ 14.8° d 48.7° 


865° of 774° 
5 1.41 em (V2 em) 
6 QPR = 50.6°, PQR = 54.4° 
7 


b 1.93cm 
a x=43.2°,y=5.02cm b x 

d 

f 


= 101°, y=15.0em 


© x= 6.58 cm, y = 32.1° 4.6°, y = 10.3cm 
e x= 21.8°,y=3.01 x= 45.9, y = 3.87° 
8 a 652km b 3.80km 
9 a 73lcem b 1.97cm 


Answers 


10 a 663° = b 148m 
11 Using the sine rule, x= 2 ; rationalising 
+ 


ro PE ~? Wa ~4=4(/2 -1). 
12 a 365m 
b That the angles have been measured from ground 
level 
Exercise 9C 


1 a_ 70.5°, 109° (109.5°) 
b 


Ailosl_tos\ 


2 a x=74.6°,y=65.4° 
x= 105°, y = 34.6° 
b x= 59.8", 8.4m 
x= 120°, y = 27.3cm 
© x=56.8°, 37cm 
x = 23.2°, .06 cm 
3) a 5em (ACB = 90°) 
© 45,6°, 134(.4)° 
4 2.96cm 
5 In one triangle ABC = 101° (100.9°); in the other 
BAC = 131° (130.9°) 


b 24.6% 


6 a 62.0° b_ The swing is symmetrical 
Exercise 9D 
1 a 23.7cm? b 4.31cm* ¢ 20.2cm* 


2 a x=41.8° or 138(.2)° 

b x= 26.7° or 153(.3)” 

© x=60° or 120° 

275(.3) m (third side = 135.3 m) 
3.58 

a Area= 


aR 


L(x + 25 — x) sin 30° 
(10 + 3x = 2%) x 4 


2 
= 410+ 3x- x4) 


b Maximum A = 3,4, when x = 14 


1 
z 


6 a 3x(5 +x) sin 150° = 2 
Hx + x7) x p= 18 
5x+x%=15 
x45x-15=0 

b 2.11 


Exercise 9E 
1 


2=37.7", 
x= 48°, 


6.3°, z= 6.86 
9.5, z= 14.6 
z=30°, 1.5,z=11.5 
x=21.0°, y =29.0°, z= 8.09 
x = 93.8", y = 56.3°, z= 29.9° 
4=97.2°, 1.4°, z= 41.4° 


moneooe 
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Answers 


g " 3 
135°, y = 5.27°, z= 1.36 ei 
h x =7.07, y = 73.7°, z = 61.3° Beane 
7.07, y = 106°, z = 28.7° 
i x= 49,8", y= 9.39, 2 = 37.0° 
2 a ABC = 108°, ACB = 32.4°, AC = 15.1em Z 
Area = 41.2 cm* ake 90° 90° 180°? 
b BAC =41.5°, ABC = 28.5°, AB = 9.65 cm 
Area = 15.7¢m? 
3 a 8km — b 060° 
4 107km 
5 12km 
6 a 5.44 b 7.95 © 36.8" 
7 a AB+BC>AC+2x+6>752%>1; Sear ere 
AC+AB> BC+ 11>x+244<9 Bb: b-120 itl 60° 9/120 
b i x= 6.08 from x? = 37 o idan eSocoee 
Area = 14.0cm? 
ii x = 7.23 from x - 4(/2 - 1)x - (29 + 8/2) =0 Exercise 9G 
Area = 13.1.¢m? 1 a ilx=0° ii -1,x= 180° 
8 ax=4 — b 4.68cm* bi4.x=90° ii 
9 AC=1.93cm ce ilx=0 ii 
1 [2 - x)? + (x + 1)? - 2(2 — x\(x + 1) cos 120° d i4,x=90 ii 
— 4x + 2) + (2 + 2x + 1) - 2x? +2 + 2) (4) e i1,x=270° ii 
-x47 f ilx=30° 
2 


13 a 61,3° b 78.9¢m? 
14 a DAB = 136.3°, BCD = 50.1° 
b 13.1m* 
e 515m 
15 34.2cm* 


3 a The graph of y = -cos@ is the graph of y = cosé 


Exercise 9F reflected in the 0-axis 


1 


y=-cosé 


> 
1so° 27h 300° 


-1 


Meets @-axis at (90°, 0), (270°, 0) 

Meets y-axis at (0°, -1) 

Maximum at (180°, 1) 

Minimum at (0°, ~1) and (360°, 1) 

y=tand b The graph ofy = j sind is the graph ofy = sin? 
stretched by a scale factor + in the y direction. 


¥ 


=180° 90° 90° /180° @ 


Meets @-axis at (0°, 0), (180°, 0), (360°, 0) 
Meets y-axis at (0°, 0) 

Maximum at (90°, 9) 

Minimum at (270°, -4) 
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¢ The graph of y = sin40 is the graph of y = sind 
stretched by a scale factor 3 in the 0 direction. 
in 


1 1 


90° 180° 270° 360° # 


-1 


Only meets axis at origin 
Maximum at (270°, 1) 

d_ The graph of y = tan (@ - 45°) is the graph of tan@ 
translated by 45° in the positive @ direction. 


Meets @-axis at (45°, 0), (225°, 0) 
Meets y-axis at (0°, -1) 
(Asymptotes at @ = 135° and @ = 315°) 

a_ This is the graph of y = sin@ stretched by scale 
factor -2 in the y-direction (i.e. reflected in the 
d-axis and scaled by 2 in the y-direction). 


-180° -90° 9 Bo 9 
y=-2sin0 


-2 


Meets @-axis at (—180°, 0), (0, 0), (180, 0) 
Maximum at (-90°, 2) 
Minimum at (90°, -2). 

b_ This is the graph of y = tan@ translated by 180° in 
the negative 0 direction. 


y=tan(0 + 180°) 


> 
-180° -90° /0) 90° /isoe 


‘As tané has a period of 180° 

tan (0 + 180°) = tand 

Meets é-axis at (-180°, 0), (0, 0), (180°, 0) 
Meets y-axis at (0, 0) 


Answers 


¢ This is the graph of y = cos0 stretched by scale 


factor 1 horizontally. 


Meets d-axis at (-1574°, 0), (-1124°, 0), (-674°, 0), 
(-224°, 0), (224°, 0), (674°, 0), (1124°, 0), (1572°, 0) 
Meets y-axis at (0, 1) 

Maxima at (~180°, 1), (-90°, 1), (0, 1), (90°, 1), (180°, 1) 
Minima at (~135°, —1), (-45°, -1), (45°, -1), (135°, -1) 
This is the graph of y = sin@ reflected in the y-axis. 
(This is the same as y = -sin 8.) 


Meets 0-axis at (180°, 0), (0°, 0), (180°, 0) 
Maximum at (-90°, 1) 

M jum at (90°, ~1) 

Period = 720° 


Period = 360° 


> 
-360° £70°-180° + O foe 180° 27% 360° 


Period = 180° 
yh y=tan(#-90°) 


T T T — 
360° 270°-1807-90° 9 ‘90° 180° 70° 360°8 


24 
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Answers 


d_ Period = 90° 


6 a i y=cos(-6) isa reflection of y = cosé in the 
y-axis, which is the same curve, so cos @ = cos (-4). 


yh 


y=tan 20 


y=cos0 


> 
‘0° 360° 450° 4 


ii y =sin (-0) is a reflection of y = sin@ in the y-axis. 


y=sin(-@) 


ov 


eT oe 3a 


y =~sin(-0) is a reflection of y = sin(-#) in the 
6-axis, which is the graph of y = sind, 
so -sin (-@) = sind, 


yr 


y=sin(-0) 


ili y = sin (0 - 90°) is the graph of y = sind 
translated by 90° to the right, which is the graph 
of y = -cos 8, so sin (9 — 90°) = -cos 4. 


y=sin(0-90°) 


b sin(90° - 4) 
= -sin (-(90° — @)) = -sin(@ - 90°) 
using (a) (ii) 
= —(—cos 4) using (a) (iii) 
=cosé 


¢ Using (a)(i) cos (90° — 4) = cos (-(90° — 4) 
= cos (@ - 90°), but cos (6 — 90°) = sin é, 
‘so cos (90° — 8) sin 


7 a (-300°, 0), (-120°, 0), (60°, 0), (240°, 0) 
a 
» (2) 
8 a y=sin(x +60 
b Yes - could also be a translation of the cos graph, 
e.g. y = cos (x — 30°) 
9 a y 
y=sin(300° 
+ 
t 
b Between 1 pm and 5pm 
Mixed exercise 
1 a 155° b 13.7cm 


2 a x=49.5°, area = 1.37 cm? 


b x =55.2°, area = 10.6cm* 
© x=117°, area = 6.66 cm? 
6.50 cm* 

a 36.1cm* 


b 12.0cm* 
b 25.3 om 


aa ae 


= =sinC = C= 45° 
2 


Use the cosine rule to find the other side: 

x? — 2? + (V2)? - 2 x 2/2 cosC > x=V2cm 

So the triangle is isosceles, with two 45° angles, thus is 
also right-angled. 


7 a AC=V5,AB=\18,BC=V5 


_ AC? + BC? - ABE 
C08 ZACB = SCAG x BC 
545-18 
2x5 «V5 
nO SE 
"497 "5 
b 1}cm* _ 
8 a4 b 3 6650)em 
9 a 150km b 241° © 0.789km? 
10 359m 
11 35.2m 


12 a Astretch of scale factor 2 in the x direction. 
b A translation of +3 in the y direction. 
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1B a yA 


¢ Areflection in the x-axis. 
d A translation of -20 in the x direction. 


=tan(x—45° 
y=tan(x ) joes 


fo’ 135° 180° * 


b There are no solutions. Z 
14.2 300 -b (30,1) & 60 a3 


b 72° 
16 a The four shaded regions are congruent. 
" y=sind 


180° +a 


180°-a  X----5 
-14 


o 


sina and sin(180° — a) have the same y value, 
(call it k) 

so sina = sin(180° - a) 

sin (180° — a) and sin (360° — a) have the same 
y value, (which will be -k) 

so sina = sin(180° - a) 

= -sin (180° + a) 

= -sin (360° — a) 


y=cos0 


360°-a 


oy 


360° 


Answers 


y > ” 
i ¥Etand 
i 1 180°+a 
H f 7 
O} a 90° 270° 360° a 
i i / 360°-a 


b i From the graph of y = cos@, which shows four 
congruent shaded regions, if the y value at a 
is k, then y at 180° —a is -k, y at 
180° — a = -k and y at 360° - a = +k 
$0 cos a = —cos (180° — a) 
= -cos(180° + a) 
= cos (360° — a) 

ii From the graph of y = tan, if the y value at a 
is k, then at 180° - a it is -k, at 180° + a it is 
+k and at 360° — a it is -k, 
so tana = —tan (180° — a) 
= +tan (180° + a) 
= -tan (360° — a) 


b4 
c The dunes may not all be the same height. 


Challenge 
Using the sine rule: 


sin (180° — ZADB — ZAEB) = 


180° — 4ADB ~ ZAEB = 135° (obtuse) 
so ZADB + ZB = 45° = ZACB 


CHAPTER 10 
Prior knowledge check 
1a y 
1 
> 
7) 1° 0° 540° 8 
-1 
b 4 
© 143.1°, 396.9°, 503.1° 
2 a 577° b 73.0° 
3 ax=11 b x=% c x=-44,2° 
4 a x=lorr=3 
b x=lorx=-9 
ce rad £165 
a! 
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Answers 


Exercise 10A Challenge 
1 a 


sin @ = sin(180° - #)=a 
b y 


tang = 4; tan(180° - 4) = 


a 
=2 
For tan = 7 
Exercise 10B 
v2 3 1 v3 
tat b 3 -4 aie 
ae 2 5 2 
3 ail ‘i V2 
2 a : ¢ Second et tS > h - 
3 a d -1 e-1 i 3 {poe k -1 1.2 
f io jo 2 2 
4a b ¢ sin 20° m3 n 3 o 3 
d e f -cos70° 3 
g h i -cos20° 
j k 1 -tan 35° Challenge . 
=A = o tan60° aivs 2 
5a b e -siné b 15° 
d e f sing y2+3 -\2 
g h i sing ar Ta 
6a b © cosé 
d e f -cos@ 
g h i tang 
j k 1 tang 
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Exercise 10C 
la sine 9 b5 ¢ -cos?A 
d cos@ e tanx f tan3A 
g4 h sin?o il 
2 14 
3 tanx-3tany 
in? 
4 a i-sinto pb 90 e ging 
1-sin?0 
2 
aoe’ e 1-2sin%¢ 


10 


pas 


12 


sin@ 
(One outline example of a proof is given) 


a_ LHS = sin*@ + cos*@ + 2sin@ cos@ 
+ 2sin@ cos@ 
=RHS 
cos*@_ sin?@_ .. sind 
b LHS = 80 cosd = 59 cong 
= sin@ tané = RHS 
Lis = SINE , cosx _ sin’x + costx 
OSX sinx  sinx + cosx 
1_____rus 
sina + cos 
d_ LHS = cos*A - (1 — cos*A) = 2 cos*A - 1 
(1 - sin? A) -1 -2sin?A = RHS 


e LHS = (4sin*@ — 4 sin@ cos @ + cos*@) 
+ (sin? @ + 4 sind cos@ + cos*@) 
(sin? @ + cos*@) = 5 = RHS. 
— (sin?@ — 2sin@ cos @ + cos?4) 
= 2(sin*d + cos*) — (sin*@ — 2sin# cosé + cos*d) 
in? @ + 2sind cosé + cos?d 
@ + cos 4)? = RHS 
g LHS =sin?x (1 - sin?y) - (1 - sin?x) sinty 
in?x - sinty = RHS 


f LHS 


a sind=7, 

b 

© 

a 2 b 
a “3 b 
a a b 


a xtyt=1 


2 

b dxt+ye=4 orsts #21) 
wty=l 

d vey (l-x) or +®=1) 

e xt+y=2 


874127-10?_ 9 


a Using cosine rule: cos B = 


2x8x12 16 
v175 


16 


a Using sine rule: sinQ = 


Answers 


Exercise 10D 
1 a -63.4° b 116.6°, 296.6° 
2 a 664° b 66.4°, 113.6°, 246.4°, 293.6° 
3 a 270° b 60°, 240° 
e 60°, 300° d= 15°, 165° 
e 140°, 220° f 135°, 315° 
g 90°, 270° h 230°, 310° 
4 a 45.6°, 134.4° b 135°, 225° 
e€ 132°, 228° d 229°, 311° 
e 8.13°, 188° f 61.9°, 242° 
g 105°, 285° hh 418°, 318° 
5 a 30°, 210° b 135°, 315° 
© 53.1°, 233° d 56.3°, 236° 
e 54.7°, 235° f 148°, 328° 
6 a -120°,-60°, 240°, 300° b -171°, -8.63° 
ce —144°, 144° d -327°, -32.9° 
e 150°, 330°, 510°, 690° f 251°, 431° 
7 a tanx should be } 
b Squaring both sides creates extra solutions 
© -146.3°, 33.7° 
8a 
b 2 ¢ 26.6°, 206.6" 
9 71.6°, 108.4°, 251.6°, 288.4° 
10 a 4sin*?x - 3(1 - sin*x) = 2. 
Rearrange to get 7 sin?x = 5 
b 57.7°, 122.3°, 237.7°, 302.3° 
11 a 2sin*x + 5(1 -sin*x) = 1. 
Rearrange to get 3 sin’x = 4 
b sinx>1 
Exercise 10E 
1 a_ 0°, 45°, 90°, 135°, 180°, 225°, 270°, 315°, 360° 
b 60°, 180°, 300° 
© 225°, 125°, 2025°, 2925° 
d 30°, 150°, 210°, 330° 
e 300° 
f 225°, 315° 
2 a 90°, 270° b 50°, 170° e 165°, 345° 
d= 250°, 310° e 16.9°, 123° 
3 a 11.2°,71.2°, 131.2° b 6.3°, 186.3°, 366.3° 
© 37.0°, 127.0° d -150°, 30° 
4 a 10°, 130° b 71.6°, 108.4° 
5 a 
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(210°, -1) 
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Answers 


o 


(o. 8), (120°, 0), (300°, 0) 


86.6°, 333.4° 

0.75 

18.4°, 108.4°, 198.4°, 288.4° 

2.5 

No: increasing & will bring another ‘branch’ of the 
tan graph into place. 


Challenge 
25°, 65°, 145° 


ceope 


Exercise 10F 
1 60°, 120°, 240°, 300° 
45°, 135°, 225°, 315° 
0°, 180°, 199°, 341°, 360° 
77.0°, 113°, 257°, 293° 
60°, 300° 
204°, 336° 
30°, 60°, 120°, 150°, 210°, 240°, 300°, 330° 
45°, £135° b -180°, -117°, 0°, 63.4°, 180° 
114° d_ 0°, +75.5°, +180° 
72.0°, 144° b 0°, 60° 
No solutions in range 
£41.8°, £138° b 38.2°, 142° 
60°, 75.5°, 284.5°, 300° 
48,2°, 131.8°, 228.2°, 311.8° 
2 cos*x + cosx — 6 = (2 cosx ~ 3\(cosx + 2) 
There are no solutions to cos x = -2 or to cosx 
8 a 1-sin’x=2-sinx 
Rearrange to get sin?x - sinx + 1=0 

b_ The equation has no real roots as 6? - 4ac < 0 
9 a p=l1.q=5 

b 72.8°, 129.0°, 252.8°, 309.0°, 432.8°, 489.0° 


Pepe PpmMmenere 


Naan 


Challenge 
1 -180°, -60°, 60°, 180° 
2 0°, 90°, 180°, 270°, 360° 


Mixed Exercise 
1a -cos57° b -sin 48° e +tan 10° 
2 a0 2 e -1 

a 3 e -1 


3 Using sin?A = 1 - cos*A, sin?A = 1- ( 
Since angle A is obtuse, itis in the second quadrant 


and sin is positive, so sin A = = 
v 


Then tana = SA _ 
f2t 2 
4a Vt 4 2 
aay 5 
5 a cos’d—sin’o b sin*39 el 
4+tanx 
6 1 b tany=——~—— 
. 4* Fianx-3 
7 a LHS=(1+2sin0 + sin?0) + cos?a 


=1+2sin0+1 
=2+2sin0 
= 2(1+siné) =RHS 


382 


10 


13 
14 


16 


17 


18 


19 


20 


b LHS = cos*@ + sin? 
— sin?@)’ + sin? 
= 1-2sin*@ + sin*@ + sin? 


a Nosolutions: -1 < sin@ <1 

b 2 solutions: tan = —1 has two solutions in the 
interval. 

No solutions: 2 sin@ + 3 cos@ > —-5 

so 2sind + 3cos@ + 6 can never be equal to 0. 
No solutions: tan? @ = —1 has no real solutions. 
(4x - yy + 1) b 14,0°, 180°, 194° 

3cos 30 b 16.1, 104, 136, 224, 256, 344 
2sin 20 _ 

cos 20 

= 2tan20= 1 tan20=0.5 


b 13.3°, 103.3°, 193.3°, 283.3° 

a 225°, 345° 

b 22.2°, 67.8°, 202.2°, 247.8° 

30°, 150°, 210° 

0°, 131.8°, 228.2° 

a Found additional solutions after dividing by three 
rather than before. Not applied the full interval for 
solutions. 

b -350°, -310°, -230°, -190°, -110°, -70°, 10°, 50°, 
130°, 170°, 250°, 290° 


° 


eee 


a 2sin20=cos20> 


2 © 33.79.2137" 
9 40 
i bor 


Rearrange to give 4 sin?x = 3. 
b 120°, -60°, 60°, 120° 
~318.2°, -221.8°, 41.8°, 138.2° 


Challenge 
45°, 54.7°, 125.3°, 135°, 225°, 234.7°, 305.3°, 315° 


Review exercise 2 
1 x+3y-22=0 
2 x-3y-21=0 
3 4,-2.5 
4 a 0.45 
b 1=0.45h 
¢ The model may not be valid for young people who 


5 


are still growing. 


a y=-ix+4— b Cis(3,3) ce 15 
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wan 


16 


17 


18 


19 


20 


21 
22 


23 
24 


25 


26 


27 


28 
29 


35, 
(-6, 0) 
(x + 3)?+ (y - 8% =10 

a (x-3)'+ (y+ 1)? =20(a=3,6=-1,r= 20) 
b Centre (3, -1), radius ¥20 

a (3, 5) and (4, 2) 

b 10 
O<r<z 

a (x- 1)? +(y-5)?=58 

b 7y - 3x + 2 

a AB = 32; BC = 8; AC = 40; AC? = AB? + BC? 
b 

© 

a 

a 

b 

© 


AC is a diameter of the circle. 

(x - 5)* + (y - 2)? = 10 
=3,b=-2,c =-8 

26)° - 7G)" - 17) + 10 =0 

(2x — Ila — 5)(x + 2) 


24 

(x — 3)(Bx — 2)(x + 4) 

g(3) = 3°- 13(3) + 12 =0 

(x — 3)(x + 4) - 1) 

a=0,b=0 

a>0,b>0 

5% = 24 + 1; 7? = 2(24) + 1; 117 = 5(24) + 1; 

13? = 7(24) + 1; 17? = 12(24) + 1; 19? = 15(24) +1 
3(24) + 1 = 73 which is not a square of a prime 
number 


epee ee oe 


o 


a (x5) +(y- 4) = 3 

b vai 

¢ Sum of radii = 3 + 3 < V1 so circles do not touch 
a 1~ 20x + 180x* - 960x" +... 

b 0.817 

a=2,b=19,c=70 

4 

10 em 


a cos 60° = 5 = (5? + (2x — 3)? - (x + 1)*) + 2(5)(2x — 3) 
5(2x — 3) = (25 + 4x? - 12% + 9- x? -2x - 1) 
0 = 3x* - 24x + 48 


a? -8x+16=0 
4 


10.8 cm? 

11.93km 

100.9° 

AB = BC = 10 cm, AC = 6/10 cm 
143.1° 

19.4 km? 

a (x5) + (y- 2) = 25 

b 6 


ceoros 


© X¥= 90; YZ = /20; XZ = 98 
cos XYZ = (20 + 90-98) = (2 x v20 x 90) 
cos XYZ = 12 = 60/2 = /2 = 10 


Answers 


b2 
31 a (-225, 0), (-45, 0), (135, 0) and (315, 0) 
v2 
b (0-3) . 
32 Area of triangle = 1 x sxsxsin60or = = 
Area of square = 


33 a 1 
b 45°, 225° 
34 30°, 150°, 210°, 330° 
35 90°, 150° 
36a 2(1 - sin*x) = 4 - 5sinx 
2-2sin?x=4-5sinx 
2sin?x—5Ssinx+2=0 
b x= 30°, 150° 
37 72.3", 147.5", 252.3", 327.5° 
38. 0°, 78.5", 281.5", 360° 
39 cos*x (tan?x + 1) 
= ens? x{ Sin? x 
a) 


= cos*x + sin®x = 1 


Challenge 

1 a 160 
b (- 3.0) 

2 The second circle has the same centre but a larger 
radius ; 
nyo n n! a! 

3 (f)+(04)= gqom* Geto 


= mik+ 1) ra niin =k) 
(k+ Dlin- ki tk + Dlln = kit 


as nik + 1) + (n - &) 
(k+ 1)M"n - kK)! 


_ mins 1) 
(k + 1)in - kt 


_ (n+)! 
© (e+ DMa= 


(034) 


4 0°, 30°, 150°, 180°, 270°, 360° 


Total surface area = 4 x( Be) +s? = (V3 + 1)s?em* 


CHAPTER 11 

Prior knowledge check 

reG) 9G) & 

2ag b= eZ 

3 a 123.2? b 13.6 © 5.3 d 214° 


Answers 


Exercise 11A 
loa b 
Hy are 25 
8 c-d > 
== ae Ha 
G j¢ £ 
b+e+d 
e 2c f 
a 
2e4 3d 3d 
a-—2b, 
2h 


2 a 2b bd eb 
d 2b e d+b f d+b 
g -2d h -b i 2d+b 
j -b+2d k -bed 1 -d-b 
3 a 2m b 2p cm 
dm e p+m f p+m 
g p+2m h p-m i -m-p 
j -2m+p k -2p+m 1 -m-2p 
4 ad-a b a+b+e 
© at+b-d d at+b+e-d 
5 a 2a+2b b atb ec b-a 
6 ab b b-3a ce a-b 
d 2a-b 
7 a OB=a+b  b OP=3a+b) ¢ AP=3b-ja 
8 a Yes(\=2)  b Yes(\=4) € No 
d Yes(\=-1) e@ Yes(\=-3) f No 
9 aib-a _lija iti bb iv tb—ta 
b BC=b—a, PQ = ib - a) so PQis parallel to BC. 
10 a i 2b iia-b 
b AB = 2b, OC = 3b so ABis parallel to OC. 
11 1.2 
Exercise 11B 
ald! . 5 (9 Ss 4 
1 v8i,(6) ve 9143},(3) ve ai +25. (73) 


Vy: 314 5j, () Vg: ~3i - 2j, «) Ve - 5, (2) 


2 a 8i+12j b 
d 10i+j e 

g 14i-7j h -8i+ 9 
b 


aa (3 
4 (6) 
aaA=5 

5 a A= 
c 


b si-12j 
a5 b 10 
d 447Gsf) e 5.8335.) 
g 5.83(3s.0) bh 4.12(3s.0) 
a \26 b 52 
14 ai 5 
a 3(3) » giz 
1/-7 1/1 
© 35(94) a (4) 
4 a 53.1° above b 
© 67.4 above a 
5 a 149°to the right b 
¢ 31.0° to the left d 
; (152 
6 a 12, , 152, | 2 ij 
15V2 
2 
18.1 
c 8.i- 8.455, ( 81 d 


7 a |3i+4j]=5,53.1° above 


b [2i-j=V5, 26.6° below 
2) 
SRT 


© |-5i+ 2j] = /29, 158.2° above 


8 
9 


ec 13 
f 8.06 (3s.f) 


© 101 


53.1° below 
63.4° above 
29.7° to the right 
104° to the left 


7.521 + 2,74), (G35) 
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Answers 


10 a 36.9° b 33.7° © 70.6° b TP=a+b,PS=Mb—a)+22a+b)=a+b 


al b 0 TP is parallel (and equal) to PS and they have a point, 


Challenge P, in common so T, P and S lie on a straight line. 
Possible solution: 


Challenge: 
a PR =b—a, PX =/(b - a) =—ja+ jb 

b ON=a+1b,PX=-a+ kla+th)=(k-1a+tkb 
© Coefficients of a and b must be the same in both 


expressions for PX 
Coefficients of a: k — 1 = ~j; Coefficients of b: j 


d_ Solving simultaneously gives j = 4 and k = 


© PX= JPR. eSeby Saat SO 
By symmetry, PX = YR = XY, so ON and OM divide PR 
Area of parallelogram = area of large rectangle — 2(area of into 3 equal parts. 
small rectangle) — 2 (area triangle 1) - 2(area triangle 2) 
Area of parallelogram = (p + ri(q + s) - 2qr - 25pq) Exercise 11F 
~ 24rs) = ps - gr 1 a 5ms* b 25kmh* 
ec 5.39ms" d 8.06cms* 
Exercise 11D 2 a 50km b 51.0m 
> > = e 4.74km d 967m 
la La ean 3 a Sms", 75m b 5.39ms", 16.2m 
SU) ane aes a ¢ 5.39kmb,16.2km — d 13kmh7,6.5km 
bi V40=2/10 i 37 _~—itt V74 4 (281- 1.6)ms? 
1 5 a 545° b 0.3/74 Newtons 
2 a -i+5jo 
Hor () 6 a 266° belowi 
bis ii 13 iit /26 b R=(3+p)i+(q-4)j,3+p=2d and 
4 q-4=-\>\=4-q 
aoa ~i- 9 or (75) 3+ p=24-q)>3+p=8-2qsop+2q=5 
bive2 5 iii (61 © Bl=stit news , 
4 a -2a+2b  b -3a4+2b  ¢ -2a+b 7 10= 100), «Bs 21094 ie: 700m 
ome 8 a V4 b 303.7" 
5 (5) (3) © AB = 4i— 5j, v = 2(4i — 5)) so the boat is travelling 
7 directly towards the buoy. 
Se are bane d 241 30 minutes 
7 5 
— 
Mixed exercise 
Se sh lg 1 a 2/10 newtons b 18° 
OB = 2i + 3) or OB = 881+ 25 2 a 108° b 0.48kmb! 
3 a 9.85ms" b 59.1m 
Exercise 11E c The model ignores friction and air resistance. 
i Wixbce Mecca hia xeon r tis sor eoeny less sant as ; ere 
Hence a +e = 2b, a b= -4a e ga- 3a- 
2 aia fir Bt azo 
b Sides of triangle OAB are twice the length of sidesof 6 a ) b (8 e (12) 
triangle PAQ and angle A is common to both SAS. -1 5 13 
3 a 2a+4b 7 a 31-3 bb 325" 105 
ag = ais 8 a p=-15 b i-1.5j 
b AN=7(h— a), AB=b—a,NB=3b—a) 9 a i 8i+ 15)) ii 61.9° above 
ue b i Z(2ai- 7 ii 16.3° below 
ee , ce i TU9i + 40)) ii 102.7° above 
b AP=-a+4a+2e=2c-a), 1 
ane ie d iei-2% ii 33.7° below 
PC =e - (Ga + 2¢) = He - a) so AP:PC = 2:3 vB 
5 a (26 b 242 ce 32 10 p=8.6,g=12.3 
d ZBAC = 56°, ZABC = 34°, ZACB = 90° 11 46 
6 a OR=a+1(b-a)=2a44b, 12 a 3a+2b b 2b 
OS = 30R = 3a + 4b) =2a+b ¢ AB=b~-a,AN=2(b—a) so AN: NB =2:3 
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Answers 


13 a 18.4° below 


b R=(4+ pii+ (5 - ij, 4+p=3\ and5-q=-\ 
4+ p=3(q-5)sop+3q=11 
© 2/10 newtons 


14 ¥193 


2 


Challenge 
Op=3 99 
OB = $i + 3 or Bi+ Si 


CHAPTER 12 
Prior knowledge check 
1 a5 b - et 
2 a x b xi ext dix 
3 a y=hr-2 bb y=-hy+8h © y=-te+7h 
4 y=-heory=-tx+12 
Exercise 12A 
1 a | «-coordinate -1/0}1]2]{3 
Estimate for gradient | _4| 5] 9 | 9 | 4 
of curve 
b Gradient = 2p - 2 e1 
2 a 1-06? = 70.64 =0.8 
b Gradient = -0.75 
ce i-1.21(3s.f) ii -1 iii -0.859 (3 s.f.) 
d_ As other point moves closer to A, gradient tends to 
-0.75, 
3 ai 7 ii 6.5 iii 6.1 
iv 6.01 vi h+6 
b 6 
4ai9 ii 8.5 iii 8.1 
iv 8.01 v 8+h 
bs 
Exercise 12B 
1 a P)= gl? D=82) yy 2+ A= 2t 
= tp AME tng + d= 4 
b f(-3) = tim A aii f{-3) — Sait # 
0 +h)- M0) _ | h?- 0? _ |, 
© P(0) = im = him =O" = him = 0 
_ £50 +h) - £50) _ (50 +h)? - 50? 
£50) = fi PP EO tim COREE 
= fy 00h Ie Jim (100 + h) = 100 
fix + A) — fix) (w+ hp -x 
2 a fa)= ae lig 
iy 2a SME = Ley (2+ 1) 
b Ash iterates 
386 


# eee ty (=2 = (2p 
: gina nap acon 
2 SSS 
jm 12h - Gh? +h? _ 
= fy SSE = limp (12 — 6h + 1) 
b g=12 
' _ 1+ AP - 5-1 +h) 
4 a Gradient of 4B = 
_n1+ 3h = 3h? + W845 ~-5h-4 
h 
—— 2 
b gradient = -2 
dy 6(x +h) - 
5 a 
dy Ala +h)? — 4x 8xh + 4h® 
6 ea fg SEE = Yo 2 
(8x + 4h) = 8x 
7 a(x + h)? - * = tim = a)x? + 2axh + ah* 
h aa h 
2axh + ah’ _ tim Zax + ah) = 2ax 
Challenge 
re 14 
yp eth xy e-@+M 4 
8 Pel = on ee ae 
tint 
“Ee ah 
= papa! oe! eee 
b=" ee Ee 
Exercise 12C 
1 a 7x* b 8x7 ce 4x 
e jrt f ix g -3x4 
i -2x7 j -5x* k -tet 
m 9x° n 5x o 3x 
qi r 3x? 
2 a 6x b 54x* e 2x d 5x% 
5 x! 2 1 
e Bx! f -10x* — g 6x h 
i 24 ioBe 
3 bt © 3 d 2 
x 
i 2 
Exercise 12D 
1a 4x-6 bx+12 © 8 d 16x +7 
e 4-10x 
2 a 12 b 6 e7 d 23 
e 2 f4 
3 4,0 
4 (-1,-8) 
5 1-1 
6 6.4 
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7 
e At the turning point, the gradient of y = f(x) is zero, 
ie. P(x) = 0. 
Exercise 12E 
1 oa 4x*-x? b 10x*-6x-"  ¢ Oxi- x? 
2 a0 bout 
3 a (2b b (4,-4) and (2, 0) 
c @4 G44.) 
4 ax b -6x* ce -xt 
d fea pet-6rt of peta pet 
g -3r? h 346r? i Sxb+ det 
jo 3x?-2r+2 0 k 12x"+ 18x21 24x-8 + 2x% 
5 al b§ ec 4 d4 
6 -2 
7 a 512-2304x + 46082 
b rte) = 40612 - 23044 + 460849) 
2304 +2 x 4608x 
= 9216x ~ 2304 
Exercise 12F 
1 a y+3x-6=0 
c 3y-2x-18=0 
@ y=12x414 y 
2 a Ty+x-48=0 b 17y+2x-212=0 
3 (13,18) 
4 . dy + x-9 = 0; (-3, 3) 
5 8x + 10, 8y-x- 145 =0 
6 3) 
Challenge 


L has equation y = 12x ~ 8. 


Exercise 12G 
1 a x2-$ b x<2 ce x<-2 
d x<2,2>3 e xeR f reR 
g x20 h x>6 
2 a x<45 b x>2.5 © x>-1 
d -<x<2 e 3<x<3 ff -<x<5 
g 0<x<9 h -2<x<0 
3 P(x) =-6x*-3 


x? > 0 forall x € R, so -6x? - 3 <0 for allx €R. 
fis decreasing for all x € R. 

a Anyp>2 

b No. Can be any p > 2. 


3THSEC 


Answers 


(3, 27) minimum 
(}. -3) minimum 
(2, -4V2) minimum 


Exercise 12H 
1a 24x+3,24 
b 15-3x%, 6x" 
© $xt+ 6r%,-$x?-18x4 
d 30x + 2,30 
e -3x?- 16x°, 6x3 + 48x74 
2 Acceleration = $07 + 367 
3 3 
2 
ta 
Exercise 121 
1 a -28 b -17 e+ 
2 a 10 b4 ce 12.25 
3 a (-3,-3) minimum 
b (5,94) maximum 
e (4,14) maximum, (1, 0) minimum 
d (3,-18) minimum, (-},34) maximum 
e (1, 2) minimum, (-1, -2) maximum 
ig 
g 
h 
i 


(v6, -36) minimum, (-/6, -36) minimum, 
(0,0) maximum 


yoe--x41 


387 


Answers 


y= x(x? -4x-3) 


y=f (a) 


RY 


5 (1, 1) inflection (gradient is positive either side of point) 
y 
yaaa +e 
e yw 86 
6 Maximum value is 27; fx) < 27 y=Px) H 
7 a (1,-3): minimum, (-3, -35): minimum, (~ },322): _————— 
maximum o H % 
f ys 
y=0 
}___, 
0 af 
‘y= E(x) 
2a 


(-3, -35) 


Exercise 12) 


1a nN 
yarn” 


y=f(x) 


© fix)=x° - 7x7 + 8r+16 
f(x) = 3x? - 14x + 8 = (3x - 2)(a - 4) 
d (4,0), (2, 0) and (0, 8) 


0 x 
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Answers 


Exercise 12K 11 a=1,b=-4,c=5 
1 2-3 2 2n 3 4 12 a 3x7-10x+5 
4 480 5 18 big ii y=2x-7 ii V5 
6 a Letx = width of garden. 13 y= 9x-4 and 9y +x = 128 
a+ 2y=80 4a (4-2 re 
A=axy =2y ee 5 
b 20m 40m, 800m? 15 Pis (0, -1), 7 = 38° ax—4 
7 a 2nr? + 2nrh = 600n => h = 300-7 Gradient at P = -4, so L is y = -4x - 1. 
F ~4x -1 = x3 - 2x? - 4x - 1 x(x 2)=0 
V= arth = wr (300 - r°) = 300ar — n° gm De y=n9, 5001 2.9) 
b 2000ncm’ Distance PQ = (2 — 0 +(-9 — HI = 68 = 2/17 
8 a Let é@=angle of sector. 16 a x=4,y=20 
O 36000 ay 3.4 
rx 2 = 100 + 9 = 36.000 PY 3 oy 
Wx Fe = 100 rE b get pi toe 
7 Oo] 200xr dy 15 
P= Ort Bar x Fo = Or SO atr=4, 54-80 
= ar + 100 (4, 20) is a local minimum. 
17 (1, -11) and (5, -37) 
0.<2n + Area < xr*, so nr? > 100 an 
(100 18 a 73 
warp (200 * : 
b 40cm b P(x) =(x-4) > 0 forall values of x 
9 a Leth = height of rectangle. 19 (1,4) 
P=nr+ 2r+2h=40 = 2h = 40-2r-ar 20 a (1,33) maximum, (2, 28) and (-1, 1) minimum 


= 40r-2r°-4) 
=40r- 2-3 
800. one 
aera 
10 a 18x + Ly = 1512 + y= 191218 


A= rt + Orh = Fr + r(40 - ar - x0) 


A= 12xy = tay(1512— 182) 


= 12964 ~ 1088" 
b 27216mm? a let an? 425 
: ; b x=42/2 orx=0 
Men etaee ied : ¢ OP =3; P(x) > 0 so minimum when x = +2/2, 
1 P(e) = PEE 20zh+ 10K maximum when x = 0 
te oieetinieon 23 a 3+5(3) +3°-3"=0 therefore Con curve 
Speer ths abe b Ais (-1, 0); Bis (3, 923 
2 a y-coordinate of B= (6x) + 3(6x)? + 65x + 4 a 
Gradiemt = (Gt! 31x)? + 65x + 4) — 4 7 
(1+ da)—1 g 
dx) + 3(5x)? + 65x _ = 
ab ale 5 + 0% _ (Sx)? + Bax +6 2a Time (s) 
ici ZO 0, A220 
& 
3 4,11), 173 > 
4 2,23 
5 (2,-13) and (-2, 15) 
68 tek b x=33 
2 
7 dxt+2x3 
8 a Wort grie dria b 992 2000), 500 
are 
9 axtr-xi-1 bisixisdr? oc i 


10 6x* + 5x2 - 2x? 


Zetg 
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Answers 


=%(8 -4x- 
= g(8— 4a —nx) 


¢ —2—m? (0.280m’) 
44m 
mx? + 2nx + nx? + 2nxh = 800 
~40-2-2? 
——— 


28a 


Ve nvth = net(20=2-#) 
= (40x — x? — x) 


: 
1w e $Y co: maximum 


e@ 225% 


29 a Length of short sides = 


v 
Area = $ x base x height 


2\2 
b Let / be length of EF. 
él 16000 
qrtl= 4000 > 1= 205 


S=2(}x')+ = 


© x= 20/2,S = 1200m* a T5509 
dee 
Challenge 
a x74 Tah + 21h + 35x 
a (e+ he rath + 2axih? + 35x! 
Eee = fi BY = tm / 


= lim (7x° + 21h + 35xth*) = 7x* 


CHAPTER 13 

Prior knowledge check 

1 a 5x3 b 2x! © xi- VE d xritdr 
20a 6x43) bx-1  ¢ are2r d Loar 
a a 


390 


Exercise 13A 

1 y=it+e 
y=xtte 
yaixite 
=-iv+e 


7 

y=-l0xt+e 
y=3x%40 
y=-9xi +0 
y=3x2+0 
y=iat-3xi+6r' +e 
y=4r+4x244xi +e 
y= 4x4 - 3x4 4x2 +0 
fix) = 6x? - 3xh + Sx+e 
fix)=xi+at+e 

fix) = 3xi- 6x40 


fx) = 3x3 - 2xt+tatec 


Z 
4 y=*2 yout + 9x0 


moe peeRegr mM on 
aerracvus “reac 


5 fix)=-3r' + 4ri+ 2 4x4 


2 
Challenge 
eat? € 18 SD. 
Yai Bal Bae ee 
Exercise 13B 
1a Eee 
© -x7+¢ 
2 a ttetrtec 


© 2xi-x+e 
4x4 6x! +0 b 
* 
e -4x3+2 -axite 
3 
erate b 
¢ 
oF 4 atr- 3x3 40 
5 
Crt ec b 


© oe + G+ prt+e 


3 
ax-T+e b 


c ixis2zrise 


y=-5x +0 
y= Pree 


yar Sxltat + 


y = 3xi - 22 
yax'+ ete Brtc 
fx) = x6 tatte 
flx) = 2x5 - da* +e 


~6r!-2xh +e 


dx? +2ai-2xt40 


$6 +6ti+t+e 


des 6x24 9r4+0 
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7 a ds2x-tre b desSxiedrte 


e atdrite 


11 2x + 3x*- Ox! + ¢ 
12 a (2+ 5vx)*=4 + 10VE + 10V¥ + 25x =4 + 20V¥ + 25x 


Rages 
b ars Ey 2x + 
13 =. Brite 


14 p=-4,q=-2.5 
15 a 1024 5120x + 11520x* 
b 1024x ~ 2560x? + 3840x" + ¢ 


Exercise 13C 


1 a yox'+x?-2 b ya Tare 


© y= zxle hated ds y=6/8 -$x*-4 


@ yap s Qxt+ e+e 
1 


f y=Sxis6xi41 


f(x) = 3x + 2x* - 3x - 2 
y= 6x42 us 
a p=tqe1 

a fo = 100 - 5 b 7 


a ft) =-4.9 + 35 
¢ 35m 
e e.g. the ground is flat 


Challenge 
1 f(x) 


eS 


b 23.975m 
d 2.67 seconds 


aml 
3Bx4x5x..x(n+1) 


4 
Fhe) = 5 


2 fe)ax+ 1; fe) =f27 +241; 4G) =te +he7 4241 


Exercise 13D 
1a 152} b 482 e 5 a2 
2 a 5} b 10 © 113 d 605 
2 1 nu 1 
3 a 163 b 465 et d 23 
4 Az=-Tor4 
5 28 
6 -8 +83 
25 
7 k= 
8 450m 
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Answers 


Challenge 
k=2 


Exercise 13E 
1 a 22 b 365 
24 3 6 
5 2b 6 ¢ 
8 a (-1,0)and (3,0) 
9 


(-3, 0) and (2, 0) b 2b 
f\-3) =0 

fla) = (x + 3)(-x* + 7x - 10) 

fla) = (a + 3)(a - 5)(2 - x) 

(-3, 0), (2, 0) and (5, 0) 

1432 


eoneo ep 


Challenge 
tad bo oF d 4} es 
2 a Bhas x-coordinate 1 
1 
28 = [Lact + tat 
Jere 2x)dx = [Lx + 3° 


5 
2 


So area under x-axis is 5 

Area above x-axis is 

(Jot + Jor— 0 = (fat «Jat —) =f 
So the x-coordinate of a satisfies 

3xt + 4x3 — 12x + 5 =0 

Then use the factor theorem twice to get 
(x - 1182? + 10x + 5) =0 
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Answers 


b Ahas coordinates (Ay. = BOs S110) 


27 
The roots at 1 correspond to point B. 


-v10 


The root 2510 gives a point on the curve to the 


left of -2 below the x-axis, so cannot be A. 


Exercise 13G 

1 a A(-2, 6), B(2, 6) b 102 

2 a A(1, 3), BG, 3) buy 

3 68 

4 45 

5 a (2,12) b 135 

6 a 203 b 172 

7 a,b Substitute into equation for y 
© y=x-4 d 83 

8 3h 

9 a Substitute x = 4 into both equations 
b 7.2 

10 a 2it b 28 

11 a (-1,11)and (3,7) b 214 


Mixed exercise 


1 b ixisdxi+e 
2 
3a b axis+dzi+e 
4 4xl-2xl-6rl+e 
5 xaite e+ t— 8% 
6 a A=6,B=9 
7 a fri-sxt b 6x! + 32x! - 24x +0 
8 a=4,b=-3.5 
9 25.9m 
10 a f= 5040 b 7.8 seconds 
11a -1,3 b 102 
wa Ly5r-se+e bt 

3 3 
13 a (3,0) b (1,4) ce 63 


14a fxt+2rt 0 b 2xi-8xi+e ¢ A=6,B=-2 


Sx) ade l4— x) 

¢ 133 (3 sf) 

b 131 
A(1, 0), BS, 0), C(6, 5) b 102 
q=-2 b (6,17) e 13 


9 16x! 
19 -3-"go + 2a*— Sete 


20 A=-60rl 

21 a (y= 2= 2d = ae? + 24 
b Pr) =-16r? + 12x — 4° 
c fey =-S-tax+2n-2-22 

22 a (-3,0)and (4,0) b 145 
23 a (-3,0) and (4, 0) b 553 
24 a -2and3 b ay 


= 8x? - 12+ 6x?-x* 


Challenge 
1075 

CHAPTER 14 

Prior knowledge check 

1 a12 bi © 32 d49 e1 


3 
2a6 by ¢ ® dx 
3 gradient 1.5, intercept 4.1 


Exercise 14A 
la 


4 a True, because a° = 1 whenever ais positive 
b False, for example when a = + 
© True, because when a is positive, a > 0 for all 
values of x 
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Exercise 14B 
1 a 2.71828 b 5459815 e¢ 0.00004 d 1.22140 
2a ys 
y=er 
0 % 
b Student's own answers 
© e= 2.71828... 
ce! = 20.08553... 

3 a 


y=2e'-3 


3THSEC 


Answers 


4 a A=1,C=5,bis positive 
b A=4,C=0,b is negative 
cA . b is positive 

5 A 


7) 
6 a bem b -le# © Ide 
d 2e04 e Be+2e ff Zeer 
7 a 3e° b 3 ce 3e14 


8 f(x) =0.2e°% 
The gradient of the tangent when x = 5 is 
£'(5) = 0.2e' = 0.2e. 
‘The equation of the tangent is therefore y = (0.2e)x + c. 
At (5, e), e = 0.2e x 5 + ¢, so ¢ = 0 and when x = 0, y = 0. 


Exercise 14€ 
1 a £20000 b £14331 
€ vie) 
20000 ss 
V=200000* 
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Answers 


d Model predicts population of the country to be over 
200 million, this is highly unlikely and by 2500 new 
factors are likely to affect population growth. Model 
not valid for predictions that far into the future. 

a 200 

b_ Disease will infect up to 300 people. 


00 -100e%-5" 


t 


a i 15 rabbits ii 132 rabbits 
b The initial number of rabbits 
aR a 
GR _ 9 4q02m 
© on e 


when m = 6, 42 7,97 =8 
dm 
d= The rabbits may begin to run out of food or space 
5 a 0.565 bars 
b ¥ =-0.13e°!™ = - 0.13p, k = -0.13 
c The atmospheric pressure decreases exponentially 
as the altitude increases 
d 12% 
6 a Model 1: £15733 
Model 15723 Similar results 
b Model 1814 
Model 2: £2484 Model 2 predicts a larger value 


c T 


d_ In Model 2 the tractor will always be worth at least 
£1000. This could be the value of the tractor as 
scrap metal. 


Exercise 14D 


1 a log,256=4 b logs} =-2 
© Logi 1000000 = 6 di logy, 11=1 
e@ log,20.008 = 3 

2 a 2=16 b 5%=25 
© 9:=3 d 51=0.2 
e 10°= 100000 


3 a3 b2 e7 di 
e 6 gt g -l h 2 
i 10 § -2 
4 a 625 b9 c7 d9 
e 20 f2 
5 a 2475 b 2.173 e 3.009 d 1,099 
6 a 5=log,32 <log,50 <log,64=6 
b 5.644 
fv ait iil iii 1 b a'=a 
8 aid ii 0 iii 0 b a= 
Exercise 14E 
1 a log,21 b log.9 c¢ log;80 
d e€ log: 120 
2a b log, 36 =2 ce log, 144=2 
d log.2=5 e logy 10=1 
3 a 3log,x+4log.y + log,z 
b Slog, x — 2log,y 
ec 2+ 2log.x 
d_ log.x ~ Slog, y ~ log, z 
e 5+ Slog.x 
4a bt ce 30 d 2 
5 a log, (x + 1)-2log,(v-1)=1 
log, Zh 
xt1_ 
@-1F* 
a+ 1=3(x-1)? 
x+1=3(x*- 2x41) 
3x*-74+2=0 
b xr=2 
6 a=9,b=4 
Challenge 
log, x = m and log,y =n 
x=a"andy=a" 
x+y=a"sa"=a"" 
fz = = 
log, (jp) = m — n= log, x logy 
Exercise 14F 
1 a 6.23 b 2.10 e 0.431 
d 1.66 e -3.22 f 1.31 
g 1.25 h -1.73 
2 a 0,2.32 b 1.26, 2.18 e 1.21 
d 0.631 e 0.565, 0.712 ro 
g2 h 
3 a 5.92 b 
4 a (0,1) 
5 b 7.9248 ce 0.2966 
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Exercise 14G 

1 a In6 b c 
@ tin() e t 

2 ae b c 
d fle 2) e 3 

3 a In2,In6 b c 
d in4.0 e f 

4 In3,2In2 

5 a f(e*+3) b 3(n3+40) ¢ 
d eet 
1+In5 

© g4in3 


7 a The initial concentration of the drug in mg/l 
b 4 


¢=-10In (5) = 6.931... = 6 hours 56 minutes 
8 a (0,3+In4) b (4-e°) 


Challenge 

As y = 2 is an asymptote, C = 2. 

Substituting (0, 5) gives 5 = Ae® + 2, so A is 3. 
Substituting (6, 10) gives 10 = 3e% + 2. 
Rearranging this gives B = }In(5). 


Exercise 14H 
1 a logS=log(4 x 7) 
log S = log4 + log7* 
log S = log4 + xlog7 
b gradient log7, intercept log 4 
2 a logd = log(6x') 
logA = log6 + logx* 
logA = log6 + 4 logx 
b gradient 4, intercept log 6 
3 a Missing values 1.52, 1.81, 1.94 
b logya 
2.5 
2 
15 
1 
0.5 


Ds See oe ear gre mane et cary oo od 
0 0.20.40.60.8 1 1.21.4 logxr 


ce a=3.5,n=14 
4 a Missing values 2.63, 3.61, 4.49, 5.82 


b logyk 
7 


6 
5 
4 
3 
2 
tS 


ee 
0 2 4 6 8 10% 
¢ b=3.4,a=10 


Answers 


5 a Missing values -0.39, 0.62, 1.54, 2.81 


b logh: 
4 


2 1 «0 1 2 3 logm 
a= 60,6 =0.75 

1,600 keal per day (2 s.f.) 

Missing values 2.94, 1.96, 0.95 


log, 
4 


3.5 
3 
2.5 
2 
15 
1 


opas 


05400 
0 

005115 22'5 3 3:5 logk 

A = 5800, b = -0.9 

694 times 

Missing values 0.98, 1.08, 1.13, 1.26, 1.37 
P= ab! 


weeac 


log P = loga + tlogb 
© logP, 
14 
1.2 
1 
0.8 
0.6: 


0.4 
0.2 


0. 
O 5 1015 202530354045 ¢ 


a=7.6,b=1.0 

The rate of growth is often proportional to the size 
of the population 

a logN = 0.0950 + 1.6 

b a=40,b=1.2 
c 

a 


on 


The initial number of sick people 
9500 people. After 30 days people may start to 
recover, or the disease may stop spreading as 
quickly. 

a logA = 2logw- 0.1049 

b g=2,p=0.7854 

Circles: p is approximately one quarter x, and the 


width is twice the radius, so A = = qlenk =ar’, 


Challenge 
y= 5.8 x 0.9" 


395 


Answers 


Mixed exercise 
la 


2 a 2log,p+log.q b log,p=4,log.g=1 
3 a lp b ip+i 
4 a 2.26 b 1.27 © 7.02 
5 a 4'-2"'-15=0 
2-2 2-15=0 
(27-2. 2-15 =0 
w-2u-15=0 
b 2.32 
6 x=6 
a -e lle"* © 30e* 
e845 In5 it B+ 13 
Ube e nia ad 545 
et 
e 0 > 
9 a £950 b £290 © 4.28years d £100 


f A good model. The computer will always be worth 
something 
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11 


12a 


14a 


2 
o- (a 
(0, 0) satisfies the equation of the line. 
2.43 
We cannot go backwards in time 
75°C 
5 minutes 
The exponential term will always be positive, so the 
overall temperature will be greater than 20°C. 
S=av’ 
logS = log(aV’) 
log S = loga + log(V") 


log = loga + blogV 
1.26 
0.86 


1.70 
1.53 


2.05 
2.05 


2.35 
2.49 


0.00. 
0.00 0.50 1.00 1.50 2.00 2.50 3.00 logs 


The gradient is approximately 1.5; a = 0.09 
The model concerns decay, not growth 


Ra 
140 
R= 1400" 
Ol % 
70 = 14060" 


6.3 million views 


av 
dx 
9.42 x 10" new views per day 

This is too big, so the model is not valid after 
100 days 

42 

i 1.12 x 10% dyneem 

ii 3.55 x 10%dynecm 

divide b ii by bi 

They exponentiated the two terms on RHS 
separately rather than combining them first. 
x=2445 


= 0.4004 
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Review exercise 3 


bi 


aeadaH 


qd, 
10 & 


int 


12 


13 


14 
15 


16 


All equal to 145 
(x- 18 + (y+ 3% = 145 
~2i - 8] 


a SN 
m= 50V3 + 30,n=50 


a \(-75)? +180? = 195 > 150 = 90" + 1207 
b Boat A: 6.5 m/s; Boat B: 5 m/s; Both boats arrive at 
the same time — it is a tie. 
iy Ole + A)? Sax? 
h 


jm Dk? + 1Oah + Sh? ~ 5x? 
ol 2 ee 


=liny aah She 
=Ijm 10x + 5h 
= 10x 


b Substitute x = 4 into equation for C 

¢ Gradient of tangent = 3 so gradient of normal = + 
Substitute (4, 8) into ) 
Rearrange y = $x + 2 

d PQ=8y10 
dy 


aot Sa, at P this is 3 


oreo 
> 
" 
x 
wo 
a 
2 
> 
i 
= 


When x = 1, f'(x) = 5, gradient of 2y = 11x + 3 is 
5}, So it is parallel with tangent 

f(x) = 3x* - 24x + 48 = B(x - 4)? > 0 

a A(1,0) and B(2,0) 

b (v2, 2V2-3) 


a V=nrh= 1287, so h = 128 


z 
S=2arh + 2nr? = 2567 5 acy 


b 967 cm? 


big 


18 


19 
20 
21 


22 
23 


24 


25 


26 
27 
28 
29 
30 


Answers 


da 
a ae Ort 2et 


o 
u 
a 
1 
» 
he 


2x3 - 5a? - 12x 
x(2x + 3)(x — 4) 


eee o 


*% 


a -x' + 3x? +4 = (-a? + 4)(a* + 1); 27+ 1 = 0 has no 
real solutions; so solutions are A(-2, 0), B(2, 0) 

b 19.2 

43 square units 


a P(-1, 4), Q(2, 1) 
b 4.5 
a k=-1, A(O, 2) 
b In3 
a 425°C b 7.49 minutes ¢ 1.64°C/minute 
d_ The temperature can never go below 25°C, so 
cannot reach 20°C. 

a -0.179 b x=15 
a x=155  b x=4orx=4 
a log,2 b 0.125 
ax=2 b x=In3 orx=In1=0 
a Missing values 0.88, 1.01, 1.14 and 1.29 
b logP, 

14 

1.2 

1 

0.8 

0.6. 

0.4 

0.2 

0 
0 10 20 30 40¢ 
c P=ab 
log P = log(ab)) = loga + t logb 


This is a linear relationship. The gradient is logb 
and the intercept is loga. 
d a=5.9,b=1.0 


Challenge 


1 


2 


3 
4 


a oO 

bi 

a f(-3) =f(2) = 0, so f(x) = k(x + 3)(x - 2) 
= K(x? + x — 6); there are no other factors as f(x) is 
cubic 

b 2x? + 3x? - 36x-5 

51.2 

a f(0) = 0* - (0) + 1 = 1; g(0) = e*” = 1; P(O, 1) 
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Answers 


Practice paper 


32 iz 1 
(2-28 +4)-(F-2+2) 
1 32 iz 
not (2-242) - (32 - 2/8 +4) 
b 5.718s.£) 
4 x= 30°, 90°, 150° 
5 a 2x%(x+3) 
b 2x°(x + 3) = 980 = 2x" + 6x* - 980 =0 
= x3 + 3a?- 490=0 
¢ For f(x) = x° + 3x? - 490 = 0, fl7) = 0, sox - 7 isa 
factor of f(x) and x = 7 is a solution. 
d_ Equation becomes (x — 7)(x* + 10x +70) = 0 
Quadratic has discriminant 10? — 4 x 1 x 70 = -180 
So the quadratic has no real roots, and the equation 
has no more real solutions. 
6 x+15y +106 =0 
7 a login P=0.010+2 
b 100, initial population 
e 1.023 
d_ Accept answers from 195 to 200 
8 1+ cos‘x—sin‘x = 1 + (cos*x + sin*x)(cos* — sintx) 
(1 - sin?x) + cos’ = 2cos*x 
9 Magnitude = /29, angle = 112° (3 s.f.) 
10 a 56.5° (3 s.f.) b £49.63 
lla 


error 2: [= — 2x + 2x1 


y= glx) 


b -4,-1,4 
12 x=30or-$ 
13 a 1-15x+ 90x" 
b 0.859 
¢ Greater: The next term will be subtracting from this, 
and future positive terms will be smaller. 
14 a fx) = fled - 1-2 dx =-2x-xex'+e 


be 


a 
15 a 5°+1*-4x5+6x1=12,s0(5, 1) lies onc. 
Centre = (2, -3), radius = 5 
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acute angles 206-207 
algebra 1-17 
algebraic fractions, 
simplifying 138-139 

algebraic methods 137-153 
angles 

acute 206-207 

in all quadrants 203-207 

negative 204 

obtuse 203 

positive 203 

reflex 211 
approximations 167 
area 

trapezium 303 

triangle 100-101, 185-186, 

303 

under curve 297-298 
assumptions 106 
asymptotes 66 

horizontal 277, 278 

translation 73 

vertical 277 


bases 2, 319, 325 
binomial estimation 167-168 
binomial expansion 158-168 
in ascending powers of x 
164 
combinations 161 
factorial notation 161 
general term 165 
ignoring large powers of x 
167-168 
Pascal’s triangle 159-160, 
161 


solving binomial problems 
165-166 
brackets 
expanding 4-6, 163-164 
minus sign outside 2 


CAST diagram 205 
chords 123 
perpendicular bisectors 
123-125, 129-130 
circles 113-130 
equation 117-119 
finding centre 129 
intersections of straight lines 
and 121 
triangles and 128-130 
unit 203, 209 
circumcentre 117 
circumcircle 128-129 
column vectors 235-237 
combinations 161 
common factors 7 
completed square form 22 
completing the square 22-23 
solving quadratic equations 
by 23-24 
conjectures 146 
constant of integration 288, 
293 
coordinates 90 
cos 
of any angle 207 


graph 192-193, 195-197, 203 

quadrants where positive or 
negative 205 

quadratic equations in 
219-221 

ratio 174 

value for 30°, 45° and 60° 
208 


value for multiples of 90° 
192, 204 
cos@=k 213-215 


cosine rule 174-176, 
187-189 
counter-examples 150-151 
critical values 49 
cube roots 10 
cubic functions 60-62 
cubic graphs 60-62 
compared with quadratic 
graphs 68 
curves 
areas between lines 
and 302-304 
areas under 297-298 
gradients 256-257 


definite integrals 295-296 
delta x (dx) 259 
demonstration 146 
denominator, rationalising 
13-14 
derivative 
finding 259-261 
first order 271 
second order 271-272 
straight line 264 
difference of two squares 7 
differentiation 255-280 
decreasing functions 
270-271 
finding derivative 259-261 
from first principles 260 
functions with two or more 
terms 266-267 
increasing functions 
270-271 
modelling with 279-280 
quadratic functions 
264-265 
second order 
derivatives 271-272 
sketching gradient 
functions 277-278 
stationary points 273-276 
x" 262-263 
directed line segments 231 
direction of vector 231, 
239-240 
discriminant 30-31, 43-44 
displacement 235, 248 
distance 248 
between points 100-101 
division law of logarithms 
321-323 
domain 25 


3THSEC 


elimination 39-40 
equations 
circle 117-119 
normal 268-269 
solving using logarithms 
324-325 
straight line 90, 93-95 
tangent 268-269 
equilateral triangles 208 
exhaustion, proof by 150 
expanding brackets 4-6, 
163-164 
exponential functions 312-318 
gradient functions of 
314-316 
graphs 312-313, 326 
inverses 326 
modelling with 317 
exponents 2-3, 312 
expressions 
expanding 4-6 
factorising 6-8 
simplifying 2-3 


factor theorem 143-144 
factorial notation 161 
factorising 
expressions 6-8 
polynomials 143-144 
quadratic equations 19-21 
force 248 
formula 
completing the square 
22-23 
distance between points 
100-101 
gradient of straight line 
quadratic 21 
fractions, simplifying 
algebraic 138-139 
function notation 
first order derivative 260, 289 
second order derivative 271 
functions 25-26 
cubic 60-62 
decreasing 270-271 
domain 25 
finding 90-91 
gradient see gradient 
functions 
increasing 270-271 
quadratic see quadratic 
functions 
quartic 64-65 
range 25 
reciprocal 66-67 
roots 25, 30-31 
transforming 79-80, 194-197 
fundamental theorem of 
calculus 296 


geometric problems, solving 
with vectors 244-246 
gradient 
curve 256-257 
normal 268-269 
parallel lines 97 


Index 


perpendicular lines 98-99 
straight line 91-92 
tangent 256, 268-269 
zero 264, 273 

gradient functions 260-261 
of exponential functions 

314-316 
rate of change of 271-272, 
214 


sketching 277-278 
graphs 59-80 

cosine 192-193, 195-197, 
203 

cubic 60-62, 68 

exponential functions 
312-313, 326 

inequalities on 51-52 

intersection points 42-43, 
68-69 

logarithms 326 

periodic 192 

quadratic functions 27-29 

quartic 64-65 

reciprocal 66-67 

reflections 77 

regions 53-54 

simultaneous equations 
43-45 

sine 192-194, 195-196, 203 

stretching 75-77 

tangent 193, 195-197 

translating 71-73 


identities 146, 209 
identity symbol 146 
images 79 
‘implies that’ symbol 19 
indefinite integrals 290-291 
indices 2-3, 312 
fractional 9-11 
laws of 2-3,9 
negative 9-11 
inequalities 46-54 
on graphs 51-52 
linear 46-48 
quadratic 49-50 
regions satisfying 53-54 
inflection, point of 273-274 
initial value 317 
integration 287-304 
areas between curves and 
lines 302-304 
areas under curves 297-298 
areas under x-axis 300-301 
definite 295-296 
finding functions 90-91 
indefinite 290-291 
polynomials 289, 290 
symbol 290 
x" 288-289 
intersection points 42-43, 


intervals 270 

inverse trigonometric 
functions 213 

irrational numbers 12 

isosceles right-angled triangles 
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Index 


key points summaries 

algebraic expressions 17 

algebraic methods 156 

binomial expansion 172 

circles 135-136 

differentiation 286 

equations 58 

exponentials and logarithms 
336-337 

graphs 84 

inequalities 58 

integration 310 

quadratics 37 

straight line graphs 111-112 

trigonometric identities and 
equations 224-225 

trigonometric ratios 201 

vectors 254 

known facts, starting proof 

from 151-152 


laws of indices 2-3, 9 
length 100-101 
limits 260 

integral between 295-296 
line segments 114 

directed 231 

midpoints 114 

perpendicular bisectors 116 
linear inequalities 46-48 
local maximum 273-276 
local minimum 273-276 
logarithms 319-330 

base 319, 325 

division law 321-323 

graphs of 326 

multiplication law 321-323 

natural 320, 326-327 

and non-linear data 

328-330 
power law 321-323 
solving equations using 
324-325 
to base 10 320 


magnitude-direction form 240 
magnitude of vector 231, 
239-240, 248 
mathematical models 32, 104 
mathematical proof 146-148 
methods of 150-152 
maximum point 27-29 
midpoints, line segments 114 
minimum point 27-29 
modelling 
with differentiation 
279-280 
exponential 317 
linear 103-106 
with quadratic 
functions 32-33 
with vectors 248-250 
modulus of vector 239 
multiplication law of 
logarithms 321-323 


natural logarithms 320, 


326-327 
natural numbers 163 
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non-linear data, logarithms 
and 328-330 
normals 268 
equations 268-269 
number lines 46-48 


obtuse angles 203 


parabola 27 
parallel lines 97-98 
parallelogram law 233 
Pascal's triangle 159-160, 
161 
periodic graphs 192 
perpendicular bisectors 
chords 123-125, 129-130 
line segments 116 
perpendicular lines 98-99 
product of gradients 98 
‘plus or minus’ symbol 20 
point of inflection 273-274 
points of intersection 42-43, 
68-69 
polynomials 139-144 
dividing 139-141 
factorising 143-144 
integrating 289, 290 
position vectors 242-243 
positive integers 163 
power law of logarithms 
321-323 
powers 2-3, 312 
principal value 213-214 
products 4-6 
proof 146-148 
methods of 150-152 
Pythagoras’ theorem 117, 187 


quadratic equations 
form 19 
signs of solutions 19 
solving by completing the 
square 23-24 
solving by factorisation 
19-21 


in trigonometric ratios 
219-221 
quadratic expressions 7 
quadratic formula 21 
quadratic functions 25-26 
differentiating 264-265 
graphs 27-29 
modelling with 32-33 
quadratic graphs, compared 
with cubic graphs 68 
quadratic inequalities 49-50 
quadratic simultaneous 
equations 41-42 
quartic functions 64-65 
quartic graphs 64-65 
quotient 140 


range 25 

rate of change 105, 279 

ratio theorem 244 

rational numbers 9 

rationalising denominators 
13-14 

real numbers 7, 232 


3THSEC 


reciprocal functions 66-67 
reciprocal graphs 66-67 
reflections 77 
reflex angles 211 
regions 53-54 
resultant 231 
right-angled triangles 
187-188 
isosceles 208 
roots 19 
of function 25, 30-31 
number of 30-31 
repeated 19 


scalars 232, 248 
scale factors 75-77 
semicircle, angle in 129 
set notation 46 
simplifying expressions 2-3 
simultaneous equations 39-45 
on graphs 43-45 
linear 39-40 
quadratic 41-42 
sind 
of any angle 207 
graph 192-194, 195-196, 203 
quadrants where positive or 
negative 205 
quadratic equations in 
219-221 
ratio 174 
value for 30°, 45° and 60° 
208 


value for multiples of 90° 
192, 204 
=k 213-215 
sin(@+a)=k 218 
nO =k 217 
oO 213 
4 +cos?@=1 209, 221 
e rule 179-181, 187-188 
small change 259 
speed 248 
square roots 10 
statements 146 
stationary points 273-276 
straight lines 89-106 
equation 90, 93-95 
gradient 91-92 
intersections of circles and 
121 
modelling with 103-106 
stretches 75-77 
substitution 39-40 
surds 12-13 
symmetry, lines of 27-29 


tan@ 
of any angle 207 
graph 193, 195-197 
quadrants where positive or 
negative 205 
quadratic equations in 219 
ratio 174 
value for 30°, 45° and 60° 
208 
value for multiples of 90° 
193, 204 
tang = 224 9 
cos 


9 


tand =p 213-215 
tan(O+a)=p 218 
tannd =p 217 
tan'6 213 
tangents 43, 123-125, 256 
equations 268-269 
gradients 256, 268-269 
theorems 146 
transformations 71-80 
to functions 79-80, 194-197 
translations 71-73 
trapeziums, areas 303 
triangle law 231 
triangles 
areas 100-101, 185-186, 303 
circles and 128-130 
equilateral 208 
isosceles right-angled 208 
lengths of sides 174-176, 
179-180 
right-angled 187-188 
sizes of angles 174-175, 
180-181, 183-184 
solving problems 187-188 
trigonometric equations 
213-221 
trigonometric functions, 
inverse 213 
trigonometric graphs 192-194 
transforming 194-197 
trigonometric identities 
209-211, 221 
trigonometric ratios. 173-197 
signs in four quadrants 
203-207 
turning points 27-29, 264 


unit circle 203, 209 
unit vectors 236, 239 


value 
initial 317 
produced by definite 

integral 295 

vectors 231-250 
addition 231-233 
column 235-237 
direction 231, 239-240 
magnitude 231, 239-240, 248 
modelling with 248-250 
multiplication by scalars 232 
parallel 232, 233 
position 242-243 
representing 235-237 
solving geometric problems 

with 244-246 

subtraction 232 
two-dimensional 236 
unit 236, 239 
zero 232 

velocity 248 

vertices 127 


e* 314-316 
mx +¢ 90-92 
y-intercept 91 


zero gradient 264, 273 
zero vector 232 


